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Lipschitz domain Q = Q; UT U Q, C R?

Level set function ¢ € C(Q) v

O = {xeQ:px) >0}
F={xeQ:¢kx) =0}
D ={xeQ:¢(x) <0}
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Elliptic interface problem

V- (uVu) = f inQ
uw=u on 0,

[ul =0 onT,

[uVu] =0 onT

O
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Elliptic interface problem

V.- (uVu) = f in Q,
uw=u on 0,
[ul =0 onT,
[uVu] =0 onT
up in 1, p1in €,
U = . n= .
ug in Qog, p2 in Qo

[u] = w1 —ug and [uVu] = (11 Vus —

Jan-Phillip Bicker Problem statement
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Unfitted Nitsche method

/ H1VU1,h'Vw1,h+/ p2Vug p, - Vws p
Q1. Qo p,

= fiwy p + fowa p.
Q1.1 Qo p
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Unfitted Nitsche method

/ p1Vuyp - Vwy p + / p2Vugp, - Vws p + / afup] [wn]
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Ty Ly
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Unfitted Nitsche method

/ p1Vuyp - Vwy p + / p2Vugp, - Vws p + / afup] [wn]
Q1n T

Qo p,

- /Fh[[uh]]{ﬂvwh} - /Fh{,uv“h}[[wh]]

= fiwy p + fowa .
Q1.n Qo p

{uVup} = (k11 Vuy p + kopoVug p) -1
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Unfitted Nitsche method

/ p1Vuyp - Vwy p + / p2Vugp, - Vws p + / afup] [wn]
Q1n T

Qo p,

- /Fh[[uh]]{ﬂvwh} - /Fh{,uv“h}[[wh]]

= fiwy p + fowa .
Q1.n Qo p

|Ke N Qi,h|

{uVup} = (k11 Vuy p + kopoVug p) -1 with Kil ke = K
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Splitting into sub-domain problems

/ u1Vuyp - Vwy
Qn

= flwl,h7
Qp

’

/ p2Vug p, - Vws
Qa1
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Splitting into sub-domain problems

/ 1V p, - Vwy p, + / auyp — ug p)wip
Qn

'y
= flwl,h7
Q1.n
/ pu2Vugp - Vwy p — / aurp — ug,p)wah
Qg,h l—‘h
= fowa p,
Qo p
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Splitting into sub-domain problems

/ pu1Vuy p - Vwyp, + / a(uyp — ugp)wip — / (w1, —ugp) (k1 Vwy p) - 0
Ql,h Ty Ty

= flwl,h7
Qin

/ p2Vugp - Vwsj, — / a(uyp — ugp)wap — / (w1, — ugp)(kep2Vws p) - 0
Qa1 Iy

ry
= / fowa
Qo n
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Splitting into sub-domain problems

/ p1Vuyp - Vwyp + / auy p — Uz p)W1h — / (u1,n — ugp) (K11 Vwrp) -0
Qin Tn Tn

—/ (k11 Vuyp + KopaVugp) - nwy j, = frw p,
T Ql,h

/ paVug p, - Vwyp, — / a(uyp — ugp)wep — / (u1,n — ugp)(Kep2Vws ) -1
Qa1 Iy Iy

+/ (kip1Vurp + kopaVus p) - nws p :/ fawa p,
Iy Qo n

Jan-Phillip Backer Sharp interface formulation 5/22



Splitting into sub-domain problems

/ p1Vuyp - Vwyp + / auy p — Uz p)W1h — / (u1,n — ugp) (K11 Vwrp) -0
Qin Tn Tn

—/ (k11 Vuyp + KopaVugp) - nwy j, = frw p,
T Ql,h

/ paVug p, - Vwyp, — / a(uyp — ugp)wep — / (u1,n — ugp)(Kep2Vws ) -1
Qa1 Iy Iy

+/ (kip1Vurp + kopaVus p) - nws p :/ fawa p,
Iy Qo n

Jan-Phillip Backer Sharp interface formulation 5/22



Projection-based stabilization |

51,00, (UL p, W1,R) = / p1(Vurp —g1) - Vwrp,

Qo p,

52,00 5 (U2, Wa,p) = /Q p2(Vuz,n — g2) - Vw
1,h

Jan-Phillip Bicker Sharp interface formulation 6/22



Projection-based stabilization |

51,00, (UL p, W1,R) = /Q p1(Vurp —g1) - Vwr p,
2,h

52,00 5 (U2, Wa,p) = /Q p2(Vuz,n — g2) - Vw
1,h

Lumped-mass L2-projection
Ja, Vunee;

gk =
7 th ¥j
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Stabilized split form

/ pu1Vuy p, - Vw1,h+/ auyp — ugp)wip — / (w1, —ugp) (k1 Vwy p) -0
Qn Iy IV

—/ (k11 Vug p, + kopoVug p) - nwy p, =/ fiwi p,
'y Q1.1

/ p2Vusgp, - sz,h—/ a(urp — ugp)we —/ (u1,h — ugp)(Kop2Vws p) - 1
2,h Fh Fh

i

+/ (ki1 Vuy p + KopaVug ) - nwsa p, = fowa p
'y Qo p
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Stabilized split form

/ paVurp - le,th/ a(urp — ug,p)wip —/ (ur,n — ugp) (K11 Vwy ) - n
Q,n 'y 'y

—/ (k1p1Vug p + kopaVug p) - nwi p+81,0, , (41,0, Wik) = fiwi p,
Tn Q1.n

/ p2Vugp - VwZ,h_/ Oé(ul,h - U2,h)w2 - / (Ul,h - U2,h)(“2ﬂ2vw2,h) ‘n
2,h Iy Iy

i

+/ (k1p1Vurp + KopeVug p) - nwz p+s2.0, , (U2,n, Wap) = / Jawa
Tn Qo

Jan-Phillip Bicker Sharp interface formulation

7/22



Projection-based stabilization |l

Problem: Stabilization matrix is not positive semi-definite

Jan-Phillip Backer Sharp interface formulation 8/22



Projection-based stabilization |l

Problem: Stabilization matrix is not positive semi-definite

Solution: Extend projection-based stabilization into the whole domain

Jan-Phillip Backer Sharp interface formulation 8/22



Projection-based stabilization |l

Problem: Stabilization matrix is not positive semi-definite

Solution: Extend projection-based stabilization into the whole domain

s1,0, (UL p, w1 p) = / p1(Vurp — 1) - Vwy p,
Qp

52,05 (U2,n, W2 ) = / p2(Vugp — g2) - Vwap
Qp
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Projection-based stabilization |l

Problem: Stabilization matrix is not positive semi-definite

Solution: Extend projection-based stabilization into the whole domain

s1,0, (UL p, w1 p) = / p1(Vurp — 1) - Vwy p,
Qp

52,0, (U2 p, wa ) = / p2(Vugp — g2) - Vway,
Qp

Matrix properties: positive semi-definite with bounded eigenvalues
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Stabilized split form

/ u1Vuyp - Vwy p +/ a(uyp — ugp)wip — / (ur,p —ugp) (k1 Vwyp) -1
Qin I Th

—/ (k1p1 Vg p + KopaVug ) - nwy p, = fiwy p,
Ty Q1,n

/ p2Vug p, - Vws j, — / auyp — ugp)ws — / (w1, — ugp)(kopaVws p) -0
Qa1 ry ry

+/ (k1 Vup + kopeVug p) - nws p, = fowa p
ry Qo n
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Stabilized split form

/ pmVurp - Vwr +/ afurp — ugp)wip — / (u1,p — ugp) (K11 V) - n
Ql,h Fh Fh

—/ (k1p1Vug p + KopaVug p) - nwy g, + 51,0, (U1,h, w1,h) = / frw p,

1_‘h Ql,h

/ p2Vugp - Vwsp — / afurp — ugp)ws — / (ur,n — ug ) (Kop2Vwsp) - n
Qg,h 'y 'y

+/ (k1 Vu p, + kope Vg p) - nws p + 2.0, (Uz hy Wap) = / fowa p,
Ih Qa.n
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Diffuse interface formulation

Integration over sharp interface:
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Integration over sharp interface:

piecewise-linear approximation to the zero level set

numerical integration on segments of the interface

Approximation of surface integrals by volume integrals:

Use regularized delta functions

Extrapolate solution values and normal derivatives

Jan-Phillip Backer Diffuse interface formulation



Extrapolation using level sets

To be defined: constant extensions of values and normal derivatives
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Extrapolation using level sets

To be defined: constant extensions of values and normal derivatives

Main steps:
closest-point search
evaluation of solution and normal derivative

constant extrapolation
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To be defined: constant extensions of values and normal derivatives

Main steps:
closest-point search
evaluation of solution and normal derivative

constant extrapolation

Requirements: simplicity, efficiency, accuracy
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Closest point search

Interface pointer

ng = —Vaop(xQ)
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Closest point search

Interface pointer

ng = —Vaop(xQ)

Exact distance function ¢

Xr = XqQ + ¢(xQ)ng
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Interface pointer

ng = —Von(xQ)
Exact distance function ¢
Xr = Xq + ¢(x@)ng
Numerical approximation ¢y,
X(£) = xq + &sign(dn(x@))ng, £€R

¢h<XF) =0atxp = )A((fp)
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Interface pointer

ng = —Von(xQ)
Exact distance function ¢
Xr = Xq + ¢(x@)ng
Numerical approximation ¢y,
X(£) = xq + &sign(dn(x@))ng, £€R

¢h<XF) =0atxp = )A((fp)

= simple line search
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Closest point search

Search algorithm
mSet & =0
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Closest point search

Search algorithm
mSet & =0

m For i > 1: Find next intersection
x(&), & > &1 of %(€) with boundary of a ()
mesh cell boundary
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Closest point search

Search algorithm
mSeté =0

m For 7 > 1: Find next intersection
%(&), & > &1 of %(€) with boundary of a ()
mesh cell boundary

m f ¢(x(&))d(x(&-1)) < 0 for i = m exit loop a5
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Search algorithm
Set &g =0

For 2 > 1: Find next intersection
x(&), & > &1 of x(&) with boundary of a
mesh cell boundary

If ¢(%(&))p(x(&i—1)) < 0 for i = m exit loop

Solve linear/quadratic equation to find root

&r € [§m—1,&m] of p(x(¢))
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Search algorithm
Set &g =0

For 2 > 1: Find next intersection
x(&), & > &1 of x(&) with boundary of a
mesh cell boundary

If ¢(%(&))p(x(&i—1)) < 0 for i = m exit loop

Solve linear/quadratic equation to find root

&r € [§m—1,&m] of p(x(¢))

Set xr = )A((fr)
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Diffuse interface split form

/ u1Vuyp - Vwyp + / auyp — ugp)w p
Q1.n JIY

- / (ur,n — uz,h)(f'fl/uVUfuz) ‘n
. rh

- / (k1p1Vug p, + KopeVug ) - nwy
- I‘/z

+ 51,0, (U1,h, W1 k) =/ frwip
Q,n
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Diffuse interface split form

/ [V p - Vs p + / (U — Us)Winde(6n)|Venl
Q1.n Qp
- / (“1,/1 — “2./1)("ﬂﬂlv“—fl]z) -n
v I‘/]

= / (kip1Vurp + kopaVug ) - mwy
- I‘/z

+ 51,0, (W1,h, W1 k) =/ frwip
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Diffuse interface split form

/ p1Vuy p - Vwy p, + / a(Uyp — Ug ) )Wi p6c(0n) |V on|
Q1.n Qp
—/ (Uin, — Uap) (Rt VIV ) - 1de(ép,) |V oy |
Qp
- / (k11 Vuy p + KopaVug p) - nwy g,
JIy

+ 51,0, (W1,h, W1 k) =/ frwip
Q,n
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Diffuse interface split form

/ p1Vuy p - Vwy p +/ a(Uyp — Uz n)Win0e(0n) V|
Q1.n Qp
= [ Wi = Ve ap TW0) - () Vi
Qp,
- / (R VU p + RopaVUa ) - Wy 1,0c(én)|V dn|
Qp,

+ 51,0, (U1,h, W1 k) =/ frwip
Q,n
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Diffuse interface split form

/ puaVug p - Vwg p, — / a(Urn — Ugp)Wa n0c(én) |V o]
Qo p, Qp,
- / (Urh, — Uz p) (Rop2VWa ) - nde ()| V|
Qp,
+/ (R VU + RopaV Uz i) - W 1,0 (01) |V 03|
Qp,

+ 52,0, (U2,h, W2 ) :/ Jowap,
Qo p
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Numerical examples

Smooth test problem:
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S th test blem:
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Numerical examples

S th test blem:
moo est problem Q=(0, 1) I‘={0.51}

f=1e-08 jpo=1 fi =2e08
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Numerical examples

Smooth test problem:
Q=(0,1) T ={051}

w1 = 1e-08 po =1 f1 =2e-08 fo=2

ui(z) = uz(x) = (x —0.01)(1.01 — )
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Non-smooth test problem:
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Numerical examples

Smooth test problem:
Q=(0,1) T ={051}

Hm1 = 1e-08 Mo = 1 fl = 2e-08 f2 =2

ui(z) = uz(x) = (x —0.01)(1.01 — )

Non-smooth test problem:
Q=(0,1) T ={051}

w1 =05 pup=3 fi=1 fa=1

9w 0.01) - @007 0.01)*

ui(x) = g(:1c —0.01) — (z — 0.01)2 ug(x) = < + < .

14
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Sharp interface - smooth solution

Ex

tend

i
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Diffuse interface - smooth solution

Extended u2
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Diffuse interface - smooth solution

Extended u2
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Sharp interface - non-smooth solution

Ex

dtend

i
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Sharp interface - non-smooth solution
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Sharp interface - non-smooth solution
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dtend
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Diffuse interface - non-smooth solution
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Diffuse interface - non-smooth solution
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Diffuse interface - non-smooth solution
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Jan-Phillip Backer

h=! sharp EOC diffuse EOC

32 4.96e-04 4.95e-04

64 1.29e-04 194 1.28e-04 1.98
128 3.21e-05 2.01 3.17e-05 2.01
256 8.27e-06 1.96 8.06e-06 1.98
512 1.94e-06 2.09 1.87e-06 2.11
1024 5.03e-07 1.95 4.54e-07 2.04
2048 1.30e-07 1.95 1.06e-07 2.10
4096 2.93e-08 2.15 1.90e-08 2.48
8192 7.40e-09 1.99 4.21e-09 2.17

Numerical results



Conclusions

m parameter-free stabilization using Neumann penalties

= approximation of surface integrals by volume integrals

m fast closest-point search algorithm
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Conclusions

m parameter-free stabilization using Neumann penalties

= approximation of surface integrals by volume integrals

m fast closest-point search algorithm

m theoretical studies of proposed approach
m extension to moving boundary problems
m application to PDE systems
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