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Abstract: We consider the Helmholtz operator in a d-dimensional wave-
guide, unbounded in x1-direction. The unperturbed waveguide has periodic
coefficients in x1, the perturbations are different for x1 < 0 and x1 > 0.
The perturbations are such that a band gap opens from a Dirac point. We
show that an interface mode appears, corresponding to an eigenvalue in
the band gap. Our proof uses the concept of reduced spatial dynamics and
homogenization techniques. It is based on the analysis of the inhomogeneous
problem for a right hand side that is a modulated eigenfunction of the
unperturbed problem. We construct sequences of approximate solutions by
solving ordinary differential equation; as these sequences are unbounded, we
can conclude the existence of an eigenvalue.
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1 Introduction
In a periodic medium, a self-adjoint differential operator has a spectrum that typically
consists of bands and band gaps; this can be analyzed with the help of quasiperiodic
solutions. When the periodicity is perturbed, the spectrum changes, bands and band
gaps change their end-points, new gaps can be created. More fundamental changes
of the spectrum can appear when the perturbed medium is no longer periodic. We
think of the situation that a periodic medium is used on the two sides of an interface,
but the media are not matching at the interface so that, globally, the medium is
not periodic. In such a situation, an isolated eigenvalue can appear in a band gap.
Our interest is to prove the existence of such isolated eigenvalues corresponding to
interface modes.

We study the spectrum of elliptic operators in a waveguide Ω = R × Σ, where
Σ ⊂ Rd−1 is a bounded domain that describes the cross-section of the waveguide
in dimension 2 ≤ d ∈ N. For coefficients a, b : Ω → R, both 1-periodic in x1 ∈ R
and with a positive lower bound, we are interested in the spectral properties of the
Helmholtz problem

−∇ · (a∇u) = λ b u . (1.1)
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Solutions are functions u : Ω → C, the parameter λ ∈ R is the spectral parameter.
We are interested in solutions for perturbations of a or b.

The starting point is an unperturbed problem in which (1.1) is considered with
coefficients a = a0 and b = b0 that are both 1/2-periodic in direction x1 ∈ R.
Obviously, we can regard this medium also as 1-periodic; when we do so, there
typically appears a Dirac point at k0 = π. We consider perturbations of the
coefficients to new 1-periodic media that are no longer 1/2-periodic. This typically
leads to the creation of a band gap from the Dirac point. In the construction of
a single medium, say Medium I, we are interested in perturbations of the type
bI

ε = b0 + εBI and analogously for Medium II. To simplify notations, we will assume
here always a0 ≡ 1 and do not perturb this coefficient.

Our interest is to study a combined medium, using Medium I for x1 > 0 and
Medium II for x1 < 0, for some ε > 0. We show the existence of a spectral
parameter λε in the spectral gap of the two 1-periodic media and the existence of an
L2(Ω)-solution uε of (1.1) for the combined medium.

We next present the mathematical results of this paper. Subsection 1.1 con-
tains a detailed description of a model system that meets all requirements of our
mathematical result.

Assumption 1.1 (Structural assumptions on the media). Let the unperturbed
coefficients (a0, b0) be 1/2-periodic with positive lower bounds. When considered as a
1-periodic medium, let k0 = π with λ0 > 0 be a Dirac point and let (1.1) have exactly
two linearly independent k0-quasiperiodic homogeneous solutions for (a, b) = (a0, b0)
and λ = λ0, we denote them as V and W . We assume that V has a non-vanishing
flux F (defined in (2.11)).

For every small parameter ε > 0, let two 1-periodic media be given by (aI
ε, b

I
ε)

and (aII
ε , b

II
ε ). We assume that both are as described in Definition 2.1, in particular

the differentiability of the b-coefficients with derivatives BI and BII . We assume
for both media the symmetries (i) and (ii) of Assumption 2.2 and the relation
B := BI = −BII . On the perturbation we demand

∫
Y BV

2 ̸= 0.
Combined medium: As the coefficients of the combined medium we choose

(aε, bε)(x) = (aI
ε, b

I
ε)(x) for x1 > 0 and (aε, bε)(x) = (aII

ε , b
II
ε )(x) for x1 < 0.

Our main result is that the existence of a spectral gap implies the existence of an
interface eigenmode.

Theorem 1.2 (Existence of an interface mode). Let (aε, bε) describe a combined
medium as in Assumption 1.1. We assume that, for some η0 > 0, both media
(aI

ε, b
I
ε) and (aII

ε , b
II
ε ) have, for every ε > 0, a spectral gap that contains the interval

Λε := (λ0 − εη0, λ0 + εη0).
Then, there exists a number ε0 > 0 such that, for every ε ∈ (0, ε0), the combined

medium has an eigenvalue in the interval Λε with eigenfunction uε ∈ L2(R × Σ).

The assumption that the interval Λε is contained in the spectral gap of Medium I
means that, for every λ ∈ Λε and for the coefficients (aI

ε, b
I
ε), there is no quasiperiodic

solution to the homogeneous problem (1.1). The statement of the theorem is that uε

solves (1.1) for (aε, bε) and some λε ∈ Λε.
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1.1 A possible construction of a combined medium
In this subsection we construct a family of perturbed media to which the main
theorem can be applied. We find the construction useful as an illustration and use it
also in the numerical experiments.

We define media with “inclusions”, illustrated by the dark discs in Figures 1, 3
and 5. Once inclusions are defined, we choose b0 ≡ 1 outside the inclusions and b0
larger than 1 in the inclusions; we recall that we choose a0 ≡ 1. For 1/2-periodic
inclusions, we obtain a 1/2-periodic medium. When we consider the 1/2-periodic
medium as 1-periodic, the dispersion curves have a Dirac point in k0 = π, we provide
the argument in Section 2.2, see Figure 6 for dispersion curves.

For a parameter ε > 0, the perturbed coefficient bε is defined by shifts of the
inclusions: The inclusion in the domain (0, 1/2) × Σ is shifted by ε to the left, the
inclusion in the domain (1/2, 1) × Σ is shifted by ε to the right, see Figure 3. This
defines the 1-periodic Medium I. Since it is not 1/2-periodic, the spectrum can have
additional spectral gaps that are created out of the Dirac point. This is indeed the
case, see the right part of Figure 7.

Medium II is constructed similarly, we now shift the inclusions towards each other
instead of moving them away from each other. The combined medium is obtained
by using Medium I for x1 > 0 and Medium II for x1 < 0, see Figure 1.

x1

x2

Figure 1: Sketch of the combined medium. On both sides of x1 = 0, a 1-periodic
medium is used. The 1-periodic media are identical up to a shift. The combined
medium is not 1-periodic, since there is a mismatch at the interface x1 = 0.

With this construction of bε, all assumptions of our main theorem can be satisfied.
The assumptions on the Dirac point, on F and on the differentiability are discussed
below. The symmetry (i) is satisfied by moving the inclusion in the right half-cell
exactly as in the left half-cell, but in opposite direction. Also the reflection symmetry
(ii) is satisfied by this construction when b0 has the reflection symmetry. The relation
BI = −BII is also satisfied since we shift in opposite directions when we construct
media I and II. Regarding

∫
Y BV

2 ̸= 0, we refer to the discussion in the last paragraph
of Section 3.

Interface modes for the combined medium. We determine eigenvalues of
the problem in the combined medium numerically by truncating the domain and
imposing homogeneous Neumann boundary conditions at the left and the right
boundaries of the domain. The numerics yield an eigenvalue that lies in the spectral
gap of Medium I (or Medium II, which has the same spectrum). The corresponding
eigenfunction is shown in Figure 2, it is localized at the interface.

There is a vast body of literature in physics about this effect. For λ in the spectral
gap, Medium I and Medium II are both topological insulators, they have a different
index. By the so-called “bulk-edge correspondance”, there necessarily appears an
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Figure 2: An eigenfunction in the strip for a combined medium with Neumann
boundary conditions along all boundaries. The coordinates are x1 and x2, the aspect
ratio is changed in order to show x1 from −45 to +45. We see the interface mode,
the eigenvalue λ = 8.03 is in the spectral gap of the media on the left and on the
right, their geometry is generated with r0 = 0.25 ± 0.03.

interface mode (or edge-mode). We present an analytical proof for the existence of
the interface mode, it is perturbative and not topological. Our proof uses standard
analytical methods. We believe that the new concept of reduced spatial dynamics is
of general interest and allows to find other new result in the field.

Remarks on the main result. We include some remarks regarding our assump-
tions and possible generalizations of the main result.

Remark 1: Symmetry assumptions (i) and (ii). The two symmetry requirements
of Assumption 2.2 both regard the single periodic medium. Assumption (i) is the
shift anti-symmetry B(1/2 + x1, x̃) = −B(x1, x̃). It is only used in order to simplify
the expression for p in (5.8).

The reflection symmetry (ii) on bε is used at two points. It provides that the
parameter q in (5.9) is real. Furthermore, it is used to derive the boundary conditions
in the reduced dynamics.

We do not believe that the symmetries are fundamental for the observed effects.
Indeed, in the numerical experiments, we construct bε-media with ellipsoidal inclusions
in order to violate (ii), see Figure 4. The interface mode is, nonetheless, clearly
present.

Remark 2: Symmetry in the media construction. Regarding the construction of
the two media, we impose BI = −BII . This assumption is only made to simplify
the proofs, it provides that the reduced dynamics uses the same parameters on the
left and on the right.

Remark 3: Very different media in the two domains. In principle, our approach
can also be used to analyze completely different media on the two sides of x1 = 0.
Our method still provides an ordinary differential equation on the two sides of the
interface. One has to deal with the difficulty that different basis functions must be
used on the two sides, we expect u ≈ α+V++β+W+ for x1 > 0 and u ≈ α−V−+β−W−
for x1 < 0, with V+ ≠ V− and/or W+ ̸= W−. The challenge is to find conditions that
relate (α−, β−)(0−) with (α+, β+)(0+).

Remark 4: Transition zone between the two media. As nicely illustrated in [5],
one expects that a transition zone between the two media does not change the fact
that there must exist an interface mode. Our method can still be used in such a
setting, there appear problems that are similar to those sketched in Remark 3.

Remark 5: Non-waveguide geometries. Higher dimensional settings can be
analyzed with our approach. One example is a medium in R2 that is derived
from a medium that is 1-periodic in both directions x1 and x2. The perturbation
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is made such that different 1-periodic media are generated for x1 > 0 and x1 < 0.
Our approach yields a reduced spatial dynamics for solutions α = α(x1, x2) and
β = β(x1, x2). When we assume that these envelope functions are x2-independent,
the analysis of the reduced spatial dynamics is identical to the one presented here.
We then obtain spectral values in the gap that are related to surface modes.

1.2 Literature
The wider field of our contribution is the spectral analysis of operators in media
that are partially periodic. By partially periodic we mean that the medium (i.e., the
coefficients in the partial differential equation) are chosen as one of the following:
(a0) the medium is identical to a periodic medium outside a compact set, one often
speaks of a compactly perturbed periodic medium. (a1) A periodic medium that
is perturbed along a line (one-dimensional perturbation). (a2) A periodic medium
that is perturbed along a hyperplane. (b) One uses one periodic medium on one
side of a hyperplane, another periodic medium on the other side. The present article
deals with (b). All the above geometries can be considered in the whole space or in
subsets, of particular interest are waveguide geometries.

Existence theory. Simpler than a full spectral analysis is the existence theory for
non-critical frequencies. We mention [17] for recent results in a waveguide geometry
in the setting (a0), the existence theory for the medium is not affected by the compact
perturbation. Similarly, existence theory for a waveguide geometry as in (b) was
performed in [25].

Spectral analysis. We refrain from listing introductory literature, we only mention
[10] and [21] for results on the existence of band gaps in purely periodic media. A
spectral analysis in the case (a0) was performed in [8]: a compact perturbation
of the medium generates defect modes, discrete eigenvalues that emerge from the
continuous spectrum. Related is the emergence of eigenmodes in a gap, shown in [9]
for strong enough defects of type (a0). A constant medium in the setting (a0) was
analyzed in [13], the perturbation creates an embedded eigenvalue.

A medium with a line defect (a1) was analyzed in [4] with interesting general
methods. It is shown that the perturbation of the medium along a line introduces
additional spectrum in spectral gaps of the periodic medium. The methods were
extended in [16] to show the creation of additional spectrum in the case (a2), and
for more general systems of equations, including Maxwell’s equations.

A problem of type (b) was treated in [22], and we actually use a very similar
geometry. We mention that the paper introduces some unsatisfactory assumptions
in the course of the analysis. A one-dimensional investigation of the bulk-edge
correspondance related to our waveguide geometry can be found in [20].

Topological methods. Even though our approach was inspired by such theories, we
do not use topological methods. The field is fascinating, it is related to the quantum-
Hall effect and was growing quickly since its discovery in the 1980ies. Roughly
speaking, one can associate a topological invariant to a periodic medium and one
can show by quite general methods that, at the interface between two topologically
different media (one can be vacuum), there are always edge-states. These are stable
under perturbations since they are “topologically protected”. The spectrum of the
combined medium (e.g.: periodic medium plus interface plus vacuum) is different



6 Interface modes via reduced spatial dynamics near Dirac points

from the spectrum of the two periodic media. This “bulk-edge correspondance”
was probably observed firstly in [15]. Oftentimes, one uses for the analysis discrete
systems; a prominent example is the simple and yet rich SSH-model of [26]. For a full
proof of a satisfactory result in this direction we refer to [5]: Using periodic media of
different topological properties on the two sides of an interface necessarily generates
edge states by a formula that relates different mathematical degrees. Closer to our
approach is [7], where the indices for small perturbations of elliptic operators are
calculated, also with the result that interface modes occur, see also [2, 6, 19].

An extension to photonic crystals was performed in the language of physics in
[23] and [14], where edge-states for topological insulators for Maxwell’s equations
were found. Bulk-edge correspondance in two space dimensions is also the topic of
the more mathematically inclined paper [12], where different topological bulk- and
edge-indices are introduced and related. Methods are inspired by [24].

2 Example geometry, Dirac point, gap opening
This section is devoted to the description of a geometry for which Assumption 1.1
holds. It shows the Dirac point in the unperturbed medium, the gap opening in the
perturbed medium, the differentiability of Definition 2.1 and BI = −BII . We use
this geometry in our numerical experiments.

2.1 Geometry: Construction and assumptions
The construction was already sketched in Subsection 1.1, it is illustrated in Figure 3.
The left image shows the (0, 1/2) × Σ periodicity cell for b0. In the middle, we see
the same geometry, now considered as a 1-periodic medium with the periodicity cell
(0, 1) × Σ. The right image shows the perturbed 1-periodicity cell of Medium I. It is
constucted by moving the inclusions slightly away from the mid-line x1 = 1/2.

x1

x2

x1

x2

x1

x2

Figure 3: Left: The cell (0, 1/2) × Σ corresponding to media with 1/2-periodicity.
Middle: The same medium, now regarded as 1-periodic with the periodicity cell
(0, 1) × Σ. Right: A perturbation of the 1-periodic medium cell leads to a 1-periodic
medium that is no longer 1/2-periodic.

For numerical experiments, we use the dimension d = 2 and the cross-sectional
domain Σ = (0, 1/2) ⊂ Rd−1 such that Ω = R × (0, 1/2). We use a ≡ a0 ≡ 1 and,
everywhere except for the inclusions, b = 1 and b0 = 1. The centers of inclusions
are at points (x1, 1/4) with x1 = ℓ+ 1/2 − r0 and x1 = ℓ+ 1/2 + r0 for ℓ ∈ Z. The
1/2-periodic medium is generated with r0 = 0.25. We choose r0 = 0.25 + 0.03 for
Medium I and r0 = 0.25 − 0.03 for Medium II.
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In elliptical regions around these centers, the parameter b is varied. We define,
for ξ ∈ R2, a norm by setting ∥ξ∥2

E := |ξ1 + ξ2|2/2 + 2 |ξ1 − ξ2|2. An elliptic region
with center x is defined by {y ∈ R2|∥y − x∥2

E < δ2}, we choose in all experiments
δ = 1/18. The parameters b and b0 are set to 1 everywhere except for the regions
around the various centers. When y is a point close to a center x, more precisely,
when ∥y − x∥E < 0.4 δ, we set b(y) = 21. To have a continuous transition, we set
b(y) = 1 + 20 (1 − ∥y − x∥E/δ)/0.6 in the remaining elliptical ring. The parameter b
is illustrated in Figure 4. The small parameter ε is the shift of the b-inclusions; in
this sense, our numerical experiments use ε = 0.03.

For the rigorous analysis, we need abstract properties of the coefficients. Let us
collect properties of the coefficients that are studied in this contribution. We use the
1-periodicity cell Y = (0, 1)×Σ and the (left) 1/2-periodicity cell Y1/2 := (0, 1/2)×Σ.

Regarding the subsequent definition, we recall that we demand the differentiability
property separately for Medium I and Medium II.

Definition 2.1 (Differentiability with respect to ε). For all ε > 0 we assume that
bε is 1-periodic. We demand the following differentiability: For some B ∈ L2(Y,R),
in the limit ε → 0, there holds

bε − b0

ε
→ B in L2(Y,R) . (2.1)

For notational convenience, we consider no perturbations in the other coefficient and
demand aε = a0. We additionally assume that a0 is a constant function.

We note that the differentiability property is satisfied when b0 is of class H1(Y )
and the coefficients bε are defined by shifts as described above. Obviously, it is also
satisfied for coefficients such as bε = b0 + εb1 with an L2-function b1.

We assume BI = −BII in our main result. Loosely speaking, this means that
Medium II is obtained in the same way as Medium I, but perturbing in the opposite
direction. It is satisfied when some family b0

ε is constructed for ε ∈ (−ε1, ε1) and one
chooses, for ε > 0, the media bI

ε = b0
ε and bII

ε = b0
−ε.

Assumption 2.2 (Symmetry assumptions). Several symmetry assumptions can be
considered for media as in Definition 2.1.

(i) The shift anti-symmetry B(1/2+x1, x̃) = −B(x1, x̃) for almost all (x1, x̃) with
x1 < 1/2. Loosely speaking: The second half-cell is treated exactly as the first half-cell,
but in opposite direction. When (i) holds and the two media satisfy BI = −BII , then
the two media coincide up to a shift by 1/2 (at least on the level of derivatives).

(ii) Reflection symmetry: For every ε under consideration, the function bε is
symmetric in the sense that

bε(1 − x1, x̃) = bε(x1, x̃) for almost every (x1, x̃) ∈ Y . (2.2)

In particular, the linearization is also symmetric, B(e1 − ·) = B(·).
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Figure 4: Left: The coefficient b in the numerical realization for the perturbed
problem. We violate the symmetry assumption (ii) by using tilted ellipses. Right:
The first eigenfunction for the unperturbed problem, the eigenvalue is λ∗ = 8.038.
Plotted is the periodic function as it is obtained by performing numerical calculations
in the space of periodic functions.

2.2 The unperturbed medium, basis functions V and W

Our next aim is to construct two fundamental functions V and W that are used in
our proofs. In the course of our constructions, we will also see why the 1/2-periodic
medium typically exhibits, when considered as a 1-periodic medium, a Dirac point.

Given a cross-sectional domain Σ ∈ Rd−1, we introduce the positive number
σ := 1/

√
|Σ| with the property

∫
Σ σ

2 = 1.

Half-cell problem and the family U

For a wave-parameter k, the problem of finding quasiperiodic solutions in the half-cell
Y1/2 = (0, 1/2) × Σ is the following: Find U : Y1/2 → C solving

− ∇ · (a0 ∇U) = λ b0 U in Y1/2 , (2.3)
U |x1=1/2 = eik/2U |x1=0 , ∂1U |x1=1/2 = eik/2∂1U |x1=0 . (2.4)

Any solution U can be extended to a solution on the 1-cell Y = (0, 1) × Σ by
setting U(x1, x̃; k) = eik/2U(x1 − 1/2, x̃; k) for x1 > 1/2. We normalize U such that
the extended function satisfies

∫
Y b0|U |2 = 1. This normalization still allows for

phase-factors. We always demand that U is chosen so that the integral
∫

Σ U(0, ·; k) is
real with non-negative real part. To simplify the discussion below, we assume that the
value

∫
Σ U(0, ·; k) is not vanishing; otherwise, one must use a different normalization,

e.g., using only a subset of Σ. Multiplication of (2.3) with Ū and an integration over
Y1/2, exploiting the quasi-periodicity, yields

∫
Y a0|∇U |2 = λ.

The normalizations are chosen so that, for a0 ≡ 1 and b0 ≡ 1, the eigenfunction
for the smallest eigenvalue is U(x; k) = σeikx1 and the eigenvalue is k2.

For every k ∈ [0, 2π], we find a countable sequence of eigenvalues λ, i.e., real
numbers such that problem (2.3)–(2.4) has a non-trivial solution U . We denote these
eigenvalues with j ∈ N as µj(k), the curves k 7→ µj(k) are the dispersion curves, the
first three dispersion curves for the half-cell problem are shown in the left part of
Figure 6. The typical choice is to consider the family U = U(x, k) of solutions for
the smallest eigenvalue µ0(k); our analysis allows also to choose another branch µj,
we only require that, for every k near k0 = π, the solution space of (2.3)–(2.4) with
λ = µj(k) is one-dimensional.
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Full-cell problem, basis functions V and W

We next want to regard the unperturbed coefficients as a 1-periodic medium, see
Figure 5. The reason is that we will consider perturbations within the class of
1-periodic media. The unperturbed problem in the full-cell Y = (0, 1) × Σ is: Find
Φ : Y → C solving

− ∇ · (a0 ∇Φ) = λ b0 Φ in (0, 1) × Σ , (2.5)
Φ|x1=1 = eikΦ|x1=0 , ∂1Φ|x1=1 = eik∂1Φ|x1=0 . (2.6)

x1

x2

Figure 5: Sketch of the unperturbed periodic medium in dimension d = 2, it is
1/2-periodic. Considered as a 1-periodic medium, its dispersion curves typically have
a Dirac point at k = π.

We can construct, for every k ∈ [0, 2π], two solutions to this problem. The
first is U( · ; k); we recall that we have extended U to all x1 ∈ (0, 1) and that, for
a0 ≡ b0 ≡ 1, there holds U(x; k) = σeikx1 .

Another solution can be found by reflecting the wave-parameter k across k = π
and by using a complex conjugation: We set Ũ( · ; k) := U( · ; 2π − k). Indeed,
regarding the values at the two sides, we can calculate

Ũ((1, x̃); k) = U((1, x̃); 2π − k) = ei(2π−k)U((0, x̃); 2π − k) = eikŨ((0, x̃); k) .

Likewise, we also obtain the quasi-periodicity of derivatives:

∂1Ũ((1, x̃); k) = ei(2π−k)∂1U((0, x̃); 2π − k) = eik∂1Ũ((0, x̃); k) .

This shows that every eigenvalue occurs twice in the 1-periodicity cell: As an
eigenvalue for k and as an eigenvalue for 2π − k. This can be seen in Figure 6: The
three curves of the left image appear twice in the right image, once in their original
form and once reflected across k = π.

We assume that the first dispersion curve of the 1/2-cell, k 7→ µ0(k), is mono-
tonically increasing in the vicinity of k = π. In this case, for every k ̸= π, the
two functions U( · ; k) and Ũ( · ; k) are orthogonal in the b0-scalar product by the
standard calculation

µ0(k)
∫

Y
b0(x)U(x; k)Ũ(x; k) dx =

∫
Y
a0(x)∇U(x; k)∇Ũ(x; k) dx

= µ0(2π − k)
∫

Y
b0(x)U(x; k)Ũ(x; k) dx ,

and the observation that µ0(k) ̸= µ0(2π − k) for k ̸= π. When the two families U
and Ũ are chosen as continuous functions in k, then they are also orthogonal for
k = π by continuity.
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Figure 6: The eigenvalue bands, the first coordinate is k ∈ [0, 2π], the second
coordinate is for the eigenvalue λ ∈ [0, 80]. Left: The 1/2-periodicity cell. For every
k ∈ [0, 2π], the first three eigenfunctions with quasiperiodicity k are plotted. Right:
The 1-periodicity cell. Every band of the left image occurs twice, once in a reflected
version, mirrored at k = π.

This concludes the construction of the two b0-orthogonal basis functions V and
W that are of utmost importance throughout this text. We set

V := U( · ; π) and W := Ũ( · ; π) = V̄ . (2.7)

We emphasize that they are defined for the unperturbed problem and for the special
parameter k = π. They are uniquely determined (possibly up to a phase factor).
When the coefficients a and b are close to constants, we can expect V (x) ≈ σ eiπx1

and W (x) ≈ σ e−iπx1 .
Let us collect further properties. We always identify the functions with their

quasiperiodic extensions, these solve −∇ · (a0 ∇V ) = λ0 b0 V in Ω. They satisfy the
normalizations and orthogonalities∫

Y
a0|∇V |2 =

∫
Y
λ0b0|V |2 = λ0 , (2.8)∫

Y
a0∇W · ∇V̄ =

∫
Y
λ0b0WV̄ = 0 , (2.9)

where the normalization (2.8) is also valid for W . By their construction from U ,
we have the quasiperiodicities V (· + e1/2) = iV (·) and W (· + e1/2) = −iW (·). In
particular, the squared functions satisfy V 2(· + e1/2) = −V 2(·) and the absolute
value functions |V | and |W | are both 1/2-periodic.

Symmetric media. Let us consider the case that the unperturbed medium has a
reflection symmetry in the sense that a0(1 − x1, x̃) = a0(x1, x̃) and b0(1 − x1, x̃) =
b0(x1, x̃) for all x1 ∈ [0, 1] and x̃ ∈ Σ. We note that we always assume the 1/2-
periodicity of the unperturbed coefficients, hence we also find a0(1/2−x1, x̃) = a0(1−
x1, x̃) = a0(x1, x̃), and likewise for b0. In this case, the function Ψ : (x1, x̃) 7→ U(1/2−
x1, x̃; π) is a solution of (2.3) with Ψ|x1=1/2 = U(·; π)|x1=0 = −iU(·; π)|x1=1/2 =
−iΨ|x1=0, and likewise for the derivative. Since we assumed that solutions of (2.3)–
(2.4) are unique up to complex factors, Ψ must coincide with a multiple of V̄ = Ū(·; π).
Since Ψ is normalized, the pre-factor can only be a phase shift. We have obtained
that, in symmetric media, for some η ∈ C with |η| = 1, we have the additional
relation

V (1 − x1, x̃) = i V (1/2 − x1, x̃) = ηV̄ (x1, x̃) ∀x1 ∈ [0, 1] , x̃ ∈ Σ . (2.10)
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In particular, |V (1 − x1, x̃)| = |V (x1, x̃)| for all (x1, x̃). The absolute value functions
|V | and |W | are not only 1/2-periodic, but have also the reflection symmetry.

We recall that we have chosen the normalization that
∫

Σ V (0, ·) is real with
positive real part (possibly also for a subset of Σ, this does not change the subsequent
argument). Since V (1, ·) = −V (0, ·), setting x1 = 1 in (2.10) and integrating over Σ,
we obtain that

∫
Σ V (0, ·) = η

∫
Σ V̄ (1, ·) = −η

∫
Σ V̄ (0, ·). Both integrals are real and

positive, we can therefore conclude η = −1. This provides, for symmetric media,
V (1 − x1, x̃) = −V̄ (x1, x̃) and V 2(1 − x1, x̃) = V̄ 2(x1, x̃).

2.3 Flux and gap opening
We have already seen that a Dirac point occurs in k = π; it is a result of superimposing
a monotone curve with its reflected version, see Figure 6. An image of a corresponding
eigenfunction is plotted in the right part of Figure 4; we plot a periodic function as
it is obtained in our numerical code. To obtain the physically relevant quasiperiodic
eigenfunction V , one must multiply with eiπx1 , compare the left part of Figure 7.

To the function V we can associate a flux quantity. With the unit cell Y =
(0, 1) × Σ, we set

FC :=
∫

Y
aV̄ ∂1V , F := −iFC . (2.11)

For a constant coefficient function a, the complex flux FC is purely imagi-
nary: Indeed, the 1-quasiperiodicity of |V |2 allows to calculate 0 =

∫
Y ∂1(a|V |2) =

Re
∫

Y aV ∂1V̄ = ReFC. We can therefore write FC = iF with F ∈ R. In our main
result, we assume F ̸= 0.

Remark 2.3 (Intuition). We have already seen that, for a ≡ 1 and for b approximately
1, with σ > 0 chosen so that

∫
Σ σ

2 = 1, we expect U(x; k) ≈ σ eikx1 and Ũ(x; k) ≈
σ ei(2π−k)x1 = σ ei(k−2π)x1 for x1 ∈ (0, 1). For the special value k = π, the two
functions are V (x) = U(x; π) ≈ σeiπx1 and W (x) = Ũ(x; π) ≈ σe−iπx1. Within the
same approximation, we expect aV̄ ∂1V ≈ σ2iπ and hence FC ≈ iπ and F ≈ π.

For k < π, the smallest eigenvalue corresponds to an eigenfunction that is close
to V , for k > π, the smallest eigenvalue corresponds an eigenfunction close to W .

Perturbed medium and gap opening. The perturbed medium is 1-periodic,
but it is not 1/2-periodic. The dispersion curves are modified, we observe that a gap
is created in the lowest Dirac point with k = π. For a zoom into the first spectral
gap see the right part of Figure 7; it shows the perturbation of the first crossing
point in the right image of Figure 6. Numerically, we actually see that gaps form
also in the Dirac points of the higher modes.

3 Reduced spatial dynamics
Our method is based on the study of inhomogeneous problems with particular
right-hand sides. We are interested in the analysis of the perturbed inhomogeneous
problem

−∇ · (aε ∇u) − λ bε u = f . (3.1)
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Figure 7: Left: The real part of the first π-quasiperiodic eigenfunction in the cell
(x1, x2) ∈ (0, 1) × (0, 1/2). We see the mathematically relevant function V . It is
close to (a multiple of) exp(iπx1), indeed, the perturbation is hardly visible. Right:
Zoom into the first spectral gap for the perturbed problem with r0 = 0.25 + 0.03.
The maximum of the lower curve is λ0 = 7.78, the minimum of the upper curve is
λ1 = 8.3, the extrema are located at k = π. The gap-width is λ1 − λ0 = 0.52.

The right-hand side is constructed from the basis function V with an envelope
function g : R → C,

f(x) := V (x)g(x1) . (3.2)

We recall that the basis function V is expected to have similarity with x 7→ eiπx1 on
the 1-periodicity cell (more precisely: for constant coefficients a and b, the function
V (x) is a multiple of the function σeiπx1).

We will assume that variations of g happen on a scale that is large (large compared
to the periodicity, which is 1). One may think of a Gaussian localization function,
g(x1) = exp(−x2

1/s
2) with large s ∈ R+. Another choice is a characteristic function,

g(x1) = 1(−s,s)(x1) with large s ∈ R+. This is actually the function that we use in
the numerics. We always consider λ > 0 in the spectral gap.

The underlying idea of the reduced dynamics is that, when λ is in the spectral
gap and the spectral gap is narrow, then the solution u is necessarily, up to a small
error, a linear combination of the two eigenfunctions with eigenvalue close to λ. This
is formalized with the ansatz

u(x) = α(x1)V (x) + β(x1)W (x) + ũ(x) , (3.3)

and the assumption that ũ is small.
We will derive a reduced system of ordinary differential equations for the coeffi-

cients α, β : R → C. For parameters A, p ∈ R and q ∈ C, we find the system

α′ = ipα + iqβ + iAg , (3.4)
β′ = −ipβ − iq̄α . (3.5)

The parameters p and q depend on the medium. Under symmetry assumptions holds:
p is the same parameter for both media. When q = q0 is the parameter for Medium
I, then the parameter q = −q0 must be used for Medium II.

In this section, we give a formal derivation of (3.4)–(3.5). In Section 5, we make
the derivation rigorous within a homogenization setting.
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Further description of numerical experiments. In most numerical experiments,
we use 70 periodicity cells, 35 to the left and 35 to the right from x1 = 0. We use
finite elements with piecewise linear ansatz functions, we typically discretize each
periodicity cell with a grid of 23 × 23 points. As function g we use g(x1) = 1(−s,s)(x1)
with s = 15. The media are defined with the positional values r0 = 0.25 ± 0.03, i.e.,
ε = 0.03. We recall that the typical size of the inclusions is given by δ = 1/18. The
spectral parameter is λ ∈ (7.8, 8.3). The function V is calculated with finite elements
on the 1-cell Y .

We observe a remarkable agreement of the reduced dynamics with the projections
of the solution u to (3.1). For the fixed geometry described above, we always used
q = 0.045 for Medium I and, accordingly q = −0.045 for Medium II. The parameter
p varies with the value of λ, it is of the same order as q. Let us describe how we
generated the graphs in Figures 8, 9 and 11. In all figures on the left is a result of
the following procedure: For some value of λ, the finite element code provides an
approximate solution u to the two-dimensional problem (3.1) with the chosen right-
hand side f . We plot, for integers r ∈ (−35, 34) and the cells Qr = (r, r+1)×(0, 1/2),
the real and imaginary parts of the integrals αnum(r) =

∫
Qr
uV̄ and βnum(r) =

∫
Qr
uW̄ .

In all figures on the right, we plot real and imaginary parts of the solutions (α, β)
of (3.4)–(3.5) with the boundary conditions α = β in x1 = ±35. All figures show a
remarkable agreement for these two methods of calculating the coefficients α and β.

Figure 8: Factors α and β for Medium I, r0 = 0.25 + 0.03. Left: A two-dimensional
calculation for λ = 8.07. For the solution u of (3.1) we plot, for integers r ∈ (−35, 35)
on the horizontal axis, the real and imaginary parts of the integrals αnum(r) =

∫
Qr
uV̄

and βnum(r) =
∫

Qr
uW̄ . The curve with the highest maximum is Im(α), the curve

with the lowest minimum is Re(β), the monotonically increasing curve is Im(β).
Right: Solutions of (3.4)–(3.5) with A = 1/(2π), p = 0 and q = 0.045.

A formal derivation of reduced spatial dynamics
Our aim here is give a short formal derivation of the reduced dynamics. We write a
and b instead of aε and bε to have better readable formulas. We consider an arbitrary
differentiable function ψ : R → R with compact support that we use as an envelope
function. We multiply (3.1) with ψ(x1)V̄ (x) and integrate over Ω to find∫

Ω
a∇u · ∇(ψV̄ ) − λ

∫
Ω
b u (ψV̄ ) −

∫
Ω
gψ V V̄ = 0 .

We insert the ansatz (3.3). Moving terms involving ũ to the right hand side, we have∫
Ω
a∇(αV + βW ) · ∇(ψV̄ ) − λ

∫
Ω
b(αV + βW ) (ψV̄ ) −

∫
Ω
gψ V V̄ = F1 , (3.6)
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with

F1 := −
∫

Ω
a∇ũ · ∇(ψV̄ ) + λ

∫
Ω
b ũ (ψV̄ ) .

Later on, we will neglect “error terms” F ; the function F1 is small when ũ of the
ansatz (3.3) is small. We turn our attention to the left-hand side of (3.6). The
gradients in the first integral can be evaluated with the product rule and we obtain∫

Ω
a

{
αψ|∇V |2 + βψ(∇W · ∇V̄ )

}
+

∫
Ω
a

{
α′ψV ∂1V̄ + αψ′∂1V V̄ + β′ψW∂1V̄ + βψ′∂1WV̄

}
+

∫
Ω
a

{
α′ψ′|V |2 + β′ψ′WV̄

}
− λ

∫
Ω

{
bαψ|V |2 + bβψWV̄

}
−

∫
Ω
gψ |V |2 = F1 .

In our next simplification step we assume that α, β and ψ depend slowly on x1.
This allows to neglect the third line since it contains products of derivatives of these
functions.

In order to proceed further, we need some notation: For every position r ∈ R in the
waveguide, the neighboring segment of the waveguide is denoted as Qr := (r, r+1)×Σ.

We recall the normalizations (2.8) of V and W and the orthogonalities (2.9).
When we use these normalizations to evaluate integrals in the above expression, we
introduce an error since, e.g., α is not constant in the single periodicity cell. Since
variations of α are assumed to be small, the errors are small, we collect all errors in
F2. Note that we use here that a = aε actually coincides with a0. With this idea
we replace, e.g.,

∫
Qr
a|∇V |2 by λ0

∫
Qr
b0|V |2 in the first line. The second line is not

changed. We obtain∫
Ω
a

{
α′ψV ∂1V̄ + αψ′∂1V V̄ + β′ψW∂1V̄ + βψ′∂1WV̄

}
+

∫
Ω
(λ0b0 − λb)

{
αψ|V |2 + βψWV̄

}
−

∫
Ω
gψ |V |2 = F1 + F2 .

Regarding the first line, we recall that cell-integrals over aV ∂1V̄ are −iF (ap-
proximately −iπ), and integrals over aV̄ ∂1V are iF , see (2.11). In the other two
terms: aW∂1V̄ is vanishing, we show this in Appendix A. Let us mention that this
is to be expected from the fact that this term is approximately 2e−iπx1(−iπ)e−iπx1 =
−2iπe−2iπx1 , and hence highly oscillating. Likewise, the integral containing ∂1WV̄ is
vanishing. Since we neglect the (small) variations of the pre-factors (such as αψ′),
we introduce errors; these are collected in a function F3. We arrive at∫

R
{α′ψ(−iF ) + αψ′(iF )}

+
∫

Ω
(λ0b0 − λb)

{
αψ|V |2 + βψWV̄

}
−

∫
Ω
gψ |V |2 = F1 + F2 + F3 .

We can integrate by parts in the first line since ψ has compact support. We find that
the two terms in the first integral are identical.

We rewrite the second line with the Taylor approximation λb−λ0b0 ≈ (λ−λ0)b0 +
λ0(b− b0). This introduces an error that we put in the error function F4. It is small
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when we assume the smallness of |λ− λ0| and ∥b− b0∥, the latter in an appropriate
norm. Using that V and W are orthonormal with respect to the b0-scalar product,
and using m :=

∫ 1
0

∫
Σ |V |2, we obtain∫

R
(−2iF )α′ψ −

∫
R
(λ− λ0)αψ −

∫
Ω
λ0(b− b0)

{
αψ|V |2 + βψWV̄

}
=

∫
R
mgψ + F1 + F2 + F3 + F4 .

From now on, we neglect the error terms F1 to F4. Since ψ was arbitrary, we can
read off an equation for α. After a multiplication with i/(2F ), the equation reads,
using Y = (0, 1) × Σ,

α′ = i

2F (λ− λ0)α + i

2F λ0

∫
Y

(b− b0)
{
α|V |2 + βWV̄

}
+ im

2F g .

We obtain (3.4) with the parameters A = m/(2F ),

p = 1
2F (λ− λ0) + λ0

2F

∫
Y

(b− b0)|V |2 , (3.7)

q = λ0

2F

∫
Y

(b− b0)WV̄ = λ0

2F

∫
Y
bWV̄ , (3.8)

where we used (2.9) in the last equality. The formula shows that the parameter p is
real. Furthermore, when the Medium II uses the same perturbation for b− b0, but
with opposite sign, then q only changes its sign when we switch from Medium I to
Medium II.

When b defines a symmetric medium in the sense of (ii) of Assumption 2.2,
b(1 − x1, x̃) = b(x1, x̃), then W = V̄ together with V 2(1 − x1, x̃) = V̄ 2(x1, x̃) implies
that q is real. When b is a shift anti-symmetric perturbation in the sense that
(b− b0)(1/2 +x1, x̃) = −(b− b0)(x1, x̃) for all (x1, x̃), related to (i) of Assumption 2.2,
the integral in (3.7) vanishes, since |V | is 1/2-periodic; we then find p = (λ−λ0)/(2F ).

Equation (3.5) for β′(x1) is obtained with a similar calculation. One now multiplies
(3.1) with ψ(x1)W̄ (x) and integrates over Ω to derive

− 2iF
∫
R
β′ψ ≈ −

∫
R
(λ− λ0)βψ −

∫
Ω
λ0(b− b0)

{
βψ|V |2 − αψWV̄

}
.

Numerical values of parameters in the reduced model. Let us make a rough
estimate for q in our numerical experiments. The number δ = 1/18 is the radius of
the inclusion in an ellipsoidal norm, the area of the inclusion is of the order δ2. The
variation of b is chosen as 20, the shift in x1-direction is chosen as ε = 0.03, we make
the usual approximation WV̄ ≈ e−2πix1 . This function has in x1 = 1/4 the value
−i and the x1-derivative −2πi (−i) = −2π. We therefore expect q to be of order
(λ0/(2π)) · 2δ2 · 20 · (2π) · 0.03 = λ0 · 40δ2 · 0.03 ≈ 0.03. Numerically, we observe that
this rough calculation provides the right order for q; a good fit was actually obtained
with the choice q = 0.045.

Let us perform a similar estimate for p. Assuming that |V |2 is well-approximated
with 1 (which is not clear in the vicinity of the inclusion), we expect that the second
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Figure 9: Reduced dynamics in Medium II, r0 = 0.25−0.03, calculations as in Figure
8. Here, we use λ = 7.98, which is clearly below λ0. Correspondingly, p is chosen
negative in (3.4)–(3.5); we used p = −0.02 and q = −0.045. The curve for Re(β)
is the curve with the highest maximum; in comparison with Figure 8 this curve is
flipped to the upper part. This change is created by using Medium II instead of
Medium I.

contribution to p is small. With |λ− λ0| having the order of 0.25 and with 2F being
approximately 6, we expect for p values in the interval (−0.04, 0.04). In particular:
The orders of p and q are comparable (and of the order of ε).

We want to refer already here to the result of the subsequent Section 4. There, we
derive that the critical values for p are essentially ±q0. The fact that p is comparable
to q (which was derived above starting from formula (3.8)) fits well with the analysis
of the reduced dynamics.

4 Analysis of the reduced dynamics
In this section, we analyze the system (3.4)–(3.5) for real parameters p and q.
Classical methods provide the following properties.

Proposition 4.1 (Reduced dynamics). We consider the reduced system (3.4)–(3.5)
on (−R,R) with the boundary conditions α = β in x = ±R. Let q0 > 0 be a real
number, we use below ρ0 :=

√
q2

0 + π2/4R2 > q0. Medium I is modelled by setting
q ≡ q0, Medium II by setting q ≡ −q0. The combined medium is modelled by setting
q(x) = q0 for x > 0 and q(x) = −q0 for x < 0. The other coefficient is assumed to
be constant, we use the parameter p ∈ R.

System (3.4)–(3.5) has a non-trivial homogeneous solution in the following cases:
(a) Medium I for parameters p = −q0 and p = ρ0.
(b) Medium II for parameters p = −ρ0 and p = q0.
(c) Combined medium for the parameter p = 0.
Let g : (−R,R) → R be a piecewise continuous function and let A > 0 be fixed.

Then, the inhomogeneous problem (3.4)–(3.5) has a unique solution for Medium I
and for Medium II when p is between the two critical values.

Let g additionally be a non-vanishing non-negative function. In all the three cases
(a)–(c) holds: Solutions (α, β) of the inhomogeneous system are unbounded when p
tends to one of the critical values. When p is a critical value, there does not exist a
solution.
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The latter statement remains true for the unbounded domain: When g is non-
vanishing and non-negative, for the combined medium and p = 0, there is no L2(R)
solution (α, β) to the inhomogeneous system.

Proof. The system (3.4)–(3.5) is a linear boundary value problem for an ordinary
differential equation. All statements can easily be checked using ansatz-functions of
exponential type.

Critical parameters (a)–(c). The critical parameters for the single medium are
calculated in Subsection 4.1. The critical parameters for the combined medium are
calculated in Subsection 4.2.

Unique existence. Standard theory for linear boundary value problems yields
that, when there is no nontrivial solution to the homogeneous problem, then there is
a unique solution to the inhomogeneous problem. The calculations of Subsection
4.1 provide that there are only the given two values for p such that there exists a
nontrivial solution to the homogeneous problem.

Vicinity of a critical value. The behavior of solutions when parameters approach
the critical values is investigated in Subsection 4.3.

On the interpretation of Proposition 4.1. The Helmholtz equation for the
perturbed medium has a spectral gap around that Dirac-point spectral value λ0.
This implies that the operator corresponding to (1.1) is invertible for λ near λ0. The
counterpart for λ− λ0 in the reduced system is p, the counterpart for the spectral
gap is p ∈ (−q0, ρ0) (for Medium I).

When λ approaches the edges of the spectral gap, the operator ceases to be
invertible. This is reflected by the behavior of the reduced dynamics when p
approaches one of the critical values.

The last statement of Proposition 4.1 is used in our proof of Theorem 1.2.
The numerical calculations shown in Figure 10 illustrate our results. Solutions

of (3.4)–(3.5) become large when p is close to a critical parameter, the qualitative
shape of solutions is as expected from the solutions of the homogeneous problems.

We note that the model predicts a different spectral gap for the two media.
Nevertheless, the difference is only for finite R (on that level the media are different),
the difference vanishes in the limit R → ∞ (in this limit, the two media are
undistinguishable). The limit interval is given by −|q| =: p∞

0 < 0 < p∞
1 := |q|.

4.1 The reduced dynamics in a single medium
We start with the case q = q0 > 0. We write t for the independent variable x1.

For the lower critical value p = p0 := −q, a solution to the homogeneous version of
(3.4)–(3.5) is easily found: We choose the constant functions α ≡ 1 and β ≡ 1. The
homogeneous system and the boundary conditions α(R) = β(R) and α(−R) = β(−R)
are satisfied.

For the upper critical value p = p1 := ρ0 =
√
q2 + µ2 with µ := π/(2R), the

calculation is slightly longer. A solution can found with the ansatz

α(t) = eiµt +Be−iµt , (4.1)
β(t) = Ceiµt +De−iµt . (4.2)
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The choice of µ guarantees eiµR = i = −e−iµR. The boundary condition α = β in
t = R therefore reads 1 − B = C − D. When we satisfy this condition, we have
automatically also satisfied the boundary condition α = β in t = −R.

Equation (3.4) is satisfied when we achieve

iµ = ip+ iqC and − iµB = ipB + iqD . (4.3)

The two equations are equivalent to C = (µ− p)/q and D = −B (µ+ p)/q. Equation
(3.5) is satisfied when we achieve

iµC = −ipC − iq and − iµD = −ipD − iqB . (4.4)

They are equivalent to C = −q/(µ+ p) and B = D (µ− p)/q.
We can therefore satisfy (4.3) and (4.4) simultaniously when the following two

conditions are satisfied: (1) (µ− p)/q = −q/(µ+ p) or, equivalently, p2 − µ2 = q2.
(2) (µ− p)/q = −q/(µ+ p). We observe that condition (2) is actually identical to
condition (1).

In order to find the explicit solution, we calculate 1 −B = C −D = (µ− p)/q +
B (µ+ p)/q. This condition yields B (q + µ+ p) = q− µ+ p and hence a formula for
B.

Let us collect our results: For the critical value p = p1, the relation p2 − µ2 = q2

is satisfied and the homogeneous system has a non-trivial solution given by

B = q − µ+ p

q + µ+ p
, C = (µ− p)/q , D = −B (µ+ p)/q . (4.5)

Medium II is modelled with q = −q0 < 0, the above calculations remain valid
and lead to the claim of (b). We note that p = −q = q0 allows to choose constant
functions as solutions of the homogeneous problem, this determines the larger critical
value.

Figure 10: Large solutions of (3.4)–(3.5) in a single medium, described by q = 0.045,
we choose p to model λ near the lower and upper end of the spectral gap. Left:
p = −q + 0.005 is close to the lower critical value. Right: p =

√
q2 + (3.0/(2R))2 is

close to the upper critical value.

4.2 The reduced dynamics for a combined medium
Using again t = x1 ∈ (−R,R) as independent variable and q0 > 0, we now consider
a coefficient q = q(t) of the combined medium: q(t) = q0 > 0 for t > 0 and
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q(t) = −q0 < 0 for t < 0. We claim that the homogeneous system (3.4)–(3.5) has a
non-trivial solution for the parameter p = 0.

A solution of the homogeneous system can be found with the ansatz

α(t) = ieqt +Be−qt , β(t) = eqt + iBe−qt . (4.6)

We note that we use the same formula for t > 0 and t < 0, exploiting the fact that
q has a different sign in the two regions. The function is continuous in t = 0 with
α(0) = i+B and β(0) = 1 + iB. The first equation is solved because of

iqeqt − qBe−qt = α′(t) = iqβ(t) = iqeqt − qBe−qt ,

the second equation can be checked with the same calculation. It remains to satisfy
the boundary conditions. Both boundary conditions α(±R) = β(±R) are satisfied
when we achieve

ieq0R +Be−q0R = eq0R + iBe−q0R .

With the choice B = e2q0R, we have found a non-trivial solution of the homogeneous
system.

Figure 11: Solutions in the combined medium, Medium I for x1 > 0 and Medium
II for x1 < 0. Left: 2D calculation for λ = 8.05. Right: System (3.4)–(3.5) with
q = 0.045 for x > 0, q = −0.045 for x < 0 and p = −0.0005. We observe that the
qualitative features of the solution are well predicted by the ansatz (4.6) with a large
real constant B (the two functions with the high maximum in t = 0 are Re(α) and
Im(β)).

When we consider the combined medium with p = 0 on the unbounded domain,
we also find solutions. The functions

α(t) = e−q(t)t and β(t) = i e−q(t)t (4.7)

are non-trivial solution to the homogeneous system and of class L2(R).

4.3 The behavior when p approaches a critical parameter
Since this is the most interesting case for our subsequent analysis, we consider
in detail the combined medium, i.e., q = q(t) with q(t) = q0 > 0 for t > 0 and
q(t) = −q0 < 0 for t < 0. Let (α, β) be a solution to the inhomogeneous problem
(3.4)–(3.5) with Ag ̸= 0 and for a parameter p ∈ R. Let (α0, β0) be the solution to
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the homogeneous problem with vanishing parameter p; this solution has an explicit
formula, see (4.6).

We multiply of (3.4) with ᾱ0 and (3.5) with β̄0, integrate over (−R,R) and
subtract the results. We integrate by parts in the second equality. In the third
equality we exploit homogeneous for (α0, β0) with vanishing parameter p to cancel
four terms. The fourth equality exploits that the boundary terms vanish by our
boundary condition.∫ R

−R
iAgᾱ0 =

∫ R

−R

{
α′ ᾱ0 − ipαᾱ0 − iqβᾱ0 − β′ β̄0 − ipββ̄0 − iqαβ̄0

}
=

∫ R

−R

{
−α ᾱ′

0 + α ipα0 + βiqα0 + β β̄′
0 + β ipβ0 + α iqβ0

}
+ (αᾱ0)|R−R − (ββ̄0)|R−R

=
∫ R

−R

{
α ipα0 + β ipβ0

}
+ (αᾱ0)|R−R − (αᾱ0)|R−R

= p
∫ R

−R

{
α iα0 + β iβ0

}
.

The left hand side is independent of p and it is non-vanishing. Therefore, in the
limit p → 0, the solution sequence (α, β) must be unbounded. Furthermore, the
calculation yields a contradiction for p = 0. This provides that there exists no
solution of the inhomogeneous problem for p = 0.

The case R = ∞. For the combined medium on R we can perform the same
calculation (without boundary terms), using the special homogeneous solution (α0, β0)
of (4.7). We find the same properties of the system for R = ∞.

The homogeneous medium. The above calculation can also be used to show the
claim in a single medium. We can exploit that, also for the single medium, there
exist solutions of the homogeneous problem for which the real part has a single
sign. We conclude the same properties: When p approaches the upper or the lower
critical value, then solutions of the inhomogeneous problem (3.4)–(3.5) are necessarily
diverging. When p is a critical value, no solution can exist.

5 Homogenization
In this section, we perform a rigorous derivation of the reduced dynamics. The
mathematical derivation must use some limit procedure. With the small parameter
ε > 0, we perform the following quite interesting limit: The perturbation of the
medium is of order ε, in particular, for ε = 0, the medium is 1/2-periodic. This
means that, in the limit ε → 0, also the spectral gap closes. We are interested in an
effect that is created by the perturbation, the open gap and the mismatch of the
media and the eigenfunction at the interface – but our tool for the analysis is the
limit procedure ε → 0.

Let us include an analogy to the analysis of split ring resonators in Maxwell’s
equations that create negative index materials. The mathematical theory [3], is based
on homogenization: For ε > 0, the rings have a slit of size ε, they are topologically
trivial (simply connected domains). In the formal limit ε = 0, the rings are closed
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and topologically non-trivial (not simply connected). The topology allows for an
interesting limit behavior, expressed by the existence of additional basis functions
for ε = 0. This is analogous to our study of perturbed periodic media: In the formal
limit ε = 0 with its additional symmetry, there exist basis functions V and W , they
imply the interesting effect for ε > 0.

The parameter ε > 0 allows to distinguish between different scales. Variations
of solutions and of basis functions V and W occur, in the original problem, on the
spatial scale 1. We rescale the situation, V (·/ε) and W (·/ε) have variations on the
spatial scale ε and envelope functions such as α, β, g or ψ will have variations in
unit scales.

Let us now describe precisely the mathematical situation. We assume that a
sequence ε → 0 of positive numbers is fixed. For arbitrary numbers rε > 0 with
positive lower bound, let Iε be the intervals Iε := (−rε, rε). For the most part of
our investigations, it is actually sufficient to think of a fixed interval, i.e., to have
rε = r independent of ε. A bounded Lipschitz domain Σ ⊂ Rd−1 describes the
cross-section of the waveguide, we write Y := (0, 1) × Σ for the d-dimensional unit
cell and Ωε := Iε × εΣ for the rescaled domain. In the partial differential equation,
we use the unperturbed coefficients a0(x/ε) and b0(x/ε), they are ε/2-periodic in
x1. The perturbed coefficients are aε(x/ε) and bε(x/ε). For notational convenience,
we consider only the case aε(y) = a0(y) for all ε. Assumptions on the perturbed
parameters bε are discussed below. For spectral parameters λε → λ0 and right-hand
sides fε, we are interested in the following equation on Ωε:

−ε2∇ · (a(x/ε)∇uε(x)) − λεbε(x/ε)uε(x) = fε(x) , (5.1)

where we impose homogeneous Neumann boudary conditions along all boundaries.
We consider a special right-hand side: For a piecewise continuous function g : R → C,
we set

fε(x) := ε g(x1)V (x/ε) . (5.2)

Let uε be a sequence of solutions to (5.1). For the homogenization result, we
assume that uε is bounded in the sense that

1
εd−1

∫
Ωε

|uε|2 is bounded. (5.3)

We note that this is a natural assumption for a function uε that has typical values of
order 1 since the domain has the volume |Ωε| = 2rε ε

d−1 |Σ|.
When the intervals Iε = (−rε, rε) depend on ε, we assume rε ∈ εZ and the

convergence rε → r∗ ∈ (0,∞) ∪ {∞} and set I = (−r∗, r∗).
We say that the sequence uε two-scale converges weakly in thin domains to

the two-scale limit u0 : I × Y2 → C with Y2 := (0, 2) × Σ when, for every smooth
test-function φ = φ(x1, y) : I × Y2 → C with compact support, there holds

1
εd−1

∫
Ωε

uε(x)φ(x1, x/ε) dx → 1
2

∫
I

∫
Y2
u0(x1, y)φ(x1, y) dy dx1 . (5.4)

The factor 1/2 is necessary since the periodicity cell has the length 2; when all
functions in the above expression are constant functions, we want to have u0 = uε.
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We can now formulate our main result on the limit process ε → 0. It will be our
tool to derive the existence of surface modes for small positive ε.

As before, we use F from (2.11) and assume F ̸= 0, and set A = m/(2F ) with
m =

∫ 1
0

∫
Σ |V |2. The quantities rε → r∗, Iε and I are as described above.

Theorem 5.1 (Homogenization). Let λ0 > 0 be a Dirac value for the medium (a0, b0)
and let the pair (V,W ) be an orthonormal basis of the corresponding eigenspace. Let
λε → λ0 be a sequence with (λε − λ0)/ε → µ ∈ R. We consider the sequence uε of
solutions to (5.1) with right-hand side fε of the form (5.2) for fixed g : R → C, the
domain is Ωε = Iε × εΣ. We assume that the sequence uε is bounded in the sense of
(5.3). Then, the following holds:

1. For a subsequence ε → 0, there exists a two-scale limit u0 ∈ L2(I × Y2,C) in
the sense of (5.4).

2. For two functions α, β : I → C, the two-scale limit has the form

u0(x1, y) = α(x1)V (y) + β(x1)W (y) for a.e. x1 ∈ I , y ∈ Y2 . (5.5)

3. Let the coefficient functions bε be one of the following. (1) Every bε is periodic
on the entire domain and thus modelling a single medium. It is a differentiable
perturbation in the sense of Definition 2.1 with B = limε→0(bε − b0)/ε. (2)
There are periodic perturbed media bI

ε and bII
ε as above with derivatives BI and

BII , bε is constructed by using bI
ε for x1 > 0 and bII

ε for x1 < 0. In this case,
we set B := BI for x1 > 0 and B := BII for x1 < 0.
With this notation, the functions α, β ∈ L2(I,C) satisfy, in the weak sense, the
ordinary differential equations

α′ = ipα + iqβ + iAg , (5.6)
β′ = −ipβ − iq̄α . (5.7)

The parameters are

p = 1
2F

(
µ+ λ0

∫
Y
BV V̄

)
, (5.8)

q = 1
2F λ0

∫
Y
BWV̄ . (5.9)

4. The parameters F and p are real. When bε satisfies the symmetric perturbation
property (i) of Assumption 2.2, the formula for the first coefficient simplifies to
p = µ/(2F ). When bε satisfies the symmetric media property (ii) of Assumption
2.2 (for a combined medium: b+

ε and b−
ε both satisfy this assumption) then q is

real.
When the limit r∗ is finite, then α, β : I → C satisfy the boundary conditions
α(r∗) = β(r∗) and α(−r∗) = β(−r∗). In the case r∗ = ∞ the boundary
condition for the functions α and β is replaced by the requirement that both
functions are of class L2(R,C).
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Proof. Item 1 follows from the classical general compactness result of L2 with respect
to weak two-scale convergence, see [1]. Here, we consider a thin domain. In order to
apply the standard compactness result, one can concatenate copies of the solutions.
Let us sketch the argument, for ease of notation we assume Σ ⊂ (0, 1)d−1. We
construct a sequence of functions U ε on the domain R × (0, 1)d−1 by setting, with
the index set Kε := {k ∈ Zd−1|εk ∈ (0, 1)d−1},

U ε(x1, x̃) :=

uε(x1, ỹ) if x̃ = ε(k + ỹ) for some k ∈ Kε , ỹ ∈ Σ , |x1| < rε ,

0 else.

We extend U ε trivially for |x1| ≥ rε. When uε satisfies the boundedness (5.3),
then U ε is a bounded sequence in R × (0, 1)d−1. Standard two-scale compactness
can be applied to U ε to find a subsequence and a weak two-scale limit function
U0((x1, x̃), (y1, ỹ)) for x = (x1, x̃) ∈ R × (0, 1)d−1 and y = (y1, ỹ) ∈ Y2. Since U ε is
periodic in the directions x2, ..., xd, the function U0 is independent of x̃. This yields
u0(x1, , (y1, ỹ)) with the two-scale convergence property (5.4).

Item 2 is shown by deriving the equation that characterizes u0. In the first parts
of this proof, we consider an arbitrary test-function ψ ∈ C2

c (I) and a smooth periodic
function ϕ : Y2 → C that satisfies a Neumann condition along (0, 2) × ∂Σ. We use
φε(x) := ψ(x1)ϕ(x/ε) as a test-function in (5.1). With two integrations by part, we
obtain

− 1
εd−1

∫
Ωε

uε(x)(ε2∇ · (a(x/ε)∇[ψ(x1)ϕ(x/ε)])) dx

− 1
εd−1

∫
Ωε

uε(x)λεbε(x/ε)ψ(x1)ϕ(x/ε) dx = 1
εd−1

∫
Ωε

fε(x)ψ(x1)ϕ(x/ε) dx .
(5.10)

By definition of two-scale convergence, as ε → 0, the three terms in this equation
have the following limits:

1
εd−1

∫
Ωε

uε(x)(−ε2∇ · (a(x/ε)∇[ψ(x1)ϕ(x/ε)])) dx

→ 1
2

∫
I

∫
Y2
u0(x1, y)ψ(x1)[−∇y · (a(y)∇yϕ(y)] dy dx1 ,

1
εd−1

∫
Ωε

uε(x)λεbε(x/ε)ψ(x1)ϕ(x/ε) dx

→ 1
2

∫
I

∫
Y2
u0(x1, y)λ0b0(y)ψ(x1)ϕ(y) dy dx1 ,

1
εd−1

∫
Ωε

fε(x)ψ(x1)ϕ(x/ε) dx = 1
εd−1

∫
Ωε

ε g(x1)V (x/ε)ψ(x1)ϕ(x/ε) dx → 0 .

Since ψ was an arbitrary function, we obtain from (5.10) in the limit ε → 0, for
almost every x1 ∈ I,∫

Y2
u0(x1, y)[−∇y · (a(y)∇yϕ(y) − λ0b0(y)ϕ(y)] dy = 0 . (5.11)

Since ϕ was arbitrary, this is an elliptic equation in the unit cell. Using a = a0 we
obtain, in the weak sense,

−∇y · (a0(y)∇yu0(x1, y)) − λ0b0(y)u0(x1, y) = 0 , (5.12)
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where we wrote the variable y ∈ (0, 2)×Σ to illustrate the dependencies. We conclude
that, for almost every x1 ∈ I, the function u0(x1, ·) is a solution of the homogeneous
problem in the cell. Additionally, as a two-scale limit, it is 2-periodic in the variable
y1. Since V and W form a basis of the homogeneous solution space of this equation
for 2-periodic functions (related to the wave-number k0 = π), we obtain that u0(x1, ·)
has the form (5.5) with pre-factors α(x1) and β(x1).

Item 3 is obtained by calculating the next order limits of (5.10). This means that
we multiply (5.10) with ε−1 and investigate the limits of the integrals. We use only
ϕ = V̄ and ϕ = W̄ as test-functions and perform the calculation for ϕ = V̄ .

We start with the right-hand side of (5.10) with factor ε−1 and with ϕ = V̄ . In
the limit ε → 0, we find, since V (y)V̄ (y) = |V (y)|2 is 1-periodic in y1,

1
εd

∫
Ωε

fε(x)ψ(x1)V̄ (x/ε) dx = 1
εd−1

∫
Ωε

g(x1)V (x/ε)ψ(x1)V̄ (x/ε) dx

→
∫

I

∫
Y
g(x1)V (y)ψ(x1)V̄ (y) dy dx1 .

Our next aim is to investigate the terms on the left-hand side of (5.10). As a
preparation, we note that ϕ = V̄ is a solution of the limiting eigenvalue problem,
which yields

− 1
εd

∫
Ωε

uε(x)ψ(x1)(ε2∇ · (a(x/ε)∇V̄ (x/ε))) dx

= 1
εd

∫
Ωε

uε(x)ψ(x1)λ0b0(x/ε)V̄ (x/ε) dx .
(5.13)

We now consider the first integral on the left-hand side of (5.10), with a factor ε−1

and for ϕ = V̄ . We insert the left-hand side of (5.13) to generate a bounded limit.
We calculate, using once more that the coefficient a is x-independent,

1
εd

∫
Ωε

uε(x)(ε2∇ · (a(x/ε)∇[ψ(x1)V̄ (x/ε)])) dx

− 1
εd

∫
Ωε

uε(x)ψ(x1)(ε2∇ · (a(x/ε)∇V̄ (x/ε))) dx

= 1
εd

∫
Ωε

uε(x)ε 2ψ′(x1)∂y1(aV̄ )(x/ε) dx+O(ε)

→ 1
2

∫
I

∫
Y2
u0(x1, y) 2ψ′(x1)∂y1(aV̄ )(y) dy dx1

=
∫

I
α(x1)ψ′(x1)

∫
Y
V (y)2∂y1(aV̄ )(y) dy dx1

+
∫

I
β(x1)ψ′(x1)

∫
Y
W (y)2∂y1(aV̄ )(y) dy dx1 .

We turn to the analysis of the other integral on the left-hand side of (5.10) with
factor ε−1 and for ϕ = V̄ . We insert the same leading order term, now in the form of
the right-hand side of (5.13). In the limit ε → 0, we find, because of (λε −λ0)/ε → µ
and (bε − b0)/ε → B,

1
εd

∫
Ωε

uε(x)λεbε(x/ε)ψ(x1)V̄ (x/ε) dx

− 1
εd

∫
Ωε

uε(x)ψ(x1)λ0b0(x/ε)V̄ (x/ε) dx
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→ 1
2

∫
I

∫
Y2
u0(x1, y)µb0(y)ψ(x1)V̄ (y) dy dx1

+ λ0
1
2

∫
I

∫
Y2
B( · )(u0(x1, · )ψ(x1)V̄ ( · )) dy dx1

=
∫

I

∫
Y

(α(x1)V (y) + β(x1)W (y))µb0(y)ψ(x1)V̄ (y) dy dx1

+ λ0

∫
I

{
α(x1)

∫
Y
BV V̄ dy + β(x1)

∫
Y
BWV̄ dy

}
ψ(x1) dx1 .

We can now combine the three limit expressions that are obtained from (5.10).
Since ψ was arbitrary, we obtain, for a.e. x1 ∈ I,

α′(x1)
∫

Y
V (y)2∂y1(aV̄ )(y) dy + β′(x1)

∫
Y
W (y)2∂y1(aV̄ )(y) dy

− α(x1)µ
∫

Y
b0(y)V (y)V̄ (y) dy − β(x1)µ

∫
Y
b0(y)W (y)V̄ (y) dy

− λ0α(x1)
∫

Y
BV V̄ − λ0β(x1)

∫
Y
BWV̄ = g(x1)

∫
Y
V (y)V̄ (y) dy .

(5.14)

We did not perform simplifications such as V V̄ = |V |2; the above equation
remains valid when we replace everywhere the factor ϕ = V̄ by the factor ϕ = W̄ .

We now continue with ϕ = V̄ and insert values for integrals to simplify the
expression. In the first integral we use that the flux integral is

∫
Y V (y)∂y1(aV̄ )(y) dy =

−iF . The second integral vanishes, the argument is given in Appendix A, see (A.1).
The third integral is 1 and the fourth integral vanishes, these are consequences of the
fact that V and W are b0-orthonormal. The value of the integral on the right-hand
side is abbreviated with m = ∥V ∥2

L2(Y ). We obtain an ordinary differential equations
for α:

− 2iFα′(x1) − α(x1)µ− α(x1)λ0

∫
Y
BV V̄ − β(x1)λ0

∫
Y
BWV̄ = mg(x1) . (5.15)

A multiplication with i/(2F ) yields (5.6) with the coefficients p and q of (5.8)–(5.9).
Equation (5.7) for β follows when we replace in relation (5.14), in all the seven

instances, the function V̄ by W̄ .
Item 4. We observed that F is real for constant a after (2.11). The formula for

p uses the real quantities F , µ, λ0, B, and V V̄ = |V |2; this shows that p is real.
When bε satisfies (i) of Assumption 2.2, then B(· + e1/2) = −B(·) together with
|V (· + e1/2)| = |V (·)| implies

∫
Y BV V̄ =

∫
Y B|V |2 = 0. This yields for p the simple

expression p = µ/(2F ).
We recall that W = V̄ holds independent of symmetries. The symmetry (ii)

provides directly B(e1 − ·) = B(·), and it implies V̄ 2(e1 − ·) = V 2(·), see the
discussion after (2.10). We can therefore write the integral in the expression for q as∫

Y BV̄
2 =

∫
Y1/2

BV̄ 2 +
∫

Y1/2
B(e1 − ·)V̄ 2(e1 − ·) =

∫
Y1/2

BV̄ 2 +
∫

Y1/2
BV 2. This shows

that q is real.
The boundary conditions are derived by considering a test-function ψ that does

not necessarily have compact support in I. This introduces an additional term in
(5.10), namely, for the right boundary Γε = {rε} × εΣ, in leading order in ε, an
expression that involves the integral∫

Γε

uε(x)a(x/ε)ψ(r)∂y1ϕ(x/ε) dS(x) .
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In general, it is not clear how to continue the calculations with this term.
In symmetric media, as discussed after (2.10), we have W (x1, x̃) = V (1 − x1, x̃).

This implies that the test-function ϕ := V̄ + W̄ satisfies at the position rε ∈ εZ of
the right boundary the identity ∂y1ϕ = ∂y1V̄ + ∂y1W̄ = ∂y1V̄ − ∂y1V̄ = 0. The term
is vanishing in rε and also in −rε. This implies that, when we use this test-function
ϕ, no boundary terms appear.

The calculation of Item 3 implies
∫

I(2iFα− 2iFβ)ψ′ =
∫

I(2iFα′ − 2iFβ′)ψ for
smooth functions ψ that are not vanishing at x1 = r∗ or x1 = −r∗. This implies
2iFα − 2iFβ = 0 in these points and thus the boundary condition as claimed in
Item 4 for bounded intervals.

The condition in the case r∗ = ∞ is a consequence of the lower semicontinuity of
the L2-norm with respect to weak convergence.

We add the following remark concerning boundary conditions. Since |α| is a
measure for the energy flux to the right and |β| is a measure for the flux to the left,
for Neumann boundary conditions, we always expect the condition |α| = |β| at the
boundaries, independent of symmetry assumptions. The boundary conditions that
are found in Item 4 are much stronger: Not only do the absolute values coincide,
but the complex numbers coincide.

6 Proof of Theorem 1.2
We prepare the proof of Theorem 1.2 by results on bounded domains.

6.1 Results on a bounded domain
The original equation (1.1) with a right-hand side f for the spectral value λ = λ0, with
constant coefficients a and with perturbed coefficients bε, reads −∇·(a∇u)−λ0 bε u =
f . We consider this equation for ε > 0 on a bounded domain (−R,R) × Σ for R ∈ N
and with homogeneous Neumann boundary conditions along all boundaries. We
introduce the corresponding solution operator L : f → u. We regard it here as a
linear map L : X → X for the function space X := L2((−R,R) × Σ).

Our first result is that the sequence of solution operators is unbounded.

Lemma 6.1 (Unbounded sequence of solution operators). Let Assumption 1.1 be
satisfied. We consider the combined medium, Medium I for x1 > 0 and Medium II
for x1 < 0. We demand

∫
Y BV

2 ̸= 0 such that q ≠ 0 is satisfied. Let 0 < εj → 0
and N ∋ Rj → R∗ ∈ N ∪ {∞} be two sequences with εjRj ≥ γ > 0 for all j. Let
Lj : f 7→ u be the solution operator as described above for the parameter R = Rj and
ε = εj. Then, the family

εj ∥Lj∥ is unbounded. (6.1)

Proof. For ε = εj, we consider rescaled domains Ωε = (−r, r) × εΣ with geometrical
parameter r := rj := εjRj, and the corresponding solution operators Lε : fε → uε.
The norm of Lε : L2(Ωε) → L2(Ωε) coincides with the norm of Lj on the original
domain.
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We choose a subsequence such that rj = εjRj → r∗ ∈ R∗ ∪ {∞}. We furthermore
choose a non-vanishing non-negative function g : R → R with compact support in
(−r∗, r∗). Given g, we study the right-hand side fε as in (5.2) and the corresponding
solution sequence uε = Lε(fε). Since fε has typical values of order ε and the domain
has a volume of order εd−1, there holds

ε−(d−1)∥fε∥2
L2(Ωε) = ε−(d−1)

∫
Ωε

|fε|2 ≤ Cε2 . (6.2)

Property (6.1) follows when the family ε−(d−1)∥uε∥2
L2(Ωε) is unbounded.

We will show this fact with a contradiction argument. We therefore assume that,
for some sequence ε → 0, the solution sequence uε satisfies

ε−(d−1)∥uε∥2
L2(Ωε) ≤ C (6.3)

for some C > 0. Our aim is to derive a contradiction.
We note that (6.3) is exactly the boundedness assumption (5.3), we can therefore

apply Theorem 5.1. We use the sequence λε = λ0 such that the rescaled limit value is
µ = 0. The symmetries (i) and (ii) of Assumption 2.2 are satisfied since Assumption
1.1 holds; we therefore have p = µ/(2F ) = 0 and 0 ̸= q ∈ R.

Case 1: r∗ ∈ R. Theorem 5.1 provides that, possibly along a further subsequence,
uε converges weakly in two scales to u0(x1, y) = α(x1)V (y)+β(x1)W (y), where (α, β)
satisfies (5.6)–(5.7) on the interval (−r∗, r∗), and the boundary conditions. Since g
is non-vanishing and non-negative and p has the critical parameter value p = 0, by
Proposition 4.1, there is no solution (α, β). This is the desired contradiction.

Case 2: r∗ = ∞. Theorem 5.1 provides a limit function u0(x1, y) = α(x1)V (y) +
β(x1)W (y) for x1 ∈ R, where (α, β) satisfies (5.6)–(5.7) on the interval R and
α, β ∈ L2(R). By the last statement of Proposition 4.1, since g is non-vanishing and
non-negative and p has the critical parameter value, there is no such solution (α, β).
This is the desired contradiction.

We can now formulate a result on bounded domains that is closely related to
Theorem 1.2.

Theorem 6.2 (Existence of interface modes on bounded domains). Let Assumption
1.1 be satisfied. We consider once more the combined medium and assume q ≠ 0. Let
η0 > 0 be arbitrary. Then, there exists ε0 > 0 such that, for every ε ∈ (0, ε0) and
every R ∈ N with R ≥ 1/ε, the Neumann problem on the domain (−R,R) × Σ in
the combined medium has an eigenvalue in the interval (λ0 − εη0, λ0 + εη0).

Proof. For fixed η0 > 0, the statement of the theorem may be written briefly as

∃ε0 > 0 ∀ε ∈ (0, ε0) , R ≥ 1/ε ∃ eigenvalue λ̃ ∈ (λ0 − εη0, λ0 + εη0) . (6.4)

We will argue by contradiction. We want to find a contradiction when we assume

∀ε0 > 0 ∃ε ∈ (0, ε0) , R ≥ 1/ε ∀λ̃ ∈ (λ0 − εη0, λ0 + εη0) : λ̃ is no eigenvalue . (6.5)

Assuming that (6.5) holds, we use it for j ∈ N with ε0 := 1/j. This provides
εj < 1/j and Rj ≥ 1/εj such that there exists no eigenvalue in the interval (λ0 −
εjη0, λ0 + εjη0).
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The problem on Ωj = (−Rj, Rj) × Σ has the form (Aj − λBj)(u) = f where
Aj is a symmetric elliptic operator. On L2-spaces, the operator Aj has a self-
adjoint compact inverse and Bj has a continuous inverse. The spectral properties
of self-adjoint compact operators imply that there exists a family of orthonormal
eigenfunctions Ψℓ with corresponding eigenvalues Λℓ for the operator Aj in the sense
that AjΨℓ = ΛℓBjΨℓ. This implies that the solution operator Lj : f 7→ u where u
solves (Aj − λBj)(u) = f has the form

Lj : f 7→ u =
∑

ℓ

⟨B−1
j f,Ψℓ⟩

1
Λℓ − λ

Ψℓ .

The solution operator Lj hence satisfies ∥Lj∥ ≤ ∥B−1
j ∥/minλ |Λℓ −λ|. In our setting,

∥B−1
j ∥ ≤ C holds for some constant C > 0, for all j ∈ N.
We recall that we assumed to be in the situation that there exists no eigenvalue

in the interval (λ0 − εjη0, λ0 + εjη0). This implies that the norm of the solution
operator Lj to the problem on Ωj is bounded by C/(εjη0). This is in contradiction
with Lemma 6.1.

6.2 Unbounded domain and proof of the main result
Proof of Theorem 1.2. We use η0 > 0 of the spectral gap assumption in Theorem
1.2. The number ε0 is chosen as in Theorem 6.2 for η0/2. Our aim is to derive
the statement of Theorem 1.2 with this value of ε0. From now on, we consider an
arbitrary ε < ε0.

Let Rj → ∞ be a sequence with Rj ≥ 1/ε for all j. Theorem 6.2 pro-
vides a sequence of eigenvalues λ̃j ∈ (λ0 − εη0/2, λ0 + εη0/2) with corresponding
L2((−Rj, Rj) × Σ)-normalized eigenfunctions uj . For a subsequence j → ∞, we find
a limit for the eigenvalues, λ̃j → λ̃ ∈ [λ0 − εη0/2, λ0 + εη0/2]. Choosing possibly
another subsequence, we find a limit function ũ ∈ L2(R × Σ) such that the sequence
uj converges, on every subset (−L,L) × Σ, weakly to ũ. As a limit of solutions, also
ũ is a solution of the eigenvalue problem (for λ = λ̃).

In order conclude the statement of Theorem 1.2, it remains to verify that ũ is
an eigenfunction – we have to prove ũ ̸= 0. This is not a trivial task, but it can be
obtained from standard theory on periodic wave-guides, see [11, 18] and the references
therein. We emphasize that we can use these theories even though the medium under
consideration is not periodic. We will use Theorem 3.8 of [18], which provides an
estimate for solutions u of inhomogeneous Helmholtz equations in periodic waveguides
(the coefficient λb here is k2n in [18]). We apply the theorem for λ in the spectral
gap, this implies that the space Y of [18] is trivial. For a right-hand side f with
support in a fixed compact set, the estimate reads ∥u∥H1(R×Σ) ≤ C∥f∥L2(R×Σ). A
priori, the constant C depends on λ, but a straighforward contradiction argument
provides that C can be chosen independent of λ when λ varies only in a compact
interval inside a spectral gap.

Our aim now is to conclude, in our setting, that the limit function is non-trivial,
ũ ̸= 0. We argue by contradiction. We therefore assume that the local L2-limit ũ
of the sequence uj vanishes. We note that, as solutions of elliptic equations, the
sequence uj has additional regularity and converges, for arbitrary L > 0, strongly in
H1((−L,L) × Σ).
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We use a cut-off function ϑ : R → R of class C2 with the properties ϑ(x1) = 0 for
all x1 ≤ 0 and ϑ(x1) = 1 for all x1 ≥ 1. The functions Uj(x) := uj(x)ϑ(x1) satisfy
an inhomogeneous Helmholtz equation in a periodic medium. In order to apply
periodic media results such as [18], it is important that Uj solves indeed a problem in
a (single) periodic medium; but this is indeed the case since the function is vanishing
for x1 < 0 and it hence solves the Helmholtz-problem also for the (x1 > 0)-medium.

The cut-off function ϑ introduces a right-hand side Fj on the segment (0, 1) × Σ,
the function Fj consists of products of first and second derivatives of ϑ with uj and
derivatives of uj. By our assumption ũ = 0, there holds Fj → 0 in L2((0, 1) × Σ).
Theorem 3.8 of [18] yields ∥Uj∥H1(R×Σ) ≤ C∥Fj∥L2((0,1)×Σ) → 0. This provides that
uj converges strongly in the right part of the waveguide, ∥uj∥L2((1,∞)×Σ) → 0.

The argument can be repeated with a cut-off function that vanishes for x1 ≥ 0.
This yields ∥uj∥L2((−∞,−1)×Σ) → 0. The assumption of a local trivial limit yields
directly ∥uj∥L2((−1,1)×Σ) → 0. When we combine these three convergences, we find a
contradiction to the fact that uj is an L2-normalized sequence.

A Flux integrals
In this appendix we derive the relation∫

Y
W (y) ∂y1(aV̄ )(y) dy = 0 . (A.1)

We recall the relevant properties of V and W . Both functions are k = π quasiperiodic
on the 1-cell Y in the sense that V (· + e1) = −V (·) and W (· + e1) = −W (·).
Moreover, as they are constructed for the unperturbed medium, they are additionally
quasiperiodic on the 1/2-cell Y1/2 in the sense that V (· + e1/2) = iV (·) and W (· +
e1/2) = −iW (·). They satisfy W = V̄ and they are b0-orthonormal.

These properties allow to calculate the complex conjugate of the integral in (A.1):∫
Y
W̄ (y) ∂y1(aV )(y) dy =

∫
Y
V (y) ∂y1(aV )(y) dy

=
∫

{x1<1/2}
V (y) ∂y1(aV )(y) dy +

∫
{x1<1/2}

V (y + e1/2) ∂y1(aV )(y + e1/2) dy

=
∫

{x1<1/2}
V (y) ∂y1(aV )(y) dy −

∫
{x1<1/2}

V (y) ∂y1(aV )(y) dy = 0 .

This shows the claimed property (A.1).
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