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Pythagoras number and indecomposables

Pythagoras number

o let O be a commutative ring
OZOQZ{Zfla aZEOnGN}
oZmOQZ{lea a,e(’)}

@ the Pythagoras number of the ring O is

P(O) = mf{m ENU{+oo}; Y 0% = i(ﬁ}.
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Pythagoras number and indecomposables

Pythagoras number for orders in totally real fields

K totally real field, O the ring of algebraic integers in K,
O C Ok order of K

e P(O) < f(d) where f depends on the degree d of K;
PO)<d+3for2<d<5

@ P(O) can attain arbitrarily large values (Scharlau, 1980)

@ P(O) =5 for all orders in real quadratic fields up to finitely
many exceptions (Peters, 1973)

@ some partial results for cubic fields and real biquadratic fields
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Pythagoras number and indecomposables

Indecomposable integers

(’);g the set of all totally positive elements in O

Definition

We say that o € O} is indecomposable in O if it cannot be
written as o = 3+ for any 3,7 € OF.

@ Only one indecomposable integer in Z, namely 1.

o The element 2 + /2 is indecomposable in Q(v/2).

@ Up to multiplication by totally positive units, there are only
finitely many indecomposable integers in O

@ They can be used to the study of universal quadratic forms or
the Pythagoras number.
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Pythagoras number and indecomposables

Results on totally positive indecomposable integers

@ We know the precise structure of indecomposable integers in
quadratic fields Q(v/D), where they can be described using
the continued fraction of /D or ¥2-1 (Perron 1913; Dress,
Scharlau, 1982)

@ some partial results for biquadratic fields (Cech, Lachman,
Svoboda, T., Zemkova, 2019; Krasensky, T., Zemkova, 2020;
Man, 2024; Kala, Man, 2025)

o full determination for some families of cubic fields (Kala, T.,
2023, T., 2023; Gil-Mufoz, T., 2025)
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Pythagoras number and indecomposables

s-indecomposable integers

@ 01,...,04 embeddings of K into C

a € K, signature of « is

s(a) = (sgn(o1(a)),. .., sgn(oa(a)))

% the set elements in O with signature s

we say that o € Oy, is s-indecomposable if it cannot be
written as ao = 3 + v where 3,7 € O
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Pythagoras number and indecomposables

s-indecomposable integers

o If there exists a unit in Ok with signature s, all
s-indecomposable integers are associated with totally positive
indecomposable integers.

@ In real quadratic fields, they can be obtained from the
continued fraction of /D or @.

@ We know all s-indecomposable integers for Ennola’s family of
cubic fields (Kala, Sgallova, T., 2025).
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Pythagoras number and indecomposables

Method for determination of the lower bound on P(QO)
using s-indecomposable integers

Ingredients:
e knowlege of all s-indecomposable integers in O
@ sharp estimates on conjugates of elements in a chosen integral
basis and of fundamental units
Method:
@ choose v € O so that  can be written as a sum of many
squares
e find all s-indecomposable integers o in O so that v = o?
o from these s-indecomposable integers, construct all
s-decomposable integers w € O so that v > w?
@ for the finite set of elements w, discuss how many squares one
need to express y
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Pythagoras number and indecomposables

Results for cubic fields

e P(Z[p]) = 6 where p is a root of the polynomial
23 —az? — (a+ 3)x — 1 with a > 3 (T., 2023)

@ P(Ok) = 6 where p is a root of the polynomial
23 —ax? — (a+ 3)z — 1 with a > 12, a = 3,21 (mod 27) and
“ +3“+9 square-free (Gil-Mufioz, T., 2025)

( [p]) = 6 where p is a root of the polynomial
23+ (a — 1)z — ax — 1 with a > 4 (Kala, Sgallova, T., 2025)

M. Tinkova Pythagoras number in biquadratic fields



Biquadratic fields

Biquadratic fields

o K = Q(\/p,/q) where p,q > 1 are distinct square-free
integers

o different integral bases depending on values p, g (mod 4).

p=2(mod 4), ¢ =3 (mod 4)

[ pq
VP + ged(p,q)?

OK:Z ]-a\/];a\/aa 2
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Biquadratic fields

Pythagoras number for biquadratic fields

we have P(Ok) <7

Theorem (Kréasensky, Raska, Sgallova, 2022)

Ifp=2(mod 4), ¢ =3 (mod 4), p,q > 7 and p and q are coprime
and square-free, then P(Ok) =T.

Theorem (Krasensky, Raska, Sgallova, 2022; He, Hu, 2025+)

Let K be a real biquadratic field containing \/2 or \/5. Then
P(Ok) < 5.
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Biquadratic fields
Pythagoras number for biquadratic fields

Theorem (Kréasensky, Raska, Sgallova, 2022)

Let K be a real biquadratic field. Fix a square-free n. > 7. Then
P(Ox) > 6 for all but finitely many totally real biquadratic fields
such that \/n € K.

Let K be a real biquadratic field not containing V2, v/3, V5, V6,
V7, and \/13. Then P(Of) > 6.

Let n > 6 be a rational integer such that p = (2n — 1)(2n + 1),
¢g=(2n—-1)(2n+3) and r = (2n + 1)(2n + 3) are square-free
integers, and let K = Q(\/p,/q). Then P(Ok) =T.
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Biquadratic fields

Norm of indecomposable integers

o for every totally real number field K, there exists a constant
By such that N(«) < B for every indecomposable integer
a € Ok (Brunotte, 1983)

@ one can take Bx = Ax where A is the discriminant of the
field K (Kala, Yatsyna, 2023)

@ sharper estimates on this bound for real quadratic fields
(Dress, Scharlau, 1982; Jang, Kim, 2016; T., Voutier, 2020)

@ the best possible bounds for several families of cubic fields (T.,
2023; Gil-Mufioz, T., 2025)
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Biquadratic fields

Minimal (codifferent) trace of indecomposable integers

o let O, = {6 € K, Tr(ad) € Z for all & € Ok} be the
codifferent of K

o if Ox = Zlp], f minimal polynomial of p
= Ojc = ['(p)"'Zlp]

o if for a € (’);Q, there exists § € O}/(’+ such that Tr(ad) =1,
then « is indecomposable in Ok

o minTr(a) = ming v+ Tr(ad) for a € Ok
K
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Biquadratic fields

Minimal (codifferent) trace of indecomposable integers

@ Real quadratic fields: minTr(a) = 1 for all @ € O
indecomposable (Kala, T., 2023)
o Cubic fields:

e minTr(a) = 1 for all indecomposable integers in the simplest
cubic fields with Ok = Z[p] up to one exception with
minTr(a) = 2 (Kala, T., 2023)

o minTr(a) = 2 for all indecomposable integers in Ennola’s cubic
fields up to one exception with minTr(a) =1 (T., 2023)

e minTr(«) for  indecomposable can attain arbitrarily large
values for orders in cubic fields (T., 2023)
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Biquadratic fields

@ Let n > 6 be a rational integer such that p = (2n—1)(2n+1),
g=02n—-1)2n+3) and r = (2n+1)(2n + 3) are
square-free integers, and let K = Q(\/p, /q)-

e Man (2024) determined all indecomposable integers in K.

Let v be an indecomposable integer in Ok . Then
o N(a) < 16n* + 64n> + 16n> — 96n + 36,
@ minTr (ad) < 2.
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Biquadratic fields

Thank you for your attention.
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