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Abstract: We study a pore scale model for the catalyst layer on the cath-
ode side of a fuel cell, where hydrogen and oxygen combine at catalyst
sites. Our model distinguishes microscopically the phases of rigid struc-
ture, electrolyte, pore-space, and catalyst. The oxygen concentration and
the protonic potential are described by diffusion equations with reaction
terms on the catalyst’s surface. For the limit of a vanishing pore size we
derive homogenized equations of reaction-diffusion type and provide for-
mulae for the effective coefficients. A dimensional reduction shows that a
thin catalyst layer can be replaced by a boundary condition. We further-
more analyze the effect of a doubling of the Tafel slope for high protonic
potentials and determine effective constants.

1 Introduction

A fuel cell is an electrochemical device that converts chemical energy into electrical
energy, having water and heat as by-products. The proton exchange membrane
(PEM) fuel cell is among the most favorable candidates for replacing the internal
combustion engine in automobiles and batteries in portables. The reactant gases
are hydrogen and oxygen, where the latter is provided by ambient air. A typical
fuel cell consists of an anode flow channel, anode diffusion layer, anode catalyst
layer, membrane, cathode catalyst layer, cathode diffusion layer and cathode flow
channel (see Figure 1). The principal mechanism is that a hydrogen molecule splits
into two electrons and two hydrogen ions on the anode side, the ions travel through
the PEM while the electrons are conducted through the external circuit, providing
the electrical energy. In the cathode catalyst layer, hydrogen ions, electrons and
oxygen combine to water molecules.

One of the main sources of energy loss in a PEM fuel cell is the slow kinetic
of the oxygen reduction reaction (ORR) at the catalyst particles in the cathode
catalyst layer. The description of the fuel cell cathode, especially the modeling of
the mass and charge transfer limitations within the active cathode layer, is therefore
of particular importance. In literature, different models are suggested to describe
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Figure 1: Sketch of a proton exchange membrane (PEM) fuel cell.

the cathode. A compact overview of these models is given e.g. in [15]. In the next
subsection we give a description of the three principal models.

1.1 Three simplified models for the cathode active layer
The catalyst layer as a homogeneous region

In the simplest model (described e.g. in [1], [3], [4], [10]), the microscopic structure
of the catalyst layer is neglected and the layer is replaced by a homogeneous material
(see Figure 2(a)). This meta-material is permeable for gas as if there was pore space,
conducting protons like the electrolyte, conducting electrons like the carbon based
structure, and oxygen reduction is everywhere possible as if catalyst particles were
homogeneously distributed. The kinetics are often described in one-dimensional
models, z being the coordinate across the layer, and the ohmic drop for electrons
is neglected. For an isothermal system under steady state conditions, local mass
and charge balances then lead to the equations

’C ~v 1. C 2.3n
D= — L i Zexp( 2 =
022 LqFZOC’OeXp< b ) 0

where C' is the oxygen concentration and 7 is the protonic potential, for the
meaning and for typical values of the physical constants see appendix B. The
neighboring layers of the catalyst layer are not modeled but rather replaced
by boundary conditions, C = Cp and 9.7 = 0 at z = 0 (the gas diffusion
layer interface), and n = 19 and 9,C = 0 at z = L (the PEM interface). The
exponential expression in 7 reflects the Tafel law which models the multistep
reaction mechanism of oxygen reduction.
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Figure 2: (a) The catalyst layer as a homogeneous meta-material. (b) Catalyst
particles included in the electrolyte.

Catalyst particles immersed in electrolyte

Bultel et al. [3] propose a modified model in which spherical catalyst particles are
distributed in a regular hexagonal three-dimensional fashion within the electrolyte
(Figure 2(b)). The equations to describe the oxygen concentration and the protonic
potential are V- (DVC) = 0 and V- (kVn) = 0 away from the spherical inclusions,
with the electrochemical Tafel law as the boundary condition for ¢ = k0,71 along
the electrolyte-particle interface,

] Con(222)] o

The main feature of the modified model is its sensitivity to diffusion resistance —
at high reaction rates, it is possible that the oxygen concentration is significantly
different far from the catalyst particles and at the particle boundaries, where it
is consumed. The numerical comparison between the two models reveals good
agreement at moderate reaction rates. Instead, when the reaction is concentrated
in a region of few particles, the models provide different profiles in that region (see
Figure 10 in [3]).

In this work we show with mathematical rigour that, in the limit of a vanishing
particle size, the homogeneous model describes well the behavior of the solution of
the particle model. The only modification regards the coeflicients in the homoge-
neous model, which must be adapted in a way that involves the local geometry. We
mention already here that our model is three dimensional, that it is general enough
to include additionally the pore-space and the carbon-based structure, and that it
is not limited to spherical catalyst particles.

Catalyst-electrolyte agglomerates distributed in pore space

The drawback of the previous model is the absence of gas pores, which is not real-
istic, see [8]. In the agglomerate model, the catalyst and the electrolyte are in fine
mixture to form an agglomerate, much as the meta-material in the homogeneous
model (see Figure 3). Agglomerate particles of cylindrical [4] or spherical [5], [7]
shape are then distributed to leave the pore space for fast transport of gas.
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Figure 3: Agglomerates distributed in pore space.

The agglomerate model introduces a new effect for high protonic potentials.
The oxygen reaching the single agglomerate reacts, due to the fast kinetics, in
the vicinity of the boundary, and the interior catalyst particles can not contribute
to the reaction. A dimensional analysis shows that the active layer has a size of
order 1/ve231/20 for high potentials . This leads to a production rate which is
proportional to e237/20 or, in other words, to a doubling of the Tafel slope b. The
effect is studied e.g. in [7], where also a doubling of the Tafel slope due to the
limitation of proton migration across the active layer is discussed. In [5], a similar
agglomerate model is studied in the time-dependent case. Our analysis does not
show the doubling of the Tafel slope due to pore scale transport limitations. On
the other hand, we find a doubling of the Tafel slope as a consequence of transport
limitations through the catalyst layer. The result is made precise in Section 3.2,
where also the effective constant is determined.

1.2 The general pore-scale model and effective equations

In the present paper, we derive effective equations for the catalyst layer. Starting
from a three-scale microscopic model with a periodic geometry and using equations
for the oxygen concentration and the overpotential with boundary conditions at the
catalyst particle — electrolyte interface, we deduce the effective equations for the
averaged concentration and the averaged overpotential as € tends to zero, € being
the small parameter describing the typical pore size.

We base our model on the modified equations proposed in [3] and the other
models described before. Our model concentrates strictly on the cathode catalyst
layer, it is single-phased and isothermal. The starting point is a surface reaction
law which reads, in physical units,

ig C mol
Do,,C = 0 = g230/b molar flux, unit —
qF Cy sm?2
C A
KOpn = io—ez'?’"/b protonic flux, unit —
C() m2
In order to non-dimensionalize the equations, we introduce C* = C%, Nt = %,

and permeabilities p,, = 2}'32” “m, po = % -m, where m stands for the unit of
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one meter. We prove that the non-dimensional effective equations are (2.6)—(2.9).
Transforming them back into physical units they read

1 C
DV - (McVC) = |8IC|i0q—Fa)e2'3”/b (1.2)
KV - (M, Vn) = |8K|i0§062'3n/b (1.3)

where |OK| stands, in dimensionalized units, for the total surface of catalyst par-
ticles per unit volume, a number which must be compared with v/L from [3].
The effective diffusion matrix M, = (m;;);; € R™*™ can be calculated from the
cell-problem

Mij = /g(wa +ei)j = /g(ajw;‘ +6ij), (1.4)

where w; are solutions of the diffusion problem (2.22) in the single cell. A similar
expression with the solutions w; of cell problem (2.27) determines M¢. In par-
ticular, all constants of the effective equation are determined. Hence the result of
our analysis is an effective equation which is similar to the simplified model with
a homogeneous layer, with coeflicients adjusted according to the geometry of the
single cell.

We wish to verify the underlying assumption of the particles being small com-
pared to typical dimensions. We note that in [3] a particle size of order 1078 is
assumed, while the thickness of the layer is of order 10=%. The comparison yields
the desired result. It is important to note that the order of the non-dimensional
coefficients is pc ~ 1072 and u, ~ 10°. A relevant question concerns the size of
the quantity |OK| which is, comparing with the effective equation in [3], of order
10%. In our analysis, this quantity is assumed to be fixed, while the small quantity
e ~ 1078 is sent to zero. We emphasize that some constants must be kept fixed
and large, since we are deriving an equation which contains a large coefficient — a
fact that is exploited in the next step to perform a dimensional reduction.

1.3 Dimensional reduction

We consider two regimes. The first regards the case of catalyst layers of small
width L = §, where we assume that the relative production rates can be written
as |0K|puc = spg and |OK |y = §p5. This assumption is met, since both 1/8 and
|OK| are of the order of 106%. Starting from time dependent equations, we show
that, in the limit 6 — 0, the oxygen concentration satisfies the effective equations

oC

1
Do, C = 5|5’C|i0q—FO£062'3’7°/b on X (1.6)

where Qg stands for the gas diffusion layer (GDL) and ¥ for the GDL-PEM inter-
face, 7 > 0 is a constant. The equations are derived in their dimensionless form in
(3.9)-(3.10).

If, instead, the potential is large in comparison with the layer thickness, then
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the effective equation for the oxygen concentration in the gas diffusion layer is

T%—f — DAC =0 in Q (1.7)

Do, C = %ﬁﬁ / 6%62'3"0/(%) on X (1.8)

We refer to Proposition 1 from Section 3.2 for the definition of 5] ~ 1.413. The
effective equation is derived in the one-dimensional setting with a constant oxygen
concentration in the layer in (3.21). Interpreted in physical terms, 7 expresses a
slope and has the unit 1/m.

Which of the two above models, (1.6) or (1.8), is adequate for the description
of the catalyst layer depends on the two quantities e=2370/20 and §, the latter
measured in meter. In the example of [3], the two quantities are comparable,
the first with a range of 107° — 10~ (depending on the Tafel slope), the second
1076, For a more precise estimate one has to take into account the large coefficient
|OK| ~ 10°, which makes the penetration depth smaller by a factor of 10%. With
this factor, 1073e=2310/20 can indeed be considerably smaller than &, hence the
doubling of the Tafel slope becomes visible.

A simple possibility to take into account both limiting behaviors over a range
of mp-values would be to couple the equation for the oxygen concentration with the
minimum of the two expressions of (1.6) and (1.8).

2 Homogenization of the pore scale model

2.1 Pore scale geometry

Our analysis concerns boundary value problems in macroscopic domains Q =
(0,L1) x (0,L3) x (0,L3) C R3. We restrict here to the physically interesting
case of three space dimensions. In lower dimensional cases the connectedness of
the two components can not be realized; higher dimensions could be treated with
our methods.

The microscopic structure of the medium is assumed to be periodic with peri-
odicity cell Y = (0,1)3. For a sequence of small parameters ¢ > 0 we assume that
the macroscopic domain is decomposed as

O= Y +N, Lc{keZ:ckeQ}, Yi=c(k+Y),
kel.

where IV denotes a subset of boundaries, N C | J, 0Y;. We note that the order of
the index set is || ~ e73.

The microscopic structure in a single cell Y)? is sketched in Figure 4. Three
major components are present in each cell, the carbon-based structure S, the elec-
trolyte £, and the pore space P. In our model we assume that S,£,P C Y are open
and pairwise disjoint subsets such that ¥ = SUE UP. We denote the structure
phase in the single cell by S; := (S + k) C Y}Z, and the total contribution of the
structure to the macroscopic domain by S° C (, the interior of the union | J, Sg.
In the same way we define &, £°, and Pg, P°. We assume that the boundaries
08¢\ 00 and 9(EF UP?) \ 9N are of class C? and that £° is connected.
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Figure 4: Sketch of a possible unit cell in the detailed pore scale model. P denotes
the pore space, £ the electrolyte, S the carbon based structure, K are catalyst
incluions.

Responsible for the electrochemical reactions in each cell is the catalyst. It
appears in form of small inclusions of platinum surrounded by electrolyte. Since
the relative diameter of the catalyst inside each cell depends on €, we do not treat
the catalyst as an independent phase but rather assume that there is a point y. € €
which describes the position of the center of the catalyst inclusion. The relative
diameter of the catalyst particles is denoted by r. > 0. We model the situation
that the total surface of the catalyst remains of order 1 when & — 0. Since, in three
dimensions, the total surface is of order |I.| - (er:)?, we set . = /. The shape
of catalyst is given by an open and bounded set X C B;(0) C R3 with Lipschitz
boundary. We set

Ki =clk+ye+71.K), K= ] K;.
kel.

We will always consider € small enough to have K C &£°.

Other notations are as follows. H? denotes the two-dimensional Hausdorff mea-
sure and £3 the three-dimensional Lebesgue measure, in integrals we also write dx
or dy instead of dL3. For sets Q, the symbol 1¢ denotes the characteristic function
which equals 1 on @ and vanishes elsewhere. The average of a function f over a
set @ is denoted by JCQ f =10t fQ f. The letter ¢ denotes constants that are
independent of ¢, its value may change from one line to the next.

2.2 Pore scale equations

We introduce the domain €2¢, as the subset of 2 with presence of oxygen. This is the
interior of the set P€ U&\K?. The variable describing the oxygen concentration is
denoted by C*¢ : 5 — R. Similarly, we denote the set with the presence of protons
by €7, defined as the interior of the set E5\K*. The exterior normal vector to Q5
is denoted by n, n points into K¢ on 9K°. The variable describing the protonic
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potential is denoted by n° : Q7 — R, it satisfies

An® =0 in Q;
O = —pyC%e” on 9KF (2.1)
Onn® =0 on 9E°\ON

The equations for the oxygen concentration C¢ are coupled to the protonic potential
as follows:

V- (D*(x)VC®) =0 in Q¢

Da(x):{Dl ifzeP

D, ifzeé&° (2.2)
(DEVC?) -n = —pcCe” on K®
(D°VC*®)-n=0 on 9S§°\ 0N

Here, i, and pc are the coefficients that relate the flux with the concentration.

To complete the system of equations we have to impose exterior boundary
conditions on 992. We decompose this macroscopic boundary as 99 := T'j; U
TeprUTper with T'py := (0, L1) % (0, L2) X {L3} the membrane interface, Tapr, :=
(0, L1) % (0, L2) x {0} the gas diffusion layer interface, and I'pe, := 0Q\(TC'asUT'gp1)
the lateral boundaries. We impose as macroscopic boundary conditions

on Ty : 1 =no given, (D°VC®)-n=0
on I'gpr : C° = Cy given, 9,1n° =0 (2.3)

on I'per : C%, 1 periodic

The periodicity assumption is made for simplicity, no-flux conditions can be treated
with the same results. We assume here that 7y and Cj are real numbers and, since
C*® models a concentration, additionally Cy > 0. Our results remain valid for
Co,no € HY? N L>™ with Cy > 0.

2.3 Effective equations

We derive effective equations for our three-scale model for the catalyst layer using
the method of oscillating test-functions. In order to have the unknown variables

defined on all of 2 we identify the functions n* and C® with their trivial extensions.
We define the volume fractions V;, := % and Vo := ‘7‘);,}{5‘ , and the effective reaction

constants fi, := p,|0K| and fic := pc|0K|.

Theorem 1. For a subsequence holds:

1 1
—nF —=1n° and —C° = C° weakly in L*(Q) (2.4)
v, Ve

i = —1g: V© = i¥ and j° = —1gg, D*(2)VC® — 3% weakly in L*(2). (2.5)

The averaged protonic potential n° : Q — R with fluz i® and the averaged oxygen
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concentration C° : Q — R with flux j° satisfy, in the distributional sense in Q,

Vi 4 1, C0" =0 (2.6)
i¥ = —M,Vn° (2.7)
V.04 icCl’ =0 (2.8)
j° = -McVC?, (2.9)

where the effective coefficients M, and Mc are determined with (2.24) and (2.28)
below. The boundary conditions on 02 remain unchanged, in the weak sense holds

’=mno, 5 n=0 onTy (2.10)
C'=Cy, " n=0 onTgpr (2.11)
Cc%n°  periodic on Lper. (2.12)

2.4 Proof of Theorem 1

This section is devoted to the proof of the homogenization result. We use the
method of oscillating test-functions, since this method is more flexible than two-
scale convergence: it is applicable, e.g., in stochastic problems [9] or in differential
inclusion problems [11]. In the present setting we need the flexibility to treat the
catalyst inclusions of size €3/2. There are two technical ingredients that are not
standard: One is a result comparing averages on the catalyst surfaces with averages
in the cell, exploiting the property of a finite flux (Lemma 2). The second is a
modification of the lemma on compensated compactness in the setting of measure
convergence (Lemma 3).

A-priori estimates

We start by collecting a priori estimates for the sequence (C¢,7n) of solutions.

1. Mazimum principles. We first note that the oxygen concentration is non-
negative everywhere, C* > 0. Indeed, the function C* is harmonic in the pore-space
P¢ and in the electrolyte £ \ K. We can apply the maximum principle and find
that a negative minimum must be attained on the boundary. It can not lie on
0P N OEF by the continuity of the normal flux and the Hopf lemma, and not on
other boundaries by the boundary conditions. The same argument implies also the
upper bound,

0<C® <Cy.

The function 7° is harmonic in its domain of definition Qf = £°\ K¢. The
maximum principle implies that the maximum of 7° must be attained on 0QUIKE.
Equation (2.1)b) implies that d,,n° is negative on 9K¢, hence the maximum of n®
can not be on this boundary, the Hopf lemma excludes a maximum on 9&€¢ \ 9N).
We conclude

supn® = maxn° = 1.

Qs QF
We emphasize that, at this point, we have only an upper bound for n°, but this is
sufficient for the uniform bound of the exponential term, sup e’ < e,
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2. Energy estimates. We multiply equation (2.2)a) for C¢ with C° — Cj and in-
tegrate over the domain Q. The boundary integrals at the macroscopic boundaries
vanish and we find

DVC*E - VC*E +/ e C=e (C° — Co)dH? = 0.
Qg oKe

Since the diffusion coefficient is strictly positive, we find

D|VCE? +/

pe|Ce|%e” SC/ pucCee Co,
oKce

Qs aKce
and conclude the boundedness of the left hand side. We exploited here the uniform
boundedness of the two-dimensional volume of 9K¢,

oK?| = er )" LOK| = Inlols o 2 9, <ec.
g3 €
kel.

Similarly, by a multiplication of equation (2.1)a) with n° — 19, we find

J

therefore the boundedness of the left hand side and, in particular, the boundedness
of Vn® in LQ(Q;), since the function £ef is bounded from below for € € R. For the
L?%-estimate of n° we exploit the boundary condition 7° = g on I'j; and Poincaré’s
inequality for the connected set €27.

We can now choose subsequences and limit functions such that (C¢,n°) together
with their gradients converge weakly. For a physical normalization we use the

volume fractions V;, := % and Vo = ‘7‘);,}‘5‘ and choose limit functions n°, C?, 7Y,

and j° in order to have the weak convergences of (2.4)—(2.5).

|V77€|2+/ finCEne™” S/ 1y C=e" 1o,
K= K=

€
n

Conservation laws (2.6) and (2.8)

Our aim is to derive the conservation law (2.6),
V- i+ j1,C%" =0, (2.13)

Let ¢ € C3(Q) be an arbitrary test-function. Exploiting that n° is harmonic in Qr,
we find

0= [ Anp= —/ V© - Vo + O
Qs Qs

a0s
= / -V — /Ln/ Cee" .
Q aKe

The convergence i¢ — i° weakly in L?(Q2) provides the limit of the first term. We
set u := C%e"” and u® := C%"’ and note that (2.13) follows once we verify

1 € /O
— utp — U 2.14
OKT Joe " 7 Ja 2149
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for e — 0 and test-functions ¢ € C°(Q). Both functions C° and e”" have an L2-
bounded gradient in their domain of definition. In Lemma 5, (A.2) and (A.3) from
appendix A we show that this fact implies the weak convergence of the product,

1
—uflg. = u® =C%" in L*(9).
Vi !

Also the function u¢ has a L2-bounded gradient in Qr,
Vuf = VCe" 4 C%e" ViF  bounded in L (27),
since C¢ and e are uniformly bounded in L. This fact allows to compare

averages over cells with averages over small spheres inside the cells. More precisely,
Lemma 1 below yields the weak convergences as measures

e € 1 € €
m Z u H2 L@Bsg(s(k + yc)) - V’LL £3 LQW — 0,
=l kel K
3
87 € 2 _ L € 2 £
0B, | Z u® H*|0Ber, (e(k +yc)) K| Z u® H7[0K, — 0,

kele kel

for e — 0 and all § that are sufficiently small to satisfy Bs(y.) C €. Finally, Lemma
2 below implies that the difference of the leftmost terms above vanishes in the limit,
and hence results (2.14). We remark that Lemmas 1 and 5 are very general and
apply to all H'-bounded sequences in homogenization problems, while Lemma 2 is
specific to the problem and exploits the pointwise gradient bound on the interior
boundaries.

Lemma 1. Let u® satisfy a uniform bound/ |Vu‘€|2 < cg. Then, with the expo-
Qs
n
nents g1 = 2 and g2 = 3/2, the averages

ay, ::][ u®, 4y ::][ u®
EE\KS oKs

satisfy for some constant ¢ = ¢(cp)

Z /55\1(5 |uf — a5 |? < ce?, (2.15)
el k k

k
> /W Juf — a|? < ce. (2.16)
k

kel.

The same result holds for the averages

€

ai:][ u®, 112::][ u®.
8855(8(k+y0)) 6357‘5 (€(k+yc))

The estimates are standard, for the convenience of the reader we include the
proof in appendix A. Much more interesting is the following comparison, which
fails for general H'-bounded sequences u° due to a vanishing capacity of k2.
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Lemma 2. Let u® be harmonic in the ball Bes(e(k+y.)) for every k. Furthermore,

let u® satisfy the uniform bound/ |Vus|? < ¢ and let the normal fluz be uniformly
2

bounded, |0puf|oice| < ¢. Then averages over boundaries can be compared with each

other:

3 3

g
M. = u® H2|0Bes(e(k+y.)) — ==

S H2 0B (<l + u0)

kel.
(2.17)

satisfies M. — 0 in the weak sense of measures.

Proof. We first consider a rescaled solution u(z) = u®(ex) and a single rescaled
cell. We investigate balls B,(y.) with center in the catalyst position, and radii
p € [re, 0], such that r.IC C B,(y.) C €. We study the averages

U(p) ::][ u :][ u(ye + pr) dH?(z). (2.18)
9B, (yc) 9B1(0)

For harmonic functions in £, the mean value theorem implies that this quantity
does not depend on p. Instead, since the function u is harmonic only outside IC,
we must do a calculation for the derivative of U(p),

() 1 ou
ap 10B,(0)| JoB,(y.) OV

Since w is harmonic in € \ K, the total flux is independent of p,

o
/ L an? - / O dH? = / Au=0 (2.20)
0B, (ye) OV YetredK Bp(ye)\(ye+7K)

by the Gaufl theorem. We now scale by € and make use of the boundedness of the
flux along 0K¢,

dH>. (2.19)

Fe .= / Onu® dH?, |F| < c|OK| |ere|* < es. (2.21)
(yC+T€8/C)
We now integrate the rescaled version of (2.19) between er. and €d to obtain
ed
1 ou®
— — dH? | dp
/87‘5 <pn1|aB1| 9B, (ey.) v )
ed
FE
= ———dp| < ce3/2,
/m P 0B
With this estimate we can apply M. to a continuous function ¢,

=2 _Z|8B e

el |8B55| 0B.s( a(k—i—yc) =7 10Ber.| Jo... (c(k+ye))

—Zagaak

kel.

|U(£6) — Ulery)| =

1

e __ _ - uE

u +o(1),
[0B2s] Jop.s((hsv0)) 0Bzr.| JoB..,. ((k+y.))
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to conclude
|M< ()| < ce®? + o(1),
and thus the result M, — 0. O

Proceeding in the same way as described above, we obtain the conservation law
(2.8),

V0 + acCl%” = 0.

The flux relations (2.7) and (2.9)

Our aim now is to derive from the flux definition in the e-problem i = —192 Vn®

the upscaled law 0 = —MnVnO for some geometry dependent matrix M,. The
method will be that of oscillating test-functions and compensated compactness.
Some additional considerations are necessary due to a vanishing capacity of the
inclusions K¢, as we will see below.

We start with the construction of oscillating test-functions. On the periodicity
cell Y we define functions w} : ¥ — R in two steps. We first solve on £ the problem

V- (Vwj +e;)=0in &
n- (Vw; +e;) =0 on 9E\Y (2.22)
wj is Y-periodic.
Here e; is the j’th unit vector in R® = R®. We note that, due to a constant
diffusivity, there is no change of the equation if e; is omitted in the first line. We

emphasize that the second line refers to the traces on the boundary taken from the
domain €. We now continue w} to all of Y by solving the problem

Aw; =0in Y\E
w} continuous on 9E\JY (2.23)
wj is Y-periodic.

We note that w; is bounded due to the C? property of the periodic extension of
OE. We define the effective diffusion matrix M, = (m;;);; € R3*3 as

mj; = /S(V’w; + ej)i = /g(azw;‘ + 51']‘). (2.24)

The functions w} allow to define, for an arbitrary function 1y = (¢¥9)j=123 €
C3(2,R3), the family of oscillating test-functions

Zd’g [Vywj(z/e) + €]

The idea now is to consider the integral

J55:/i€'7/}s:_/ vn€'¢5:/ UEV'%—/ nn - Pe.
Q H H (22953
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We claim the two convergences

Ja=/i€-wa—>/i°-wo, (2.25)

Q Q

Ja=/ nEV-wa—/ nan,%_,/no M, : Vo, (2.26)
Q Qs Q

where M, : Vi = Zij mjiaiwg. Once this is shown, we have derived the flux-
gradient relation i = M, - VL.

We start with the verification of (2.26). For the boundary integral we calculate,
using the summation convention,

€
n

_ /{)Q% nn - = — /Bgs 0— /mCE 0 (z)y? (z)n(x) - (V’LU;({E/E) +e;) dH?(z)

- /a;cs lna(”w (@)= ]ﬁ,cs ”W] n(z) - (Vuj (2/2) + e5) dH3(x) = 0

kel.

for e — 0. Here, the average can be inserted since the boundary integral vanishes as
a consequence of the Gauf} theorem and V- (Vw} +e;) = 0 in Kj. The convergence
follows from the lemma on averages, inequality (2.16) in Lemma 1.

For the volume integral in (2.26) we calculate with the summation convention

/ Y e = / 7 ()05 ()85 + Dy, (/)] da
Q2 n

€
n

= /‘g [1° (@) = TRI0 (2) (83 + By wj (x/e)] da

kel Y ERN\KE
+ o 0y’ ()[04 + Oy, w) (x/¢)] da
kel EL\KS,
~ [ #@ow @ /g (815 + Oy’ d = /Q (@m0 (z) de,

again by Lemma 1. We have thus shown the limit (2.26).

Concerning (2.25), we observe that we do have the L?(Q) weak convergences
i€ — i% and 1. — o, where the latter follows from £, V,w}(y)dy = 0. The key
idea is now to use the method of compensated compactness in order to conclude
the correct limit for the product i€ - ..

Let us try to use compensated compactness in its standard form, as e.g. in [9],
Lemma 4.3. Then we have to show that not only the curl of the second factor, but
also the divergence of the first factor converges strongly in H~1(2). But we have

div i€ = —p, C%e" H?|OKF,

and this expression does not converge strongly in H (), since the capacity of the
holes K¢ vanishes. We can therefore not conclude with the standard argument.
Nevertheless, V-i¢ does converge in the weak sense of measures. More precisely,
it converges weakly to —unCOe"0|8lC| by Lemma 1 and Lemma 2. In order to
introduce the product of i* with a gradient, we use the sequence of functions X7 :
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Q — R, X5(z) == zj+ewj(z/e), with X5 — X uniformly in Q, where X : z — z;
is the j’th coordinate function. Using W€ := Z?:l ij]‘? we may write

3
/Z-s.d,s:/f. Ve =Y XEVy
Q Q

j=1

The uniform convergence W& — W9 = 23:1 ¥ X; allows to use the version of
compensated compactness from Lemma 3 below. Since g is compactly supported,
we conclude

3 . .
/Qwﬁz_;/QO V) =X,V = [ -

This shows (2.25) and thus ° = —M, Vn".
The flux relation (2.9), j© = —McVC?, follows with the same calculations.
With Dy := D11p + Ds1g, one uses the cell solutions
V- (Do(Vwj +e;)) =0in EUPU(IENIP)
n- (Do(Vwj +e;)) =0 on 9E\IY \ OP (2.27)
wj is Y-periodic,

and defines the effective diffusion matrix Mo = (m;;);; € R3*3 by

EUP EuP
Regarding the last equality, we recall that in our application D is scalar-valued
with two different values in P and &, respectively.

With this result, the proof of Theorem 1 is complete. The verification of the
macroscopic boundary conditions for the weak limits is a standard calculation; for
the flux boundary conditions one uses a test-function ¢ which does not vanish on
all boundaries in the derivation of the conservation law.

Lemma 3. [A version of compensated compactness] Let i — i° weakly in L?(£2)
such that div i€ s a bounded sequence of measures. Let furthermore VW — VIV
weakly in L*(Q)) with

We — WO uniformly in €.
Then i€ - VW — 0. VWO in the sense of distributions.
Proof. We first observe that it suffices to consider W = 0, since for 1) € C§°(9)

/Qf-vwng/ﬂf-wwe—Wo)w+/gf-vw0¢,

and the second integral converges to the desired limit. We now calculate, for
WO =0 and ¢ € C§°(),

/f-vwwz—/divf Wep— [ Wi - Vep — 0
Q Q Q

by the C°(Q)-convergence W¢ — 0 and the boundedness of div i€ in the dual space
co(Q)". O
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3 Effective equations for catalyst layers

In numerical calculations it is very time consuming to resolve the catalyst layer.
Since the catalyst layer is much thinner than the gas diffusion layer and the mem-
brane, in numerics it is very often treated as an infinitely thin interface between
the gas diffusion layer and the membrane [1], [12].

In this section we derive two reduced models, one for moderate production
rates and thin catalyst layers, the other for high potentials, in which the problem
on the compound object diffusion layer plus catalyst layer is replaced by an effective
equation in the gas diffusion layer which includes the effect of the catalytic reactions
in its boundary condition.

3.1 Thin catalyst layers at moderate production rates

The assumption in this subsection is that the catalyst layer has a thickness 4, and
that the production rates u,, uc are large, more precisely, that they are of order
1/5. We have seen in the introduction of the present paper that this assumption is
met in fuel cells and we write p,, = py /d and pe = pug /0. We analyze here the limit
0 — 0 and derive an effective law for the oxygen concentration. A cross section
of the geometry is shown in Figure 5. The domain of interest is composed of the
homogenized catalyst layer Qs = (0, L1) x (0, L2) % (0, §) of thickness ¢, and the gas
diffusion layer Q¢ = (0, L1) x (0, L2) x (—L3,0). The reactions are confined to the
layer 25, in the limit § — 0 we expect an effective equation posed on the domain
Qo with a non-homogeneous boundary condition on Xy = (0, L) x (0, La) x {0}.
As additional notations we use Qo5 = (0,L1) x (0, L2) x (—L3,d) for the entire
domain, Y5 = (0,L1) x (0,Ls) x {§} for the boundary at the reactive side and
%1 =(0,L1) x (0, Lg) x {—L3} for the non-reactive boundary. We always impose
periodicity conditions on the lateral boundaries.

Qs %

21 21
Qp Q

1

Figure 5: Geometry of the d-problem and the effective domain.

We study the macroscopic equations that were obtained in the previous sec-
tion for the overpotential n and the oxygen concentration C. To emphasize the
dependence on § we write ° : Qs — R for the overpotential and C° : Qg5 — R
for the oxygen concentration. We study the time dependent equations for C' since
transport limitations become important in the gas diffusion layer, which is much
thicker than the catalyst layer. We therefore analyze the following equations for
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the overpotential

1, s, ,

—V - (M, V°) = —gunC‘;e" in Qs (3.1)
776 = To on s

n- (M,Vn’) =0 on X (3.3)

and, for the oxygen concentration,

d
1
86% ~ V- (McVC?) = _5#*0056"6195 in Qos (3.4)
n- (McVC?) =0 on X (3.5)
8=, on X (3.6)

In order to derive effective equations rigorously, we introduce an averaged overpo-
tential as

é
77]6 :][ n5($17$27y) dya ﬁé :EOHR'
0
We will identify every function ¢ : ¥s — R with ¢ : ¥ — R.

Theorem 2. [Effective equations in thin catalyst layers] Let n°,C° be a weak so-
lution of (3.1)-(3.6) on a time interval (0,T) with smooth initial values, and let
the boundary conditions be given by no € L*(0,T; H'(X0)) N L>=((0,T) x %) and
Co € L?(0,T; HY(Q0)) N L*((0,T) x Qo). Then, for every sequence § — 0 there
holds

7’ — o strongly in L*(0,T; L*(X0)) (3.7)

ol =~ % weakly in L*(0,T; H*(Q)) (3.8)
Qo

where CV satisfies weakly the effective equations

aco o ‘
W -V (MCVC ) =0 m (O,T) X QO (39)

n-(McVCY) = —M*CCOe"O on (0,T) x 3 (3.10)
with the other boundary conditions remaining unchanged.

Proof. We start with the a priori estimates for the sequence (C%,n%) of solutions.
The maximum principle implies the boundedness of C? in L> and an upper bound
for n°.

We identify the boundary values 79 with a function ng(z1, z2,y) = no(x1,x2)
and multiply (3.1) with n° —n9. An integration over Qs yields, at any time instance,

1 s 1 " s
M, Vn° -V’ + 5 / ppCo%emn’ < [ My’ - Vi + 5 / 11 C%e" g
Qs Qs Qs Qs

The maximum principle provides the boundedness of the second integrals of both
sides and we conclude that the L2(0,T; H'(25))-norm of ° is bounded. In partic-
ular, by Poincaré’s inequality and the trace theorem, we have, at any time instance,

17° = moll2m0) < edlln’ o),
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and therefore the strong convergence of 7°, i.e. (3.7).
We now multiply (3.4) with C? — Cy and /integrate over {2o5. Using a cut-off
function we may assume that Cy vanishes on 25 and we obtain

806 9 9 §
—(C° = Cy) + McNVC? -NvC
Qo Ot Qo5

T / %ugcﬁeﬂ“céz McVCS - VC.
Qg QO

This yields the L2(0,T; H'(€)) boundedness of C°|q,. In particular, we can select
a weakly convergent subsequence with a limit as in (3.8).

The equations for C°. Multiplication of (3.4) with ¢ € D((0,T) x (0,L1) x
(0, Ls) x (—Ls3,1) and an integration over (0,7") x Qqs yields

T T T 1 s
—/ / 058t<p+/ Mcvcé-er/ / —psC% o =0.  (3.11)
0 Q()5 0 Qog 0 Q(S 5

For the first two integrals, the limits exist and coincide with the formal limits; this
is an immediate consequence of the boundedness and the weak convergence of C°.
Lemma 4 below provides the nontrivial limit

T, s T 0
/ / =% —>/ / peCo%e
0 Qs d 0 o

for § — 0. Thus, the limit equation of (3.11) is

T T T
—/ / C'Oat<p+/ Mcv00~w+/ / 15 C%" o = 0,
0 Q() 0 Q() 0 E0

which is the weak form of (3.9)-(3.10). O

In the above proof we used a convergence result which is the consequence of the
fact that n° has small variations in the thin layer Qs.

Lemma 4. Let n°, C? be the solutions of (3.1)-(5.6) as in Theorem 2 with limits
7° and C°, and let € C§((0,T) x (0, Ly) x (0, Lz) x (~Ls,1)). Then

T s T
/ Ccoen cp—>/ Cl¢myp for 6 — 0.
0 Qs 0 >o
Proof. First step. We claim that the averages of C° converge weakly,

weakly in L2((0,T) x o) for § — 0. (3.12)
o

§
][ C*(y)dy — C°
0

Indeed, the trace theorem provides the boundedness of every restriction of C? to a
two-dimensional subset X, := {(z,y) : * € Lo} with the bound

HtracegyOJHM < C||OJHH1(Qoa)'

Jensen’s inequality implies that also the average of traces is bounded in L2,

B B s
1 1
s _ s s
M C°(.,y)dy = HE/O traces, C' < 5/0 HtracegyC’ ||L2(EO) <ec.

L2(%) L2(%0)
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The boundedness of 3%6 C? in L2((0,T) x %) allows to choose a subsequence and
a function g € L?((0,T) x o) with

5
][ C? — g weakly in L2((0,T) x Xq) for § — 0.
0

It remains to identify g = traces,, C°. To this end we let 1 € CZ((0,T) x (0, L) x
(0, Ls) x (—Ls,1)) be an arbitrary function and calculate

T 5 T o
[ L) [ 3] f o
0 Jxo Vo o 0.Jo 2y
Tl/ﬁ/ d
= = —(C%) +0(6
/0 6 Jo (0,L1)x(0,L2)x (—L3,y) 39( ) ©®)

| hsea- [ Le

The left hand side converges to fOT s, 9%(.,0), we have therefore identified g and

(3.12) is shown.
Second step. For the auxiliary function

3o

5 =5
t,x1,T2,1 t,x1,x
us(t, 1, 02,y) = € (hrrT2y) _ o (ho1e2)

T 1 T
/ —/ |U5|2§c/ 5/ Vus]? — 0. (3.13)
o 0Ja, 0 Qs

It suffices to show the estimate from (3.13) for continuous functions n° which satisfy
by Rolle’s theorem

we claim that

)
s, 29, )]| < / Vus(x1, 22,y')| dy'-
0

We can therefore calculate

1 , 1 J 2 J ) )
5 [ sl s [ ([ vusl) <5 [ 6 [ vult=5 [ (vu
5 Qs 5 Qs 0 5 Qs 0 Qs

which, together with the a priori estimate for n° € L?(0,T; H'(2s)) and the upper
bound for 1’ provides (3.13).
Third step. We can now conclude the calculation for the product.

5 5 5 5 5
(7[ C‘;e"é) (21, 2) 2][ e’ —l—][ C‘;[e’76 - eﬁg] = eﬁ(S][ c° —l—][ Cous,
0 0 0 0 0

and therefore, by (3.13),

/OT/EO (J{)JC‘;G"(S) 80—/0T /EO{<]€505> (Il,:zzg)e"&(mlvmhﬂ(m,xz)}+o(1).

The weak L2((0,7T) x Xp)-convergence of the C?-average of (3.12) together with
the strong convergence of 77° provides the result. O
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3.2 Thin catalyst layers at high potentials

In order to verify the effect of a doubling of the Tafel slope in the limit of high
potentials, we analyze the following one-dimensional system in which we assume
a constant oxygen concentration C = Cj in the whole catalyst layer (0,0). The
equation for 7 then reads (see Figure 6):

d?n=Ce" in (0,0) (3.14)
1(0) = 1o (3.15)
d,m(8) = 0. (3.16)

We are interested in an expression for the production rate

5
Fy = —0.1(0) :/0 Ce" (3.17)

in the limit 79 — oco. The expression is given by (3.21) from Proposition 1 below.
Note that we find the effect of a double Tafel slope, since the production rate Fy,
is proportional to e7°/2 rather than e,

n

No

0 5 1+5 X

Figure 6: Sketch of solutions of system (3.14)-(3.16)

Proposition 1. Consider the ODE

026 — %(aye)z = Cp* (3.18)
0(0) =1 (3.19)
9y0(0) = —p, (3.20)

for0 =0(y) andy € Ry, with 8,C € Ry given. There exists * € (0,00) depending
on C, B* = B*(C), with the property:

1. For 8 > (3*, the solution 0 = 03 of (3.18)-(3.20) is monotonically decreasing.
2. For B < [3*, the solution 6 = 0g of (3.18)-(5.20) is positive and unbounded.

The dependence on C is given as 3*(C) = iv/C with 57 := 3*(1) ~ 1.413. The
production rate F, defined in (3.17) satisfies

F
M BNVC for ng — oo. (3.21)

eno/2
Proof. Part 1: Existence of 5* € (0,00). We define

B* :=sup{B > 0| solution 03 is unbounded}
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The set is nonempty, since the solution for 3 = 0, i.e. 9,03(0) = 0 is monotonically
increasing and unbounded. We verify 8* < oo with the following result.

Claim: There exists a number 3 > 0 depending on C' such that the solutions
05 with 8 > 3 satisfy:

Bs(y) <e 3V, VyeR, (i)
9,0

yﬁ’>é, Vy R, (i)
0, 2

Proof of the claim. Assume that (i) is satisfied on (0, ). We claim that this
implies that also (ii) is satisfied until yo. Indeed,

9 (87,9;5) _ 90 @bl _ oy oot
"\ s 05  (08)° -

together with 8525 (0) = —f yields (ii) for 3 large enough.

On the other hand, let (ii) be satisfied until yo. Then

ayeg < —295

implies that (i) is strictly satisfied until yo and is, by continuity, also satisfied on
a larger interval. We conclude that (i) and (ii) are satisfied on R} and have thus
verified the claim.

The dependence §*(C) = 3*(1)y/C follows immediately by a scaling argument
with the substitution z = v/Cy.

Part 2: We have to clarify the relation between the 6 - equation and the pro-
duction rate Fy,, of the n - equation. We introduce the large number m := emo/?
and denote by n = 7, the solution of (3.14) - (3.16). Setting

=0, =—, y:= ze'o/?

we can calculate

0,0 d,0 920 (0,0)?
2[p] = §2 m0Y] = T gy | | = o | L _ Y
97 [n] = 9z [log(6e™)] Bw[ 7 } e 3@;{ g ] e [ g 2 }

L e = Che™.

We see that the 7 - equation is equivalent to (3.18). Therefore § = 6,, solves (3.18)-
(3.20) with an unknown value of 8 = f3,,,, determined by the boundary condition
O0ybm(m) = 0. We note that 6,, > 0 holds by definition of 6 and that 6,, is
monotonically decreasing, since 9,0(yo) = 0 for some yo < m implies 9,6 > 0 on
(yo,m].

Then 9,6,,(m) = 0 implies G, < §*, since the continuation of 6, beyond m is
necessarily unbounded. For a subsequence m — oo and a limiting value G, < *
we find 8, — B, and 6, — 6 uniformly on compact subsets for some limiting
function 0, which is bounded by 1, since all ,, are. This implies G > (* and
we have thus verified 3, — foo.
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Layer equation, C=1

15

135 13 125 12 115

80 155 15 145 14

y B

Figure 7: Numerical solutions of system (3.18)-(3.20)

The production rate is

O0y0im (0
Fpy = ~0,m(0) = —e™/20),log(Bue™)]| = —em0/2%ml0),
y=0 om(O)
hence
Fﬁo %
Siofz = 00 (0) =B = B
This was the claim. O

Numerically, we determined the value 87 = 1.413 + 0.002. We refer to Figure 7
for the shape of solutions for various values of 3.

A Proof of the homogenization Lemmas

Proof of Lemma 1. Proof of (2.15).

We study a domain of integration &, := £ \ (y. + 7K) for real numbers r > 0
with 7 < 7o, where y. + 7oK C €. For any u € H'(,) with average u the Poincaré-
Wirtinger inequality states that

/ lu — al? dy Sc/ |Vul? dy.
Er Er

In this inequality, ¢ can be chosen independent of r < r(, as can be seen by a simple
contradiction argument exploiting compactness. By a change of variables x = ey,
we find for any function u € H'(E{\K%)

d d
/ |u—ak|2—§ gc/ 52|Vu|2—§.
E7\KE < EF\K <

Summing over all k € I. we obtain

Z/ lu — g |* do < 682/ |Vul|? de,
ERNKE, &

kel.
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which was the claim in (2.15).
Proof of (2.16). For any u € H'(2K), the trace theorem yields for the average
i = §;,. u the estimate

/ lu — a|?* dH? gc/ |Vul® dy.
oK 2K\K

By a change of variables 2 = e(k + y. + r.y) with dz = (¢3/2)3dy, we find

dH? d
/ ju — a2 P < c/ (/22 Vul? 22
. € e\ e €9/2
oK £a\Ks

Summing over all k£ € I. we obtain:

> / lu — g |?dH? <
oK

kel.

Z ce®/? / |Vul|? da,

kel. ER\KL

which was the claim in (2.16). The result for the other averages is shown with the
same calculations. O

Lemma 5. Let v° be a sequence in L*(Q)) which vanishes outside the set Q7
a periodically perforated domain with a limiting relative volume V,, = |E|/|Y] =
lime o [ /|, We assume a uniform H'-bound and a weak convergence

1
/ Vo |2 < e, —v° — v° weakly in L*(Q).
Qg Vi

Given the sequence v¢ we may construct a piecewise constant interpolation v° €
L3(Q) by setting, for k € I. C Z> and with Y =e(k+Y),

g, ::][ v® e R, ¢ = E Uplye.
Yiinag kel.

An approzimating sequence ©¢ € H(Q) can be constructed as a continuous and
piecewise linear interpolation. We choose a regular grid of tetrahedra with vertices
{ek : k € 1.}, set v°(ck) = 0 for all k € I. and define ©° as the piecewise linear
interpolation of these values.

Then there holds

O and ¢ — v° strongly in L*(Q). (A1)

¢ — v

The above construction allows to conclude limits of nonlinear expressions. For
a sequence v¢ as above, which is additionally bounded from above, there holds

1 & 0

—1g-e’ — ¢’ A2
7 aze e (A.2)
in the sense of measures. Furthermore, let w® : 0 — R be a sequence of functions
that vanish outside QZ,, with Vw® bounded in L*(Q%) and with weak limit w® —
Vew® in L*(). For Q C QF we find

1
answs — % (A.3)

in the sense of measures.
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Proof. Jensen’s inequality implies that the L?-norm of #° is bounded. For a sub-
sequence we may therefore assume the weak convergence to a limit g € L?(Q). In
order to identify the limit we calculate for a continuous function ¢ : Q@ — R

/ g — / 5o = Z / 0 = Z gp(ak)sg][ v® +o(1)
Q Q Y rel. YEnQs
1

kel

=— v o +o(l) — [ 0,
Vi Jag Q

and we therefore have v¢ — v in L?(Q). In the proof of Lemma 1 we have seen an

estimate for the difference v — o°,

/ [v® — 0°)? < ce?.
Q:

In the proof of this inequality we can also integrate over 3 x 3 x 3 neighboring cells
Y and find, for e € {0,1}e; + {0,1}ez + {0, 1}es, the estimate

,DE _,DE 2
> / bre  Flo<e (A.4)
kel VY

In particular, [|° —2¢||3, < ce? and thus also 0° — v? in L?(). Since the gradient
of ¥¢ can be estimated by the difference quotients between nearest neighbors of the
grid, we conclude the uniform bound [, [Vo°|? < ¢. This uniform H'(Q)-estimate
implies the strong convergence 9¢ — v” in L?(2). Since they are close to each other
in norm, this also implies the strong convergence v° — v% in L?(£2) and thus (A.1).

We can now calculate nonlinear terms as follows. For a continuous function ¢

holds
J

o= 30 [ e e +o)

7 kel Ye N

=5 e L e} + 5

kel. kel

—>Vn/Qe”0g0,

. € e — .
since |V — e%| < c|v® — ©°| by the boundedness of v°, and since the strong
0

/ eﬁiw(sk) +0(1)
YENQs

— . . =€ 0
convergence of v° — v° implies the strong convergence e’ — e¥ . We have thus

verified (A.2).
In order to show the convergence (A.3) of products, we calculate, for a contin-
uous function ¢,

vwtp = / viwp(ek) + o(1)

n kel

=3 [ A - - e} + 3

/ vpwie(ek) + o(1)
kel. rer. Jvienos

=0 +V, | *0°p+o(1) — Vn/ .
Q Q

This was the claim. O
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B List of symbols and typical values

Symbol Meaning Unit Values

C molar concentration of gas specie (Oz)  mol /m3

n local overpotential \%4

i transfer current density at cathode A/m3

q total number of electrons consumed in 4

the ORR per oxygen molecule

F Faraday’s constant As/mol 96487

Co reference molar concentration of Oz mol/m?  3.39 [4],
6.2 2]

D diffusion coefficient m?/s ~ 1075 [2],
5.2197 x 1076 [13]

K ionic conductivity in the electrolyte A/Vm 1 [3],
0.3 [7]

10 reference current density A/m? 1076—-1.4x1072 [3]
1072 [14],
4.4 x 1077 [10]

v real catalyst area per geometric area ~ m?m=2 0.4 [3]

L active layer thickness m 1076 [3],
0.287 x 10~4 [6],
107° [5]

% effective catalyst area per unit volume 1/m 4 x 10° [3]

Mo total overpotential 14 0.6 [3]

b Tafel slope 14 0.06 — 0.12 [3]
0.0529 [5],
0.0874 [5]

d mean particle diameter m 1078 [3]

a interparticle distance m 1077 [3]
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