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1 Introduction

Our aim is to describe the oscillations of atoms in a crystal lattice. In the simplest
setting of the problem, the continuum limit provides a linear wave equation of sec-
ond order. Due to its simple structure, this limit model fails to describe certain
phenomena that can be observed in crystals: Nonlinear behavior and dispersion.
We concentrate here on the latter and justify a limit model that captures dispersive
effects.

The discrete model is constructed from a regular rectangular lattice as follows.
The lattice points are v € €Z? where ¢ > 0 is the periodicity and d > 1 the space
dimension. Considering only displacements in one fixed direction, the unknown
in the point v at time ¢t € [0,00) is u°(7,t) € R. The evolution equation relates
the acceleration 9?uf(7,t) to the displacements u®(v/,¢) in neighboring points ~'.
Restricting ourselfs to a linear model we consider

07ut (v, t) Zaj (v +¢j,t) (1.1)

jGZd

for certain prescribed interaction coefficients (a;);czqe, a; € R with } . a; = 0. If
we prescribe low frequency initial data u§, u5 : R — R (e.g. by choosing the initial
data independent of ), then the continuum limit of (1.1) is the linear second order
wave equation

O}u = AD>u. (1.2)
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Here, the elliptic operator AD? = Z?J.:l

effective tensor A € R which can be calculated from the interaction coefficients
(aj)jeze. Equation (1.2) is a valid approximation for time intervals [0, T']; since the
time interval is fixed, the equation fails to capture dispersive effects. Our interest
is to derive a dispersive continuum limit equation that is valid on time intervals
[0, Te2].

One-dimensional example. We have chosen here a natural scaling of the equation.
The simplest example is obtained by considering the one-dimensional case d = 1 and
the next-neighbor interaction with a; = a1 = 1, ap = —2, and a; = 0 for every j
with [j| > 1. In this case, the right hand side of (1.1) is the discrete Laplacian of
u®(.,t) in the point 7. The homogenized equation is (1.2) with A = 1.

A; jO2,0y; is given by an z-independent

We consider two alternative approaches to characterize the evolution over time-

scales of order 72:

A) Derivation of continuum equations with e-dependent coefficients. This is done
is Section 3. The advantage is that the effective equations have constant
coefficients. The disadvantage is that the equations have to be solved on large
time intervals.

B) Effective equations with e-independent coefficients (profile equations). Ap-
proximations to the solutions of the original lattice equation are obtained via
e-dependent transforms. This program is carried out in Sections 4 and 5.

A) Dispersive continuum limit. One of our results is that the following weakly
dispersive equation describes the long time behavior of the discrete system:

Ofw® = AD>w® + e?ED20?w® — 2 FDju” . (1.3)

We note that the limit system is continuous with z-independent coefficients, we may
therefore call it a continuum limit of the discrete system. On the other hand, we note
that the lattice constant € is not set to zero, but it appears in the equations. The
result of Theorem 3.1 is the following: Let u® be a solution of the discrete system
(1.1) on a time interval [0,7"/€%] and let w® : R? x [0,7/¢*] — R be a solution to
(1.3) on the same time interval. Then the two solutions differ in the energy norm
only in the order of . The estimate is relevant since the deviation of both functions
from the solution of (1.2) is of order 1.

Our results can be compared to known results for the continuous problem. In
the continuous case one starts from the wave equation with the coefficient a(z/¢) in
the elliptic operator. As for discrete systems, dispersive effects are observed [7, 8].
These can be understood with the help of the dispersion relation that is obtained
with the help of Bloch expansions [15]. Also in the continuous setting, one can
derive the dispersive limit equation (1.3) for large time scales [4, 5, 11].

In (1.3), the effective tensors £ € R%*¢ and F € R¥*¥*4Xd are symmetric and
positive semi-definite, we use the notation F'D} = Z?,j,k,l:l F j 1102, 0,04, 0, The
z-independent coefficient tensors are obtained from a Taylor expansion of the dis-
persion relation. In the one-dimensional case of [11], A, E and F' are positive real
numbers. The quality of the effective equation (1.3) is also studied numerically, see
[1, 2, 4, 5] for numerical studies and generalizations.

In the present work, we obtain a similar approximation result for the discrete
wave equation (1.1). The approach is similar in the sense that we start from a
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representation formula, which is analyzed in the limit ¢ — 0. In the discrete setting,
the representation with Fourier transforms is possible, we hence do not have to use
Bloch transforms. This simplifies the proof of the approximation result considerably.

In classical approaches, the dynamics of (1.1) are analyzed in terms of the dis-
persion relation, see e.g. [6, 13, 14]. In fact, our proofs are also based on an approx-
imation of the dispersion relations of (1.1) and (1.3) to all relevant orders.

B) Profile equations for ring-like solutions. In the second part of this work,
starting with Section 4, we characterize the long time behavior of solutions with
a family of one-dimensional profile equations. If initial data are given by a fixed
L*(R9) function, then the solution at time ¢ = 7/¢? is large only in a neighborhood
of a sphere with radius r = ¢t = c7/&2, where ¢ > 0 is the effective wave velocity.
We describe the profile of the wave in this neighborhood in dimension d = 1 and
in dimension d = 2. Our results imply, in particular, that the profiles satisfy the
linearized KdV equations

0-Ve(z,759) = blq) B}V°(2,739). (1.4)

In this equation, z € R is the radial parameter (the radial distance to the sphere
|z| = ct), 7 = €2t is the rescaled time and ¢ € S%! is the direction of propagation.
The effective coefficient b(q) € R is obtained from the Taylor expansion of the
dispersion relation of (1.1). The initial data for (1.4) are extracted from the initial
data ug and wuq; the construction is dimension dependent.

Our results are quite strong as they provide approximate solutions v°. The
functions v® are easy to calculate and they approximate the lattice solution u° to
(1.1). The construction of v° starts from the initial data u§ and defines initial data
Vg for (1.4) from ug; the solutions of (1.4) are used as profiles to construct v° as a
ring type solution. Our results in Theorem 4.1 and Theorem 5.3 establish that v* is
an approximation u¢ on time intervals (0,7 /?).

The fact that a linearized KdV equation should describe the profile of a ring-like
solution is well-known. In the one-dimensional case, it is possible to study a solution
to (1.3) in a frame of coordinates that moves with the effective speed v/A. Formal
calculations show that the shifted solution solves, approximately, the linearized KdV
equation (1.4). The observation was made rigorous in [12], Theorem 2.7, where the
error was shown to vanish in the limit ¢ — 0. In space dimension d = 2, a result
was established in Proposition 3.1 of [4]: If the wave profile of a solution w*® to (1.3)
converges in the sense of distributions, then the limiting profile satisfies a linearized
KdV equation. We remark that, in [4], the height of the wave profile was not scaled
with the factor |ct|~'/2 that we use in (4.3); without this factor, one obtains the
“cylindrical” KdV equation. Our result has the advantage that the initial data can
be extracted explicitly from the initial data of the lattice equation.

Let us compare our result also with [9], where the dynamics of the nonlinear
FPU-lattice are studied. For the nonlinear dynamics, a nonlinear KdV equation is
obtained in [9], but we note that only solutions to profile equations can be compared
in this case. Since we deal only with the linear case, our result can be more general:
For fixed initial data in space dimension d = 1 or d = 2, the solution is a ring wave
with a profile described by (1.4).
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2 Preliminaries
We study (1.1) with initial conditions
w*(7,0) = ug(7), Gu(y,0) = ui(y) Vo €eZ?, (2.1)

where ug, u5 : RY — R are given functions on all of R?.

Fourier transformation

We define the Fourier transform for functions on the lattice by setting, for k € R,

,&E(k7 t) - {gd Z’YEEZd e_ik'7u€(77 t) fOI' k G 8_1(_7T7 W)d 9 (22>

0 else.

The Fourier transform @ of the solution ¢ satisfies, for every k € R%:

g1
Oruc (k,t) = Z e‘””; Z a;ju®(y +¢€j,t)

yEeZ4 jezZd
d k- —ik-ej—ik- .
=€ E 6—2aje’ & E e METEYE (v + g7, t)
jezd yeeZ4
_ 1 ik-ej d —ik', e 't
=3 aje € e ut (v, t).
jez v €z

We obtain, introducing the lattice dispersion relation

wi(ek)? == — Z a;e*el (2.3)

jeza

the evolution equation for the Fourier transform in the simple form
2nE 1 2 ~e
O;ut(k,t) = —;wl(ek) u(k,t). (2.4)

We illustrate the scaling with a calculation for the above one-dimensional exam-
ple. We find w(ek)? := — 3y ;6% = —(e*e =2+ e7F¢) = k% — ek £
To leading order, the dispersion relation is that of an isotropic wave equation,
wi(ek)? = e2k2.

Diagonalization and explicit solution

The evolution law (2.4) can be diagonalized by introducing the functions

Tu,e _i wl<€k>aa iOE
E (k1) = (—8 (k, 1) + 0, (k,t)) . (2.5)

For the time derivative of these functions we find by (2.4)

O (k1) = — <@3tﬂa(k,t) - iwl(gk)2ﬂ5(k,t))

Sl
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iwl(sk: 1
e V2
wi(ek) ~ye
l ) + (kat) :

This provides the explicit solution formula

Ai’g(k,t) — eTilwi(ek)/e]t A:“tvf(k’())_ (2.6)

~—

— T
£

The initial data are given by %%(k,0) = Ai%(k:) These two functions are
related to the initial data 4§ and @S via equation (2.5). Formula (2.5) expresses ¢

in terms of 4 and 0,;u°, but we can also reconstruct with

(Ai’a(k,t) v @Ezva(k,t)) : (2.7)

_c
wl(z-:k)\/ﬁ

and with a similar expression for 0,u°(k,t). The reconstruction formulas allow also
to write 4§ and 4§ in terms of zﬂi%(k)

What makes the transformation formulas slightly non-trivial is the fact that they
involve explicit dependences on e. For example: If we choose initial data Q@l% with-
out e-dependence, then the initial data for u® are e-dependent. We always assume
that the involved functions have compact support in Fourier space (a property that
is not affected by the transformation).

The result of this work is a characterization of the dispersive long time behavior
of u® with partial differential equations. We achieve this goal with the help of the
Fourier representation (2.6) of solutions.

With the above Fourier transform and diagonalization procedure we followed
[10], see in particular their evolution equation (2.11). The only difference is in the
choice of the grid spacing: We have chosen a grid spacing ¢ in order that we do
not have to rescale solutions. In particular, the initial data can be prescribed by
e-independent functions and the dispersive limit equation turns out to be as in [4],
where the oscillations of the medium are also on the spatial scale e.

a8<k> t) =

Expansion of the dispersion relation We have to define the effective tensors.
We start from a Taylor expansion of the (lattice) dispersion relation (2.3) in k& = 0:

wi(k) = Ak @ k+Ck®k®k®k+ O(|k|° (2.8)

We emphasize that the second order tensor A € R%*? and the fourth order tensor
C € R™dxdxd aqre defined by the Taylor expansion (2.8). The assumptions are that
w? is real and of class C® in a neighborhood of k = 0, which is satisfied e.g. if the
coeflicients (a;); have only finitely many non-zero entries and satisfy a; = a_;. We
furthermore assume that A is symmetric and positive definite. With the help of A

we define a (homogenized) dispersion relation through
wi(k) == Ak k. (2.9)

We also require approximations for wy:

N[

wi(k)=(Ak@k (Id+ (Ak @ k)" Ck@ k@ k@ k) + O(|k|%))
=wo(k) + b(k) + O(|k[*) for |k| <1, (2.10)

where b(k) = ﬁ(k)(’% ® k ® k ® k is a 3-homogeneous function.
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Remark 2.1. 1.) The 3-homogeneous function b is even, b(k) = b(—k).
2.) The function b is in general not a polynomial in k. For example, in the
simple case of a two-dimensional square lattice with nearest neighbor interactions,

we find b(k) = — (ki + k3)/(24 /K3 + k2).

3 Comparison with a weakly dispersive equation

In this section, we compare the solution u® of the lattice wave equation (1.1) with the
solution w® of the weakly dispersive wave equation (1.3). On a fixed time interval
[0, T the two solutions both coincide to leading order in e with the solution of the
homogenized wave equation (1.2). Here, we study time intervals ¢t € [0,7/e*] on
which (1.2) is not a valid approximation to leading order. Our result is that, on the
other hand, the two solutions u® and w® coincide to leading order.

Considering expansion (2.8), it is tempting to compare the solution u® with the
solution u to the equation 9?u = AD?*u — ¢?C'D}u. This latter equation has been
suggested in another context already by Boussinesq and is named after him. In the
1—dimensional case discussed above there holds wj(k)? = k* — Lk*, hence A = 1
and C' = —12, the Boussinesq equation reads 0?u = 9?u + —5284u This equation
is called a “bad Boussinesq equation” since it cannot been Solved easily: 02 is a
negative operator and 92 is a positive operator. One way to proceed is to replace in
the equation d2u by 020u, which is correct to highest order [3].

We follow this idea of replacing the highest order term (at least in parts) by mixed
derivatives. We rely on Lemma 2.5 of [5], which provides the following: Given a
symmetric and positive definite A € R¥? and a fourth order tensor C' € R4*dxdxd,
there exist symmetric and positive semi-definite tensors E € R%*? and F € Rd4xdxdxd
such that

Ckekekok=-EkokAk@k+Fkekokok  VkeR?. (3.1)

We choose E and F as described. We conclude from (2.8) and (3.1) the approx-
imation property

W(k)=Ak®@k - Ek®k (k) + Fk@ ko k@ k+ O(|k|°) (3.2)

as k — 0. Replacing once more Fourier symbols by derivatives we arrive formally
at the weakly dispersive wave equation (1.3).

Comparison of solutions. Let us now change the perspective: We consider the
evolution equation (1.3) as given and want to analyze its solutions w*. Since solu-
tions can be expanded in Fourier space, they can be characterized by the dispersion
relation wy of the equation (1.3) (the subscript d recalls that the equation is disper-
sive). We define wy implicitely through

WAk)=Ak @k —Ek @k (k) + Fkkok®k. (3.3)

By property (3.1) of E and F, the function w? has the same Taylor expansion to
fourth order in 0 as wf, i.e.w] satisfies (2.8). In particular, the difference satisfies
w2(k) — w?(k) = O(|k|) and therefore

|wa(k) — wi(k)| = O(k|*) ask — 0. (3.4)
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We used here that A is positive definite.
For sufficiently small k = ek we can solve relation (3.3) for w?(ek),

Loy

1 <€k>_Ak:®k:+52Fk:®k®k®k
g2 ¢ B ‘

1+e2Ek®k

(3.5)

After a (continuous) Fourier-transform in x with the dual variable k, the evolu-
tion equation (1.3) reads (D, is replaced by ik):

R (k,t) = —Ak@k W (k,t) — 2Bk @k 020° (k, t) — 2 Fk@k@k® k0 (k, t) . (3.6)

If we assume that the initial values have a compact support in Fourier space, then
the parameter k takes only values in a bounded set. In this case, the parameter ¢k
is always small and we can solve (3.6) for 02w?(k, t), leading to the same expression
as in (3.5); more precisely,

P (k, 1) = —éwg(gkw(k,t). (3.7)

This evolution equation is solved for every k on the time interval ¢ € [0,T/?].
After a transformation as for u¢, we define the transformed quantity ¥} as in (2.5),

1.e.
1

V2

The new unknowns have the simple explicit solution formula

b= (k, 1) (éwd(ekw(k, t) + i0,i° (k, t)) . (3.8)

@2178(1{:’ t) = eﬂFi[Wd(e?k)/dtq/;;:”:g(k)_ (3.9)

Initial values. The solution of the e-problem (1.1) is determined by the initial
values uj and uj. After a Fourier transform (2.5) provides the two initial data
@@i%(k‘) that are used in the solution formula (2.6).

The initial data w§ and wi of the weakly dispersive equation (1.3) are treated
accordingly: Continuous Fourier transform and (2.5) define the initial data ¢34 (k).
We note that we can also reconstruct w from ¢ with (2.7), except that we have
to use the appropriate dispersion relation: w§(k) = m( A_ufo(k‘) + 1@2%(1@))
Similarly, we can reconstruct wj.

Theorem 3.1 (Comparison of solutions). Let initial values be given by sequences
(ug,ui) and (w§, wi) such that, for Cy >0,

w5 — UGl 2ray + |0 — 4[| L2mey < Coe (3.10)

We recall that the Fourier transform of ug and uy was set to zero fork & e=(—m, m)<.
We assume that, for a fized bounded domain Sy, C RY, the Fourier transforms of all
initial data are supported in Sy and bounded in L*(R?).

On the dispersion relation w; from (2.3) of the lattice system we assume that it
satisfies (2.8) for tensors A and C, A symmetric and positive definite. Let E and
F be symmetric and positive semi-definite tensors that satisfy (3.1). We recall that,
in this case, w; and wq from (3.3) satisfy (3.4).

In this situation we consider the solution u®(.,t) of the lattice equation (1.1)
and the solution we(.,t) of the weakly dispersive equation (1.3), additionally the
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transformed solutions (., t) of (3.8) and 4°(.,t) of (2.5). Then the transformed
solutions are comparable on large time intervals for both signs, “+”7 and “-”:

sup [|[92e(,¢) — Aj“f(.,t)’ < Ce. (3.11)

t<T/e?

L2(R4)

The original solutions are nearby in energy norm: With wy from (2.9) holds

sup
t<T/e?

The constant C' depend only on w;, Co, Sy, and T'.

ICR PR

£

+ [0 (., t) — atas('at>‘|L2(Rd)} < Ce.
L2(R9)

(3.12)

Proof. For the proof of (3.11) it suffices to insert the explicit solution formulas (2.6)
and (3.9). The calculation for “+7 is
sup

s ([0 0 = 30|

= sup /
t<T/e?

2

L2(R4)

—twq( ek)/a]t¢w 6( ) . e_"[“l(ak)/a]t@@i’%(k) 2 dk

= sup / —i[wg(ek)—wy (k) t/E | |¢ ( )|2 dkf
t<T/e?
+ sup / |€7iwz(5k)t/s‘2 ’&i:(g)(k) . &iﬁ)(k”? dk < Ce2 .
t<T/e? JRd

In the last step we used sup,<r.2[wa(ek) — wi(ek)]t/e < Ce for every k in the
compact set Sy, which is a consequence of (3.4). For the second term we used that
initial values are nearby due to (3.10). The property for w and wu translates into a
corresponding property for ¢ and ¥". The calculation for “-” is accordingly.

In order to obtain (3.12), we use the reconstruction formulas, see (2.7). We

calculate for the first term
2

sup |22 e 1y~ as( ]
t<T/e? € L2(Rd)
= sup 1= { — (U ) - (g +1ﬁ“’€)} 2
1<T/2 2 € wale )T - wie )T - L2(R4)

The expression coming from the contributions ﬁfs and 1&15 is, up to the factor 1/2,

Tw,e Tu,e 2
WO(ET ) + - +

sup
t<T/e? wd(s ) Wy (5 ) L2(Rd)
2
= sup ﬁ(wl(g ) = wale ))ve + wo(e )( pUE — ) < Ce*.
t<r/e ||wi(e Jwale .) wi(e .) L2(R4)

We exploited in the last step (3.4), which provides |wi(e .) — wqy(e .)| < Ce*; this
implies that the first part is of order 2. The second part is of order ¢ by (3.11). We
make use of the fact that only k-values in the compact set Sy, must be considered.

The argument for the contributions of 1[7_"’5 and qﬁﬁ’a is analogous.
For the estimate of time derivatives in (3.12), we use the reconstruction formulas

Ayt (k1) = —i(p" —p™%) /v/2 and dyif (k, t) = —i(° —1"%) //2. Relation (3.11)
provides immediately the second part of (3.12). O
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4 Ring solutions and profile equations

The aim of this section is to derive a profile equation for the dispersive time scale.
We will see that the evolution of a wave profile is given by the linearized KdV
equation (1.4), which reads

0, Ve(z,75q) = blq) 2V(2,73q) . (4.1)

The profile is a function V¢ = V¢(z,7;q), the independent variables of the partial
differential equation (4.1) are the time variable 7 € [0,7] and the spatial variable
z € R. We consider a rescaled time variable, t = 7/&2.

The vector ¢ € S9! denotes the direction that is investigated. The parameter
e > 0 does not appear in the evolution equation, it enters only through the initial
values. The coefficient b(¢) € R a constant that is obtained from an expansion of
the dispersion relation. It is chosen in such a way that the lattice dispersion relation
is approximated to third order: As k — 0,

wi(k) — [c\/%\ + b(/})} = o). (4.2)

Finally, the precise meaning of V¢ and z must be defined. We consider solutions
u® to the lattice wave equation (1.1). If initial data are given by e-independent
functions in L?(IR?), then most of the energy is initially contained in a ball Br(0) C
R? for large R > 0. After some large time t = 7/&2 for 7 > 0, the main contribution
to the total energy comes from a ring {z € R? : ||z| — ct| < R} for large R > 0.
Since we can expect the wave profile to be essentially independent of the angular

variable, it is given by a function in z, where z = |z| — ¢t is the relative radial
position in the ring. We claim that the profile of u® is given by a solution V¢ of
(4.1).

To formulate a mathematical statement, we now reverse the approach. We solve
the one-dimensional linearized KdV equation (4.1) with appropriate initial data to
obtain the function V¢(z, 7, ¢). Using the shape function V¢, we construct a function
v¥(z,t) in such a way that the above interpretation of V¢ is respected. To be precise,
the function v* is constructed from V¢ with the formula

€ . 1 € 24, x
v (I,t) = |x|(d—_1)/2v (|IL'| — Ct,€ t, m) . (43)

The prefactor r~(=1/2 is introduced in order to keep the L*-norm of the function

v° always of order 1. Our aim is to compare the reconstructed approximate solution
v® with the original solution w®. Our result will be that the two functions u* and v*
are comparable to leading order in ¢.

Initial values and further notation. The initial values V; are extracted from
the initial values ugy of the lattice equation, but this construction is dimension de-
pendent. We solve the evolution equation (4.1) with an initial condition of the
form

VE(2,05q) = V5 (259) .- (4.4)

The vector ¢ € S9! denotes a direction. In space dimension d = 1, we have to
consider only two directions, ¢ € S = {+1, —1}.
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Reducing to @Ef’fb = 0, introducing Q* and Q)?. In the next subsections, we
will only consider the case of initial values with wﬁ’fo = 0. Such initial values occur if
i0y0° (k) = wi(ek)/e 4°(k) in t = 0 holds for every k. The opposite case (i.e. 1}y = 0)
can be treated in an analogous way. Since the equations are linear, one can combine
the two results, hence the approximation results are also valid for general initial
data.

Once we have decided to study 1™ = 0, we know that every solution in Fourier
space has a fast time dependence given by the factor e~ *¥I7/ 52, where c is the wave-
speed in wy(k) = c|k|. In order to compensate this factor, we will compare in the

following the two expressions
QV(k,7) := M55 (ke 7/e?)  and  QU(k,7) == /0 (k, 7/ . (4.5)

Remark: The factor e*I7/=* can be interpreted as follows: In order to investigate
the two solutions v° and 4° at time ¢, we solve the linear wave equation backwards,

and compare the corresponding values in ¢ = 0.

From the explicit solution formula (2.6) and the reconstruction rule (2.7) we find

Qg(k7 7_) _ eic|k|7’/52,&5(k, 7'/52)
IS

S ke )

_iclk|r/e? £ —ilwi(ek)/e]T/e2 ]
—=e —=€ ¢+70(k)
wi(e )V2

_ e—i[wl(akz)/a—c\kﬂr/a2 fbg(k) )

_ 6ic|k|7'/zs2

By the choice of the KdV-constant b(q) in (4.2) we can compare w;(ek)/e — c|k| with
e2b(k). We find
QU(k,7) = e ™™ 45(k) + F.(k,7) (4.6)

with an error function that satisfies

[Fu(h,7)| = [ ereb—eeb=seblios= | a5k (47)

Due to (4.2) there holds [w;(ek) — c|ek| — ib(ek)|T/e® = o(1), uniformly in 7 € [0, T
and uniformly in k for k contained in a compact subset of R

4.1 The KdV profile in one dimension

In space dimension d = 1, the initial data V can be defined easily through u,. More
precisely, we define the Fourier transform of V; through the Fourier transform of
up. The Fourier transform of V{§(.,¢q) is denoted as ‘7()5(.; q), the primal variable is
z € R, the dual variable is £ € R. We set

i5(€)  for €0,
0 else,
i5(—=¢)  for €0,
0 else.

Vs (+1) = {

Vi(&-1) = {
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In space dimension d = 1 the reconstruction formula (4.3) reads

(1) Ve (x| — ct,e%t; +1) for 2 >0,
x,t) =
Ve (x| — et,e%t; 1) for z < 0.
We can now calculate the complex number QY(k, 7), using ¢t = 7/&% to shorten

the formulas. We use (4.5) in the first step, the Fourier transform in the second,
and the reconstruction formula in the third step.

Qg(k,T) _ eic\k|tAa(k, t) _ ic|k|t/ e—zkx E(JZ t)d

_ 6zc\k|t Z / —ik- qrvs Ct,€2t;Q) dr

q==1

. €w‘k|t Z / —ik- qct —ik- qzvs (Z €2t q) d2+ G (k 7')

q==1

= N " e RS (k- g, €% ) + Gk, T),

g==*1

where we introduced the error function

G.(k,7):=— elclklr/e? Z/ *lkq’"VE CT/€2,T;q) dr. (4.9)

q==1

We now exploit that \705 is supported on the positive half-line [0, 00). This implies
that the evolution by the linearized KdV equation (4.1) is given in Fourier space by
the exponential factor e~®U¢197 We obtain

Qlk,T) = elelhlt Z e_ik'q“e_ib(‘k‘q)EQt%a(k ~q;q) + G (k, ). (4.10)

q==1

We next expand the sum, using ¢ = +k/|k| and ¢ = —k/|k|. For ¢ = k/|k|, two
exponential factors cancel. The second term vanishes since Vj; vanishes for negative
first arguments.

QU(k,7) = e W= VE(|k|; e/ |K]) (4.11)
el MR Y|kl ke |k]) + Gl 7)
= =0 Vi (k] /1K) + Ge(h,7)
= 70T a8 (k) + Go(k, 7)), (4.12)
where in the last equality we used the choice of initial data V¢ in (4.8).

We calculated Q¥(k, 7) in (4.6) and Q¥ (k, 7) in (4.12). We found the same leading
order term in both calculations, namely e=**®)7™ 45(k). The difference is

Q2(k,7) — Q(k, 7)| < |Fe(k, )| + |Ge(k, )] (4.13)

Theorem 4.1 (KdV profile equation in one space dimension). We consider d = 1
and a sequence of initial values (u§,u5) with 45(.) = —ie tw(e.)i§(.) on R. We
assume U5 — o strongly in L*(R) as ¢ — 0 for some limit 4y. We furthermore

assume that all functions 4(.) have support in some bounded domain S, C R.
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Let u®(.,t) be the solution to the lattice equation (1.1), let V= be the solution to
the KdV-equation (4.1) with initial values (4.8) and coefficients ¢ and b from (4.2).
Let v¢(.,t) be given by the reconstruction formula (4.3). Then, for every T € (0,T],

[a*(.,7/e?) = (., /) || oy = O (4.14)
as € — 0.

Proof. The error term G. of (4.9) can be written with a change of variables and
with the characteristic function 1s,<_¢y in the form (we use t = 7/¢?)

Go(k,7) == elkletibact / e My (5)VE (5,73 q) ds

g==1 —o0
_ Z ei|k|ct7ik-qct‘/—_- (]-{sg—ct}(-)vs (.,T; Q)) (k . q) )
g==1
We obtain
1GCo oy <2 D Igeeey OV (5,730) [1Z2(as) - (4.15)
q==1

The solution V¢ of the KdV equation can be expressed in Fourier space. The strong
convergence of the (Fourier transform of the) initial values in (4.8) allows to compare
the solution V¢ with its formal limit V°,

IVE(5,750) = VO (5,730) T2y = IVF (€ 730) = VO (€, 730) o ae)
' . R 2
— He—zbu&w (V; (&q) — VL (& q)) ‘

L2 (dg)

—0,

uniformly in 7 € [0, 7]. The triangle inequality allows to continue from (4.15):

1G=(o ) T2y €2 IMazmer/ey (8)VE (5, 750) 1 72as)

q==1
SAD e ey (5) (V (5,750) = V2 (5,730) By
g==1
H A L acersey (VO (5,75.0) 7245y = O
q==1

for every T € (0, T, since the integral of the (e-independent) L'-function [V (., 7;¢) |?
over (—oo, —ct/€?) vanishes in the limit ¢ — 0.

We have obtained that both error terms F, and G, vanish in the limit ¢ — 0
and conclude from (4.13), for every 7 € (0,77,

||ﬁ6(~77'/52) - @6('a7_/52)||%2(dk)
= [l (/%) — e () g
= Q( ) = QL ) Z2(an)
< 2L )Ly + 20G=( 7)oy — O
as € — 0. This was the claim in (4.14). O

Remark: The two error terms satisfy additionally bounds that are uniform in 7:
sup,co.r) 1 F= (- 7)lz2ary < C and sup. ¢ 7y [|Ge(-, 7) || 2@ary < C. We therefore also
obtain the convergence in (4.14) in an integral sense, e.g.:

/0 |as (., 7/e*) —o°(, 7/52)||L2(R) dr = o(1). (4.16)
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4.2 Ring solutions in arbitrary dimension

The Fourier transform of the reconstructed solution v* can be calculated in arbitrary
dimension d > 1. We assume in this calculation that 17()8(.;q) is supported on
€ €10,00). In this case £ = [£|? for all £ in the support and we can write (as in the
one-dimensional case) the solution of the linearized KdV equation in Fourier space
as

VE(E miq) = e MOV (g q). (4.17)
We can calculate the Fourier transform of the reconstruction ¢ in arbitrary dimen-
sion. In the following calculation we use: 1. The definition of the Fourier transform.
2. Polar coordinates = rq, r > 0, ¢ € S%!. 3. The reconstruction formula (4.3).
4. The integral has its main contributions for the radial component r = ct; the
replacement introduces an error G..

ﬁ&(k’t) — /d efik-xvs(xjt) dx
R
= / / e Ry (rq, t) " dr dS(q)
sd=1.Jo
= / / e~ mar e (r — et 1 q) r Y2 dr dS(q)
si=1.Jo

= / / e~ MU VE (r —ct, 75 q) etV dr dS(q) + Ge(k,T)  (4.18)
Sd-1 J 0o
with the error function

Ge(k,7) = / / e ke (r —ct, T3 q) [T(d_lwlrzo - |ct|(d_1)/2] dr dS(q) .
Sd-1 J 0o
(4.19)

5 Approximation result in two dimensions

We now consider the case of space dimension d = 2 in more detail. To simplify
formulas, we use e-independent initial data 4§ = @y with bounded support S, C R2.
We note that the (discrete) Fourier expansion of the function 4y (understood as
a periodic function on the Brillouin zone) provides the initial data uf. Since we
additionally want to work with ¢*{ = 0, we consider @5(.) = —iw(e.) /e g(.) on R?.

We next choose initial values Vi (2; ¢) = Vo(z; q) for the linearized KdV equation
(4.1). Loosely speaking, we want to choose initial values

Vo(&:q) ~ 25 'WE Gg(€q)VE >0 with 2o := /m(1+1). (5.1)

The essential part is the factor /€, which was not present in the one-dimensional
case, compare (4.8).

In order to obtain convergence results, we have to replace the square-root func-
tion by a differentiable function W,, where p > 0 is a small parameter. We demand:

W, e CYR;R), W,(€) =0VE<0, W,()=VEVE=>p/2.  (52)

Using the function W,, we define the initial data for the linearized KdV equation
with the help of the initial data uj by setting

20 W,(€) a5(€q)  for & >0,

5.3
0 else. (5:3)

V5(&q) = {
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5.1 Pointwise convergence

We want to exploit the calculation (4.18). As a first step, we have to show smallness
of the error term G, from (4.19), which, for d = 2, reads

Ge(k,T) = / / e kI VE (r —ct, T3 q) [7“1/21T20 - (ct)l/Q] drdS(q). (5.4)
St J—o0

Lemma 5.1 (Smallness of the error G.). We consider d = 2 and assume that the
solution V¢ (s, T;q) to the linearized KdV equation (4.1) with initial values (5.3) has
the following decay property for constants C,a, g9 > 0:

Ve(s,miq) | < C(L+s)) 777, (5.5)

for all 7 €10,T), g € S*, e € (0,&9). Then the error function G. of (5.4) satisfies,
for every T € (0,7,
G.(k,7) =0 (5.6)

as € — 0, uniformly in k € R2.

Proof of Lemma 5.1. We choose T € (0,T]. We observe that S! has the finite mea-
sure 27 and that e~ has norm 1. Therefore, in order to verify (5.6), it suffices to
show (we substitute r = c7/? + s)

/ VE (5,75 )] [ (e7/% + )/ 15wz — |7 /22 ds >0, (5.7)

—00

uniformly in ¢ € S'. We decompose the integral into two parts, distinguishing
|s|] < /e and |s| > /e, 0 > 0 is chosen below. We only consider e-values with
cT/e > 6.

The integral over {|s| < d/e} is estimated using |(c7/e* + s)
et (e + se?)M? — |er V2] < Cse < C6:

1/2 |C7_/62|1/2’ —

/ Ve (s,7;q)] |(c7'/62 + 8)1/2132_07_/62 — ]67'/62|1/2} ds
{Is|<d/e}
< 05/ Ve (s, 71q)] ds < O
The other integral concerns large values of |s|, we consider {|s| > d/e}. The

integral is treated with the crude estimate ‘(07/52 +8) V2 sy — |c7'/52|1/2‘ <
C(e7* + |s|*?). Assumption (5.5) allows to calculate

/ IV (s,750)] [(e7/€” 4 8)* 1o rje2 — |eT /21 ds
{Is|>d/¢}
SC/ (571—1-\5|1/2)|VE (s,7;q)| ds
{Is[>d/e}
< C/ (5—1 + ‘8|1/2)|S’_2_0‘ ds < 05—1(5/5)1+a + 0(5/5)1/2—5—&.
{ls|>d/¢}

Choosing first 0 > 0 to have smallness of the first integral, and choosing then ¢y, we
obtain smallness of both integrals. This yields (5.6). O
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We now continue the calculation (4.18) of v° for d = 2. Substituting once more
r = ct + s, we recognize the one-dimensional Fourier transform of V¢. This allows
to insert the solution formula (4.17) in the last equality:

o°(k,t) = / / e~ e (5 1 g) |et|Y? ds dS(q) + G(k, )
St J—c0
= [ e (ke g, ig) et S (a) + Gtk 7
Sl
= / emtkact o= ((RDDT V(g )|t |V dS(q) + Ge(k, T) .
Sl

With this expression for 9°(k,t) we can, as in the one-dimensional case, evaluate
the function QY(k,7) of (4.5). We insert the initial conditions Vi from (5.3) and
find

QU(k, ) = eI/ 58 (o, 7 /e?)

3

C

— / ei(\k\—k-q)cr/EQ e—ib((k~q) q)TZO—IWP(k . q) a(e]((k . q)q) dS(q)
S1n{k-g>0} €

+ eiclle/ezGE(k’, 7).

It remains to compare this expression with Q%(k,7) =~ e ™®®7 4¢(k) from (4.6).
With this aim we write the above integral in the form

Qi(k,7) = Zol/ (g k,7) (4 k, 7) dS(q) + € MEGL(k,T) (5.8)
S1

with the two functions

O (g, 7) o= PRI RIEDT G2 (K - g)q) . (5.10)

Loosely speaking, we will verify the following: If we consider ®. as a function in
q € S', this sequence is a Dirac-sequence for the point qo = k/|k|. As a result,
QY(k,7) from (5.8) can be compared with ¢°(qo; k, 7), which is essentially Q¥(k,T)
from (4.6).

Since we have to evaluate the above expression for fixed k, it is no restriction to
consider only a wave vector in the first coordinate direction, k£ = kje. We abbreviate
the subsequent calculation by setting n = 2/ (kyc7).

Lemma 5.2 (Dirac-sequence for d = 2). We consider ky > p such that W,(ki) =
Vki. On the 1-sphere S' C R? = C, points are denoted as ¢ = (q1,q2) € S', the
measure of integration is dS(q) = dH'(q). We consider the following sequence of
functions ®7(.) : ST — C:

1 ”p(kllh) 1
I — 0 .
\/ﬁ /k,l {1 >0}

O(q) = e/ (5.11)

Then there holds
D7(.) = 2000, ()  with 29 = /7(1 +1) (5.12)

in the sense of distributions on S* as n — 0.
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Proof. Step 1: Simplification. Let ¢ : S' — R be a smooth test-function. We
parametrize the sphere with the map (—m,7) 2 0 — ¢ = ¢ € S, making use of
the natural identification C = R?. In particular, there holds ¢; = cos(6).

To abbreviate calculations, we modify the test-function and set

W,(k1q1) ~ W,(kycos(0))
B T

The symmetrized variant @ allows to consider only integrals over 6 € (0,7/2). The
expression of interest now reads

p(0) = p(e”) and  @(0) = (0) + &(~0).

w/2 1

o7, ) — / 8(q) o(q) dS(q) = / gili—eos)/n L
@0 = [ P@ewasw= [ =
1

w/2
— i(1—cos(6))/n 5
= e — @(0)do .
/0 v

Step 2: Decomposition. We first calculate the contribution from the integration
away from 6 = 0 (away from the point ¢ = e; € S'). For arbitrary § > 0, we use a
trivial extension of the integrand in order to recognize one term as a derivative:

w/2 /2 .. _
/ pill—cos(8))/n L@(g) do :/ pil—cos(6))/n isin(0) NG, .90‘(9) do
s NG 5 n isin(6)
o(0)

_ /TF/Q 9% [ei(l—cos(ﬁ))/n} \/ﬁ 7 (9) do — \/ﬁ 0(1/52)' (5‘13)
5 isin

() do

In the last step we performed an integration by parts and the estimate |9p(1/ sin(0))| <
1/sin*(9) < C/6% Our choice of § > 0 will ensure smallness of the error term in
(5.13).

It remains to investigate the integral over small values of #. We calculate with a
Taylor expansion of ¢ in § =0

e 1 _ e 1 O(8°)
i(1—cos(6))/n _—_ — i(1—cos(8))/n _—_ v/ 14
/Oe NGl <p(0)/oe N T (5.14)
In the estimate for the error we used that ¢ is symmetric which provides @'(0) = 0,
and that the interval of integration has length 4.

In view of (5.13) and (5.14) we choose § := 7'/°. With this choice, there holds
V)82 = n'y7e = pl/10 and 63/ /m = n?Pn~/? = n!/1% This shows that the
error terms in (5.13) and (5.14) are both of order n'/1°.

Step 3: Limiting integral. We note that the factor in front of the integral in
(5.14) is p(0) = 2p(0) = 2W,(k1)/Vk1p(e1) = 2p(ey1). Tt therefore only remains to
evaluate the limit of the integral

é
| 1
I / Gill—cos®)/n 1 g9 (5.15)
! 0 V1

The integral can be written with the substitution z = (1 — cos(f))/n, leading to
df = n/sin(6) dz with the inverse function § = 0(z) := (1 — cos)}(nz) = /221 +

O((zn)*/?). We find
(1—cos(d))/n NG|
I, = v dz . 1
K /0 ¢ sin(0) : (5.16)
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Regarding the domain of integration we find R(n) := (1 — cos(0))/n =~ 16%/n =
n™® — oo as p — 0. On the other hand, all values of z in the domain of
integration satisfy zn < Cn*/® and hence 6 = \/ij O((zn)%?) < Cn'/®. We may
therefore develop sin(f),

sin(f) = 0 + 0(0%) = \/2zn + O((2n)*/?)

We find, as n — 0,

Ry R<’7 . 1
I, —/ e sin(0)/ )/\/_ \/— \/Z+O(z3/2n) dz
ip? _ ) — 1
\/_/ —dz-x/ﬁ/o e dp—i\/%(l"”)_izo' (5.17)

In the last line we used the substitution z = p? and Fresnel integrals: For real and
imaginary part there holds [;°sin(z?)dz = [° cos(2?)dz = /7/(2v/2). Regard-
ing the convergence of the integrals: For fixed z < R(n) < Cn~3/°, there holds
m — \/Lz as 1 — 0, we therefore have pointwise convergence of the inte-

grands. For large values of z we expand the fraction and find 1/(/z + O(2%/?)) =
1/y/Z + O(=12y). Because of [ 212 = O(R(n)**n) = O(n*/"n) = O(n'/"),
the integral of the error term is small. This justifies the limit in (5.17) and provides
the claim of (5.12). O

We collect our results in the following theorem on pointwise convergence.

Theorem 5.3 (Pointwise convergence of the Fourier transforms). Let initial values
be given by (uf,uj) with 4§ = 1y continuous and e-independent and with u5(.) =
—iwy(e.)/eug(.) on R?. We assume that Uo(.) has support in the bounded domain
Sy CR2. Let u®(.,t) be the solution to the lattice equation (1.1).

Let V= be the solution to the KdV-equation (4.1) with initial values (5.3) for
some parameter p > 0. We assume that V= satisfies the decay estimate (5.5). Let
ve(.,t) be given by the reconstruction formula (4.3).

Then there holds

|6 (k, 7/e?) — o°(k,7/e*)| = 0 (5.18)

as € — 0 for every 7 € (0,T] and for every k € R? with |k| > p.

Remark: The assumptions on the initial data and on the decay of V* are related:
Smoothness of iy and of V¥ imply spatial decay properties of V=.

Proof. We first compare the two expressions Q¥(k, 7) and Q¥(k, 7) of (4.5). We have
obtained a simplified expression for Q¥(k,7) in (4.6), which implies for € — 0

Qt(k,7) = e W7 ag(k). (5.19)

For QY(k,T), we calculated a simplification in (5.8). The error term G. was
estimated in Lemma 5.1 using (5.5). Lemma 5.2 can be used to calculate the limit
of the integral in (5.8), since ¢ = ¢ is a continuous and e-independent function.
We emphasize that continuity of 4§ = g is exploited here. We find, with ¢y = k/|k/,

QL(k, ) = p(qos k. 7) = e ERIOT G0 ((k - go)go) = = (). (5.20)



18 Lattice dynamics on large time scales and dispersive effective equations

The limits in (5.19) and (5.20) are identical.
This implies also the pointwise convergence of the Fourier transforms of the two
solutions:

|ﬂ€(k3,7'/62) i f)a(k‘, 7/82)| _ |€ic|k|7'/62 ﬂa(k,T/€2) i ez‘c|k|7/52 @a(k,7/82)|
This was the claim in (5.18). O

Remark 5.4. Assume that ug = Uy 15 a smooth function with bounded support.
In this case all the functions u° | ‘705 from (5.3), and Ve have compact support in
k. Furthermore, the differentiability of ug is inherited by the other functions and
i particular by Ve, This, in turn, implies that the decay property (5.5) of V* is
satisfied and hence (5.18) holds.

5.2 On strong convergence

The ultimate goal in the analysis of ring solutions in two dimensions is to show the
strong convergence u® — v° — 0 in L*(R?). This is a very challenging task.

Of course, since the Fourier transform is an isometry in L?, the strong con-
vergence in physical space can follow from strong convergence in Fourier space,
@ — 0° — 0 in L*(R?). We recall that we have the pointwise convergence of (5.18)
at our disposal. The main difficulty in proving the strong convergence is the be-
havior of the Fourier transform ©° in a neighborhood of £ = 0. We recall that the
pointwise convergence of (5.18) is only valid for |k| > p. Indeed, since we have cho-
sen a regularized form for V7, modifying the function for |k| < p, we cannot expect
any better pointwise convergence. The best result that we could obtain is therefore

i sup [ 7/2%) = 0%, /22 gee) < i), (5.21)
e—
where h : [0,1) — [0,00) is some function with h(p) — 0 for p — 0.

Comments on the convergence (5.21). We assume once more that uf = g
is a smooth function with bounded support. Regarding large values of |k| we note
that the smoothness of V implies differentiability properties of V¢ and hence of
ve. These, in turn, imply decay properties of ©°. Since, on the other hand, u°
has bounded support, we conclude that |a¢(k,7/e?) — o°(k,7/e?)| has also decay
properties for |k| — oc.

An inspection of the proofs reveals that the convergence is also uniform on com-
pact subsets of k € R?\ B,(0). All these considerations suggest that (5.21) holds at
least in L*(R?\ B,(0)).

The behavior of ©¢ for small values of |k| is much more intricate; a first hint of
this fact is that for ring solutions we necessarily have 0°(0) = [, v*(z) dz — oo as
e — 0. Nevertheless, a positive result can be expected, as the subsequent lemma
suggests: The function w® is constructed as a ring solution, essentially as v® was
constructed in (4.3).

Lemma 5.5 (Fourier transform of a ring function near &k = 0). From a function
V € C*(R;R) we define w(x), v € R?, by

—V (jz] —e7?) . (5.22)
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Then there exist constants pg, o, C' > 0 such that
/ [6# (k)2 dk < Cp + O(=2) (5.23)
B, (0)

for every p € (0, py) and every e € (0,&p).

Proof. We evaluate the Fourier transformation in polar coordinates and perform a
calculation as in (4.18).

w® (rq) rdrdS(q)

/ —ikar v (p— g 2) /2 dr dS(q)
1 Jo

/ RS TREY (2) 1s ooy (672 + 2)1/? dzdS(g)
1

H
o\,
3
Cb
?v
s

8

1
¢ ka/e? / e RV (2) - dzdS(q) + G.(k)
__—ilk|/e? i|k|/e? —ik-q/e%Y) 1
=e e e V(k-q)gdS(q)—i-GE(k).
st

Since the support of V' is bounded, we have |(e72+2)"/2—c~!| = O(¢) for all relevant
values of z; this implies G. = O(¢). The remaining integral of the last line is treated
as in Lemma 5.2: Without loss of generality we consider k = kie;. With n := &2/|k,]|

we write

e 1 | . 1
/ MM UEY (k- q) — dS(g) = / MY (kyqy) - dS (q)
g1 £ g1 £

elt-a/ny (k1(h> L dS(Q) < ¢

1
Vbl s Vi ~ VIR

where the last step follows with the calculations of Lemma 5.2 by uniform continuity
of V. We can therefore integrate the squared Fourier transform of w®,

2
C
]u?g(k)|2dk§/ (—) dk+0(52)
/Bp<0> B,0) \ /K|

2
:/ O—dk+O( ?) = 2mpC? + O(e?).
B,(0) ||

This implies (5.23). O

The estimate (5.23) for ©° could be the key step in the derivation of (5.21): the
k-values with small norm do not contribute much. The difficulty in deriving (5.23)
for v° is that the cut-off parameter p > 0 enters in the construction of V¢ and hence
in the decay properties of V¢. For this reason our analysis ends with the result of
pointwise convergence in Fourier space.
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6 Numerical tests

One space dimension

We test the validity of the linearized KdV equation for initial data ug(z) := ug(z) :=
e‘|x|2, x € R. The lattice model uses the three point discrete Laplacian, a; = a_; =

1, ap = —2, and a; = 0 for every j with |j| > 1. All calculations are performed with
Matlab.

Lattice model. The initial data uj are determined by the fact that we demand
Y™, =0, or, equivalently, 4(.) = —iw;(e.)e~" 4G(.). The calculation of u; simplifies
considerably in our case: wu is real and symmetric (invariant under z — —zx),
which implies that also @ is real and symmetric (invariant under £ — —¢). By its
definition, 4 is imaginary and symmetric, hence uj is imaginary and symmetric.
Since we are interested in the real part of the lattice solution, we can perform all
calculations with the real parts of the initial data, i.e. with uy = u and u; = 0.

The lattice equations are solved for ¢ = 1/6 on the truncated domain x €
(—100,100) with the time interval t € [0, ¢], tp = 80. The homogenized wave speed
is ¢ = 1 such that the main pulses of u(., %) are located near x = +80. The part of
the solution with = € (72, 88) is shown in the left part of Figure 1.

Linearized KdV equation. On the other hand, we have solved numerically the
linearized KdV equation. The initial values are determined by the definition of ‘705
in (4.8). We use this definition, the formula for the inverse Fourier transform, and
symmetry of g to obtain

wo) = 5o [ EVEE D o [ eS¢ 1) de = 2Re(V (1),
21 Jig>oy T J{e<0}

The result is that we must use the real initial values V = %uo for the linearized
KdV equation. The factor b(q) of the linearized KdV equation is determined from
the Taylor expansion of the dispersion relation as b(q) = —ﬁ for ¢ € {£1}. The
numerical results for ¢ = 1/6 on the truncated domain z € (—8,8) is shown in the
right part of Figure 1.

Two space dimensions

The two-dimensional tests are performed for ug(z) := u§(z) := e, 2 € R?, and
e = 1/6. The lattice model uses the five point discrete Laplacian, ag) = a(-1,0) =
a1 = ao-1) = 1, ap = —4, and a; = 0 for every j € Z* with [j| > 1. The
dispersion relation for this lattice model is

wi(k) = — Z ae*i =4 — e T ik ok — 4 9 cos(ky) — 2 cos(ky)
J

1 1
S P+ [kl = o4+ ) = (K2 = o (0 + ),
where we approximated with a Taylor expansion. For the square root we find
1
wi(k) = k| = 5= (ki + k).

24]k|
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Figure 1: One-dimensional model. Left: The solution to the lattice equations
with ¢ = 1/6 at time ¢ty = 80. We show a zoom into the right-going wave-pulse.
Right: Solution to the corresponding linearized KdV equation with b = —1/24 and
initial data Vp(z) = tug(z) = Le " at time t5¢2.

This determines ¢ and b through (4.2). We find ¢ = 1 and, for the two directions
g = e; and g = ey, the values b(e;) = b(ey) = —1/24.

We next calculate an approximation of 4 by replacing the discrete Fourier trans-
form with the continuous transform. Our choice of constants in the definition of the
Fourier transform suggests to use

(&) = / el e gg = e IEIP/4 (6.1)

R2
Lattice model. The initial data uj are determined by the fact that we demand
“% =0, or, equivalently, 45(.) = —iw(e.)e"" 4§(.). As in the one-dimensional case,

the Fourier transform of uj is symmetric and purely imaginary, hence the same holds
for u5. Since we calculate the solution to the lattice equations for real functions w
and uq, we can use the homogeneous initial values u; = 0.

We present here two numerical solutions for the two-dimensional lattice equa-
tions. Figure 2 shows the result for e = 1/6, t € [0, to] with ty = 20, x € (—25,25)?,
calculated with an explicit solver for the original equations (1.1) with time step size
5-107°. Figure 3 shows a detail from a calculation on a larger domain, ¢ = 1/6,
to = 80, z € (—120,120)?; here, we solved the representation formula (2.7) with
periodic boundary conditions. The homogenized wave speed is ¢ = 1 such that the
main pulse of u(.,ty) is near |z| = t.

Linearized KdV equation. We use (6.1) to evaluate V, from (5.1). For every
g € St and € > 0 we find

Vo(&9) = (Va1 +14) '€ ti(€q) = £ iio(€q) = 1_Z )\ e e IR/

\/_

The real initial data for the linearized KdV equation are obtained by the one-
dimensional inverse Fourier transform of the above function for arbitrary ¢q. We
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Figure 2: The two-dimensional solution = — wu(x,ty) of the lattice equations for
e=1/6, z € (—25,25)2, ty = 20, u(z) = e 1*I". We see that the solution takes the
form of a ring.

obtain

Vo(a;q) = (1—i)y/Ee s/ eitn ge

1
Re
4y/T (€50}

The left part of Figure 5 shows the numerically determined initial values x +—
Vo(z; q) for ¢ = e;. The right part of Figure 5 shows the numerically obtained
solution V'(.,79;e;) for 79 = tge2. The evolution equation is solved for ¢ = ey, using
b(e1) = —1/24 as coefficient of the third order term and time step size 1- 1077 .
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Figure 4: Lattice solution. Two-dimensional lattice model for € = 1/6, solutions
are shown along the line (x1,0). Left: Initial values wg, plotted is the function
x1 — up((z1,0)). Right: The solution of the lattice model at time ¢, = 80, plotted
is &1 — u((z1,0),tp). The data are the same as for Figure 3.
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Figure 5: KdV-solution. Two-dimensional model approximated with a one-
dimensional KdV-equation. Left: The initial values Vj, obtained from the Fourier
transform of uy. We plot Vg/\/rg for the radius ro = cty = ty = 80 in order to
match the reconstruction formula (4.3). Right: The solution of the linearized KdV
equation at time t = 4?2, also divided by /7o The KdV-solution matches almost
perfectly the two-dimensional lattice solution, see the right part of Figure 4.
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