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Bernstein’s Theorem

Proposition 1: Bernstein (1915)

Let p ∈ R[x ]. If p(x) > 0 for all x ∈ [−1, 1], then there are numbers
m ∈ N and akj ≥ 0 for k, j = 1, . . . ,m, such that

p(x) =
m∑

k,j=0

akj(1− x)k(1 + x)j . (1)

More precisely: Suppose p 6= 0.
p has a representation (1) with akj ≥ 0 iff p(x) > 0 for x ∈ (−1, 1).

The smallest number m is called the Lorentz degree of p.

The set of polynomials on the right-hand side of (1) is a convex cone
which is invariant under multiplication: =⇒ semiring.

Simplest version of the Archimedean Positivstellensatz for semirings.
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A quadratic polynomial

An example: quadratic polynomial

Let 0 < ε < 1 such that ε−2 is an integer. Set

p(x) = x2 +
(6ε2 − 2)x + 8ε4 − 5ε2 + 1

1− ε2

=
(

x +
3ε2 − 1

1− ε2
)2

+ C 2
ε .

As shown by Erdelyi and Szabados (1988), p has Lorentz degree ε−2.

p(1) = 8ε4 and the zeros of p are on the ellipse y2 + ε2x2 = ε2.
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Proof of Bernstein’s theorem

Abbreviate Pos(K ) := {p ∈ R[x ] : p(x) ≥ 0 on K}

1. Let p ∈ R[x ], p 6= 0, and n = deg(p). The Goursat transform of p is

p̃(x) = (1 + x)np

(
1− x

1 + x

)
.

Then p ∈ Pos([−1, 1]) if and only if p̃ ∈ Pos([0,+∞)).

2. Polya’s theorem:
Suppose p ∈ R[x ] and p(x) > 0 for x ∈ [0,+∞). Then there exists an
N ∈ N such that (1 + x)Np(x) has only positive coefficients.

3. Powers and Reznick (2000): estimate for the Lorentz degree m of

p(x) =
∑d

j=0 ajx
j : If λ = min{p(x) : x ∈ [−1, 1]}, M = max{|aj |}, then

m ≤ 3d + 1 + 2d2Mλ−1.

Konrad Schmüdgen (Universität Leipzig) Positivstellensätze for Semirings in Real Algebraic Geometry



Around Bernstein’s Theorem
Archimedean cones and dagger cones

Archimedean Positivstellensätze
Applications of the Archimedean Positivstellensatz for semirings

Cofinal elements and c-localizable semirings
Cylindrical extensions of the Archimedean Positivstellensatz

Proposition 2: Markoff-Lukacs (1918)

Pos([−1, 1]))2n =
{

f 2
n + (1−x2)g2

n−1 : fn ∈ R[x ]n, gn−1 ∈ R[x ]n−1

}
Pos([−1, 1])) =

{
f 2 + (1−x2)g2 : f , g ∈ R[x ]

}
=
{

p + (1−x2)q : p.q ∈
∑

R[x ]
}
.

Simple version: Archimedian Positivstellensatz for quadratic modules

Proposition 3: Fejer-Riesz (1915)

Let p(z) ∈ C[z , z−1]. If p(z) ≥ 0 for all z ∈ T := {z ∈ C, |z | = 1 },
there exists q(z) ∈ C[z ], such that

p(z) = |q(z)|2 for z ∈ T.
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General Notions

Throughout: A - commutative unital real algebra.
C - cone in A (that is, C + C ⊆ C , λ · C ⊆ C for λ ≥ 0) s. t. 1 ∈ C .

Definition: C is called a

• quadratic module of A if a2b ∈ C for all b ∈ C and a ∈ A.

• semiring (or a preprime) of A if C · C ⊆ C .

• preordering of A if C is a quadratic module and a semiring.

Smallest preordering of A:
∑

A2 =
{∑k

i=1 a2
i : ai ∈ A, k ∈ N

}
.

The semiring generated by f1, . . . , fr ∈ A is

S =
{∑k

n1,...,nr=0
αn1,...,nr f

n1
1 · · · f

nr
r : αn1,...,nr ∈ [0,+∞), k ∈ N0

}
.

The quadratic module generated by f1, . . . , fr ∈ A is

Q =
{∑r

j=1
σj fj : σj ∈

∑
A2
}
.
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Definition:

The bounded part of A with respect to C is defined by

Abd(C ) :=
{

a ∈ A : there exists λ ∈ (0,∞) such that (λ1± a) ∈ C
}

C is called Archimedean if Abd(C ) = A.

Lemma:

If C is a semiring or a quadratic module, Abd(C ) is a unital subalgebra.

It suffices to check the Archimedean condition for algebra generators.

Example:

S :=
{∑m

k,j=0
akj(1− x)k(1 + x)j : akj ≥ 0,m ∈ N0

}
is an Archimedean semiring, since 1− x , 1 + x ∈ S.
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Dagger cones

Definition:

If C is Archimedean, define C † :=
{

a ∈ A : a + ε1 ∈ C for ε ∈ (0,∞)
}
.

Since 1 ∈ C , we have C ⊆ C †.

Example:

Let A be a real algebra of bounded real-valued functions on a set X
which contains the constant functions. Then

C := {f ∈ A : f (x) > 0 for all x ∈ X},
C † = {f ∈ A : f (x) ≥ 0 for all x ∈ X}.

Dagger cones were first defined by Kuhlmann and Marshall (2002).
C † is the sequential closure of C in the finest locally convex topology
(Cimpric, Marshall, Netzer (2011)).
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Definition

Let S be a semiring of A. A cone C in A s.t. 1 ∈ C is called an
S-module if ac ∈ C for all a ∈ S and c ∈ C .

Setting c = 1 we get S ⊆ C . Example: C = g1S+ · · · gkS, where gj ∈ A.

Theorem 1:

Let S be an Archimedean semiring and C an S-module. Then C † and S†

are Archimedean preorderings.

Theorem 2:

If Q is an Archimedean quadratic module, then Q† is an Archimedean
preordering.
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We sketch a crucial step in the proof of Theorem 1:

We prove that a2 ∈ S† for any a ∈ A. We have

1

2kk(k − 1)

k∑
j=0

(
k

j

)
(k − 2j)2 (1 + x)k−j(1− x)j = x2 +

1

k − 1
.

Since S is Archimedean, there is λ > 0 such that (λ1± a) ∈ S.
Since the semiring S is closed under multiplication,

(a/λ)2+
1

k − 1
=

1

2kk(k − 1)

k∑
j=0

(
k

j

)
(k−2j)2

(
1 + (a/λ)

)k−j(
1− (a/λ)

)j ∈ S.
Hence ((a/λ)2 + ε) ∈ S for any ε > 0, so a2 ∈ S†.
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Â: characters of A, unital algebra homomorphisms ϕ : A→ R.
For C ⊆ A define

K(A; C ) := {ϕ ∈ Â : ϕ(a) ≥ 0 for all a ∈ C}.

Standard example: A = R[x1, . . . , xd ]

Â is the set of point evaluations ϕt , t ∈ Rd : ϕt(p) = p(t), p ∈ A.
If C is the semiring or the quadratic module generated by f1, . . . , fr ∈ A,
then K(A; C ) is the semi-algebraic set

K(f1, . . . , fr ) := {t ∈ Rd : f1(t) ≥ 0, . . . , fr (t) ≥ 0}.

If C is Archimedean, K(f1, . . . , fr ) is compact (since (λ1− xj) ∈ C ).

K(f1, . . . , fr ) compact does not imply that C is Archimedean.

(Prestels’s counter-example: d = 2, quadratic module generated by
f1 = x − 1

2 , f2 = y − 1
2 , f3 = 1− xy ; (λ− x2 − y2) /∈ C ).
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Archimedean Positivstellensätze

Theorem 3: Archimedean Positivstellensatz

Suppose

• C is an S-module of an Archimedean semiring S or
• C is an Archimedean quadratic module of A.

For any a ∈ A, the following are equivalent:

(i)C ϕ(a) > 0 for all ϕ ∈ K(A; C ).

(ii)C There exists ε ∈ (0,∞) such that a ∈ ε · 1 + C .

Each of the conditions (i)C and (ii)C holds for C iff it does for C †.

Therefore, since C † is always an Archimedean preordering by Theorems 1
and 2, it suffices to prove Theorem 3 for Archimedean preorderings.

(ii)C → (i)C is trivial: If a = ε+ c with c ∈ C , then ϕ(a) ≥ ε > 0:

Archimedean Positivstellensatz for semirings: Krivine (1964)

Archimedean Positivstellensatz for quadratic modules: Jacobi (2001)
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Proof of Theorem 3 for semirings:

Assume that c /∈ C . Separation of convex sets: There exist a linear
functional L 6= 0 on A such that L ≥ 0 on C such that L(c) ≤ 0.

First Proof: Case of Semirings:

Separation: L is extremal in C∧. Suffices to show that L is a character:

L(ab) = L(a)L(b) for a, b ∈ A. (2)

Since C is Archimedean, A = C − C , w.l.o.g. a ∈ C . Then L(a) ≥ 0.
Case 1: L(a) = 0.
Choose λ > 0 such that λ− b ∈ C . Then (λ− b)a ∈ C and ab ∈ C , so
L((λ− b)a) = −L(ab) ≥ 0 and L(ab) ≥ 0. Hence L(ab) = 0, so (2).
Case 2: L(a) > 0.
Choose λ > 0 such that (λ−a) ∈ C and L(λ−a) > 0. Then
L1(·) := L(a)−1L(a·) and L2(·) := L(λ− a)−1L((λ− a)·) are in C∧ and

L = λ−1L(a) L1 + λ−1L(λ− a) L2.

Since L is extremal in C∧, L1 = L. Applied to b, this gives (2).
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Proof of Theorem 3 for quadratic modules

Second Proof: Case of Quadratic Modules:

Since C is a quadratic module, a2 ∈ C and hence L(a2) ≥ 0 for each
a ∈ A. Thus L is a positive linear functional on A.

GNS-construction: 〈a, b〉 := L(ab), a, b ∈ A, is a semi-scalar product,
since 〈a, a〉 = L(a2) ≥ 0. Factoring out null space, complexification and
completion: 〈·, ·〉 becomes a scalar product of some Hilbert space.

πL(a)b = ab, a, b ∈ A, defines a ∗-representation of A.

Fix a ∈ A. Choose λ > 0 such that (λ− a2) ∈ C .
Then (λ− a2)b2 ∈ C , so L((λ− a2)b2) ≥ 0,

‖πL(a)b‖2 = L(a2b2) ≤ λL(b2) = λ‖b‖2.

Hence πL(a) is bounded. πL(A) is ∗-algebra of bounded operators.

Its completion is a commutative C∗-algebra. Its character correspond
to K(A; C ), L is an integral of characters: Since L(c) ≤ 0, (i)C cannot
hold.
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Example: Unit ball via quadratic module

Let f (x) := 1− x2
1 − · · · − x2

d . Then

K(f ) = {x ∈ Rd : x2
1 + · · ·+ x2

d ≤ 1}.

The quadratic module Q(f ) = {p + fq : p, q ∈
∑

Rd [x ]2} is
Archimedean.

The Archimedean Positivstellensatz for quadratic modules says:

If p ∈ Rd [x ] satisfies p(x) > 0 for x ∈ K(f ), then p ∈ Q(f ).
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Example: Unit ball via semiring

Let S denote the semiring of A = R[x1, . . . , xd ] generating by

f (x) := 1− x2
1 − · · · − x2

d , gj,±(x) := (1± xj)
2, j = 1, . . . , d . (3)

Then K(A,S) ∼= K(f ) = {x ∈ Rd : x2
1 + · · ·+ x2

d ≤ 1 }. Since

d+1±2xk = (1−x2
1−· · ·−x2

d )+(1±xk)2+
1

2

d∑
i=1,i 6=k

(
(1+xj)

2+(1−xj)
2
)
∈ S,

S is Archimedean. By Theorem 3, if p(x) > 0 on K(f ), p is a sum of

α f 2n(1− x1)2k1(1 + x1)2`1 · · · (1− xd)2kd (1 + xd)2`+d

f β f 2n(1− x1)2k1(1 + x1)2`1 · · · (1− xd)2kd (1 + xd)2`d ,

where α ≥ 0, β ≥ 0, n, ki , `i ∈ N0.
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The following is a sharpening of the Archimedean Positivstellensatz for
preorderings.

Theorem 4:

Suppose A = Rd [x ] := R[x1, . . . , xd ] and K(f1, . . . , fr ) is compact.

Then there exist p1, . . . , ps ∈ Rd [x ], s ∈ N, such that the semiring S
generated by f1, . . . , fr , p

2
1 , . . . , p

2
s is Archimedean.

If q ∈ Rd [x ] satisfies q(x) > 0 for x ∈ K(f1, . . . , fn), then q is a finite
sum of terms

α f e1
1 · · · f

er
r f 2n1

1 · · · f 2nr
r p2k1

1 · · · p2ks
s , (4)

where α ∈ (0,+∞), e1, . . . , er ∈ {0, 1}, n1, . . . , nr , k1, . . . , ks ∈ N0.
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Sketch of proof of Theorem 4:

Let g1, . . . , gm, m ∈ N, be a set of algebra generators of Rd [x ].
Since K(f1, . . . , fr ) is compact, there exist αj > 0 such that

αj + gj(x) > 0 and αj − gj(x) > 0 for x ∈ K(f1, . . . , fr ).

The Archimedean Positivstellensatz for preorderings implies:
αj ± gj(x) are in the preordering generated by f1, . . . , fr .
Hence αj ± gj is a finite sum of f e1

1 · · · f er
r p2 with p ∈ A, ei{0, 1}.

Let S denote the semiring generated by f1, . . . , fr and all p2 occurring in
the corresponding representations of αj ± gj . Then g1, . . . , gm ∈ Abd(S).

Since g1, . . . , gm generate the algebra A, S is Archimedean, so the
Archimedean Positivstellensatz for semirings applies.
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Supporting Polynomials of Convex Compact Sets

Ad :=
{
α +

∑d

j=1
βjxj : α, β1, . . . , βd ∈ R

}
⊆ A := R[x1, . . . , xd ].

Let C is a convex set in Rd . By a supporting affine functional at t0 ∈ C
we mean a h ∈ Ad , h 6= 0, such that h(t0) = 0 and h(t) ≥ 0 for all t ∈ C .
If such a functional exists, then t0 is a boundary point of C .

Theorem 5:

Let C be a non-empty compact convex subset of Rd . Suppose H ⊆ Ad

is a set of supporting affine functionals at points of C such that

C = {t ∈ Rd : h(t) ≥ 0 for all h ∈ H}.

Then the semiring S(H) of R[x1, . . . , xd ] generated by H is Archimedean.
If f ∈ R[x1, . . . , xd ] satisfies f (t) > 0 for all t ∈ C , then f ∈ S(H).
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Theorem 6:

Let A1 := R[x1, . . . , xn], A2 := R[xn+1, . . . , xn+k ] and T1, T2 finitely
generated preorderings of A1 and A2. Suppose

K(A1; T1) := {x ∈ Rn : f (x) ≥ 0 for f ∈ T1},
K(A2; T2) := {x ′ ∈ Rk : g(x ′) ≥ 0 for g ∈ T2}.

are compact. Let p ∈ A1 ⊗ A2 ≡ R[x1, . . . , xn+k ].
If p(x , x ′) > 0 for (x , x ′) ∈ K(A1, T1)×K(A2, T2), then f ∈ T1 ⊗ T2:

p(x , x ′) =
∑r

i=1
pi (x)qi (x ′), with p1, . . . , pr ∈ T1, q1, . . . , qr ∈ T2.

Idea of proof:

S := T1 ⊗ T2 is a semiring of A := A1 ⊗ A2. Since K(A1; T1), K(A2; T2)
are compact, T1, T2 are Archimedean. Hence f ⊗ 1, 1⊗ g satisfy the
Archimedean condition, so S is Archimedean. The Archimedean
Positivstellensatz for semirings gives the assertion.
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Semi-algebraic sets contained in compact polyhedra

Theorem 7:

Let f0 = 1, f1, . . . , fr ∈ Rd [x ]. Suppose g1, . . . , gm ∈ Rd [x ] have degree 1
s.t. the polyhedron K(g1, . . . , gm) is non-empty compact and contains
the semi-algebraic set K(f1, . . . , fr ).

Let p ∈ Rd [x ]. If p(x) > 0 for x ∈ K(f1, . . . , fr ), then p is a finite sum of

α fj gn1
1 · · · g

nm
m , where α ≥ 0, j = 0, . . . , r ; n1, . . . , nm ∈ N0.

With fj replaced by fj1 · · · fjr this is contained in the book Prestel/Delzell.

Archimedean Positivstellensatz for semirings applied to the S-module
C = f0S + · · ·+ fr S , where S is the semiring generated by g1, . . . , gm.
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Cofinal elements and c-localizable semirings

Aim: Positivstellensätze for non-compact sets.

Suppose S is a semiring of A.

Definition:

An element c ∈ 1 + S is said to be cofinal in A if for all a ∈ A there
exist λ ∈ (0,∞) and k ∈ N0 such that λck − a ∈ S.

S is Archimedean if and only if the unit element 1 is cofinal in S.

Proposition :

Suppose A has finitely many generators y1, . . . , yn and there exist
elements a1, . . . , an ∈ S such that aj ± yj ∈ S for j = 1, . . . , n. Then

c := 1 +
∑n

j=1
aj

is cofinal in A.
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Definition:

Let C be a cone of A and c ∈ C . C is c-localizable if the following
holds:

Whenever ca ∈ C for some a ∈ A, then a ∈ C .

Example:

Let A = R[x1, . . . , xn] and C := {p ∈ A : p(ξ) ≥ 0 for ξ ∈ Rn}.
Then C is p-localizable for each p ∈ C , p 6= 0.
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Definition:

A cone C of A is called filtered simplicial if C = ∪k∈N0Ck for simplicial
cones Ck such that Ck ⊆ Ck+1 for all k ∈ N0.

Proposition:

Suppose C =
⋃

k∈N0
Ck be a filtered simplicial convex cone of A. Let

A[z ] be the algebra of polynomials in one variable z with values in A, and

C [z ]k :=
{∑`

j=1
cjpj : p1, . . . , p` ∈ R[z ]+

}
, k ∈ N0, (5)

where c1, . . . , c` ∈ Ck are linearly independent generators of the cone Ck .

Then C [z ] :=
⋃

k∈N0
C [z ]k is a (1 + z2) -localizable convex cone of A[z ].
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Cylindrical extensions of the Archimedean Positivstellensatz

Marshall’s strip theorem (2009)

Let f ∈ R[x , y ]. If f (x , y) ≥ 0 for all x ∈ [−1, 1], y ∈ R,

there exist p, q ∈
∑

R[x , y ]2 such that

f (x , y) = p(x , y) + (1− x2)q(x , y).
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Theorem 8:

Suppose A is a finitely generated commutative unital real algebra and
S is an Archimedean semiring of A.

Let a(z) =
∑2k

i=0 aiz
i ∈ A[z ] ∼= A⊗ R[z ], where a0, . . . , a2k ∈ A.

The following are equivalent:

(i) ϕ(a(η)) > 0 for all (ϕ, η) ∈ K(A;S)× R and ψ(a2k) > 0 for all
ψ ∈ K(A : S).

(ii) There exists ε ∈ (0,∞) such that

a ∈ ε(1 + z2)k + S ⊗
∑

R[z ]2.

V. Powers (2004): Similar result for preorderings

Proof: M. Schweighofer’s technique of using Polya’s theorem
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Example: Strip in R2

Let A := R[x ] and S the semiring generated by 1± x . Then

char(A,S) ∼= [−1, 1]. Let a(x , z) =
∑2k

j=0 aj(x)z j .

If a(x , z) > 0 for (x , z) ∈ [−1, 1]× R and a2k(x) > 0 for x ∈ R, then

a ∈ ε(1 + z2)k + S ⊗
∑

R[z ]2.
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Relations to the moment property

Let A = R[x1, . . . , xd ] and let C be a cone in A.

Definition: Moment property

C has (MP) if each linear functional on A such that L(c) ≥ 0 for all
c ∈ C is a moment functional, that is, there is a Radon measure µ on Rd

s. t.

L(p) =

∫
Rd

p(x) dµ(x) for f ∈ A.

If a denominator-free Positivstellensatz for C holds, then C has (MP).

Example: Preordering for a semi-algebraic cylinder set with compact base.

Question: Is there a version of Theorem 8 for other sets satisfying (MP)?

For instance {(x , y) ∈ R2 : 1 ≤ xy ≤ 2, x ≥ 0}?
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