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Motivation
Why “Thixotropic materials? 

• Processing of thixotropic materials 
relevant for industrial applications 

➡ Lubrication, asphalt, self-compacting 
concrete… 

• Physically fascinating due to improved 
mechanical properties 

Goal: 

• Modern CFD methods with high accuracy, 
robustness and efficiency for 
thixotropic materials 

➡ Saving time, money and resources 

Investigation of solid/liquid and liquid/solid  
transitions based on micro-structure 
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Introduction

• Thixotropy means 
➢ combination of two greek words 
➢Thixis: shaking/stirring 
➢ trepo: turning/changing 

• Thixotropy concept 
➢Based on viscosity  
➢Flow induced by time-dependent 
      decrease of viscosity  
➢The phenomena is reversible 

• Rejuvenation / Breakdown 
➢“Faster”  flow: fluid rejuvenates 
      Decreases of viscosity with acceleration of      

the flow  

• Aging / Build-up 
➢At rest  or under slow flow: fluid ages 
      Increases of the viscosity in time
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Realization in FeatFlow

Non-Newtonian flow module: 
•generalized Newtonian model 
(Power-law, Carreau,Houska,…) 
•viscoelastic differential model 
(Giesekus, FENE, Oldroyd,...)

Multiphase flow module (resolved 
interfaces): 
•l/l  – interface capturing (Level Set) 
•s/l  – interface tracking (FBM) 
•s/l/l  – combination of l/l  and s/l 

Numerical features: 
• Higher order  FEM in space &  
  (semi-) Implicit FD/FEM in time 
• Semi-(un)structured meshes with 
  dynamic adaptive grid deformation 
• Fictitious Boundary (FBM) methods 
• Newton-Multigrid-type solvers

Engineering aspects: 
•Geometrical design 
•Modulation strategy 
•Optimization

Here: FEM-based tools for the accurate simulation of (thixotropic) flow 
problems, particularly with complex rheology

HPC features: 
• Moderately parallel 
• GPU computing 
• Open source Hardware

-oriented 
Numerics

4Naheed Begum | GAMM 15 – 19 March 2021

For details, please visit: www.featflow.de 

http://www.featflow.de/en/index.html
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Governing equations

➡starting point: Generalized Navier-Stokes equations (+initial and boundary conditions) 

•  velocity- and pressure field  and  
•  stress tensor  
•  linear material behaviour - Newtonian fluids 
                                 
                                                          :       is constant viscosity 

• non-linear material behaviour- structurally viscous / viscoplastic 

• Power-law, Carreau, Bingham, Herschel-Bulkley, Houska, … 
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Rheological Models

๏ Archetypical yield-stress driven thixotropic models 

๏ Relations between rheological parameters and structural parameter
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Rheological Models

๏ General format of evolution equation for structural parameter: 

๏  Expressions for different thixotropic models:
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Quasi-Newtonian thixotropic model
๏  Viscoplastic model 

  

๏ Thixotropic model 

➡ Structure evolution equation 
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➢ Viscosity model for thixotropic flow i.e. extended viscosity defined 
on all domains s.t. 

➢ Examples: 

➢ Full set of equations  
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Quasi-Newtonian thixotropic model
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<latexit sha1_base64="6BMzBXlOz3ilQGDY3eD/L7W2O3A="></latexit>8
<

:
⌘s(DII,�) = ⌘(�) +

p
2

2
⌧(�)D

� 1
2

II if DII 6= 0

||�||  ⌧(�) else

<latexit sha1_base64="FSOmG2xjGHI4VQE29QZdVICweCI="></latexit>8
>>>><

>>>>:

I. ⌘s(DII,�) = ⌘(�) +

p
2

2
⌧(�)

1p
(DII + (k�1)2)

II. ⌘s(DII,�) = ⌘(�) +

p
2

2
⌧(�)

1

D
1
2
II

(1� e�kD
1
2
II )

(k : regularization parameter)
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Newton’s method 

Let                          , and                be the continuous or the discrete  corresponding 
system’s residum.  

➢ Update of the nonlinear iteration with the correction        i.e. 

➢ The linearization of the residual provides 

➢ The Newton’s method assuming invertible Jacobian

<latexit sha1_base64="UXgwziZcMkNAb3ebEGkJlYHPuN4=">AAACJ3icbVBNS8NAEN34WetX1KOXYBHqpSSi6EmKXjxWMW2hCWGz3bRLN5uwOxFKyL/x4l/xIqiIHv0nJm0ptvXBwtv3ZpiZ58ecKTDNb21peWV1bb20Ud7c2t7Z1ff2mypKJKE2iXgk2z5WlDNBbWDAaTuWFIc+py1/cFP4rUcqFYvEAwxj6oa4J1jACIZc8vQrJ8TQJ5in95mXetOfnWUOpwFU0xlJsl4fTspTeHrFrJkjGIvEmpAKmqDh6W9ONyJJSAUQjpXqWGYMboolMMJpVnYSRWNMBrhHOzkVOKTKTUd3ZsZxrnSNIJL5E2CM1L8dKQ6VGoZ+Xlksrea9QvzP6yQQXLopE3ECVJDxoCDhBkRGEZrRZZIS4MOcYCJZvqtB+lhiAnm0RQjW/MmLpHlas85r5t1ZpX49iaOEDtERqiILXaA6ukUNZCOCntALekcf2rP2qn1qX+PSJW3Sc4BmoP38Au6NpIU=</latexit>

RU (U)

<latexit sha1_base64="ZhudE7+nRYeygkESMg6b4VfX4j0="></latexit>

RU

⇣
UN

⌘
=RU

⇣
U + �U

⌘

=RU

⇣
U
⌘
+ J

⇣
U
⌘
· �U

<latexit sha1_base64="XhK4I9fmUuN/cRTxA3LA0YLaYYk=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQxJKIohuh6MaVVDBtoYllMpm0QyeTMDMRSuhXuPFX3LhQxK2482+ctFnU1gMDZ865l3vv8RNGpbKsH6O0sLi0vFJeraytb2xumds7TRmnAhMHxywWbR9JwignjqKKkXYiCIp8Rlr+4Dr3W49ESBrzezVMiBehHqchxUhpqWseuxFSfYxY5owebuElnPofuQFhCk0pXbNq1awx4DyxC1IFBRpd89sNYpxGhCvMkJQd20qUlyGhKGZkVHFTSRKEB6hHOppyFBHpZeOzRvBAKwEMY6EfV3CsTndkKJJyGPm6Ml9Rznq5+J/XSVV44WWUJ6kiHE8GhSmDKoZ5RjCggmDFhpogLKjeFeI+EggrnWRFh2DPnjxPmic1+6xm3Z1W61dFHGWwB/bBIbDBOaiDG9AADsDgCbyAN/BuPBuvxofxOSktGUXPLvgD4+sXq42ftA==</latexit>

UN = U + �U

<latexit sha1_base64="cJPp8XjAG/fh4nnEWEAJ77JABL8=">AAAB+nicbVBNS8NAFNz4WetXqkcvi0XwVBJR9Fj04rGCaQttKJvNpl262YTdF6XE/hQvHhTx6i/x5r9x0+agrQMLw8x7vNkJUsE1OM63tbK6tr6xWdmqbu/s7u3btYO2TjJFmUcTkahuQDQTXDIPOAjWTRUjcSBYJxjfFH7ngSnNE3kPk5T5MRlKHnFKwEgDu9YPmQDSjwmMKBG5Nx3YdafhzICXiVuSOirRGthf/TChWcwkUEG07rlOCn5OFHAq2LTazzRLCR2TIesZKknMtJ/Pok/xiVFCHCXKPAl4pv7eyEms9SQOzGQRUS96hfif18sguvJzLtMMmKTzQ1EmMCS46AGHXDEKYmIIoYqbrJiOiCIUTFtVU4K7+OVl0j5ruBcN5+683rwu66igI3SMTpGLLlET3aIW8hBFj+gZvaI368l6sd6tj/noilXuHKI/sD5/AKkBlEI=</latexit>

�U

<latexit sha1_base64="1fFtwsHmpJr770kdfmL9iZBN5i8="></latexit>

UN = U � J�1 (U)RU (U)

<latexit sha1_base64="V8EHDV57iZKXO0Tea0XpX047DWM=">AAACG3icbVDNSsNAGNz4W+tf1KOXxVaoUEpSFL0IRS8eK5i20JSy2WzbpZts2N2IJeQ9vPgqXjwo4knw4Nu4aXPQ1oGFYeYb9vvGixiVyrK+jaXlldW19cJGcXNre2fX3NtvSR4LTBzMGRcdD0nCaEgcRRUjnUgQFHiMtL3xdea374mQlId3ahKRXoCGIR1QjJSW+mY9cQOkRhixxEnTy4rLdNZHVTfw+EPiepz5mQ/LcTmtRidFjb5ZsmrWFHCR2DkpgRzNvvnp+hzHAQkVZkjKrm1FqpcgoShmJC26sSQRwmM0JF1NQxQQ2Uumt6XwWCs+HHChX6jgVP2dSFAg5STw9GS2qJz3MvE/rxurwUUvoWEUKxLi2UeDmEHFYVYU9KkgWLGJJggLqneFeIQEwkrXmZVgz5+8SFr1mn1Ws25PS42rvI4COARHoAJscA4a4AY0gQMweATP4BW8GU/Gi/FufMxGl4w8cwD+wPj6Act8n+c=</latexit>

U = (�,u, p)

Naheed Begum | GAMM 15 – 19 March 2021
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Adaptive Newton’s method

Jacobian calculations 

➢ Continuous Adaptive Newton based on a priori  study of Jacobian’s 
properties and decompositions 

➢ Discrete Adaptive Newton based on the rate of residum‘s 
convergence  

<latexit sha1_base64="Dx8EEZmIViXpJg9WY/YRh7b2y2M="></latexit>

J (U) =
 
@R̂U

�
U
�

@U

!
+ �

 
@R̃U

�
U
�

@U

!

<latexit sha1_base64="UQBp81m23uMDIuC41GKKpjahah8="></latexit>

J
⇣
U
⌘
=

 
@RU

�
U
�

@U

!

Naheed Begum | GAMM 15 – 19 March 2021

<latexit sha1_base64="Z9Rm9RgWyMHY7Hp6NwKWcDrb2Ss="></latexit>✓
@R
@U

◆

ij

⇡
 
Ri

�
U + ✏ej

�
�Ri

�
U � ✏ej

�

2✏

!



• Flow variables 

➢ Set           
➢ Set 
➢ Find                                                     s.t. 

➢ Compatibily constraints

12

Continuous thixotropic problem
<latexit sha1_base64="BBWPz2swBD1nFaaoCiaK0Zp9eQw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g61YoZREFF0W3bisYB/QhDKZTNuhk0yYmYgl9BPc+CtuXCji1qU7/8ZJmoW2Hhg4nHMuc+/xIkalsqxvo7C0vLK6VlwvbWxube+Yu3ttyWOBSQtzxkXXQ5IwGpKWooqRbiQICjxGOt74OvU790RIysM7NYmIG6BhSAcUI6WlvnlcdZhO +6jmBB5/SByPMz9AagQrcWVai05gKUPfLFt1KwNcJHZOyiBHs29+OT7HcUBChRmSsmdbkXITJBTFjExLTixJhPAYDUlP0xAFRLpJdtAUHmnFhwMu9AsVzNTfEwkKpJwEnk6mu8p5LxX/83qxGly6CQ2jWJEQzz4axAwqDtN2oE8FwYpNNEFYUL0rxCMkEFa6w7QEe/7kRdI+rdvndev2rNy4yusoggNwCKrABhegAW5AE7QABo/gGbyCN+PJeDHejY9ZtGDkM/vgD4zPHwOUmfU=</latexit>

(�,u, p)

<latexit sha1_base64="SZWn2vMVu+We2hJeenOeMdNJgdQ="></latexit>D
K(�,u, p), (⇠,v, q)

E
=

D
L, (⇠,v, q)

E
, 8(⇠,v, q) 2 T⇥ V⇥Q

Naheed Begum | GAMM 15 – 19 March 2021

<latexit sha1_base64="Ep+5Hnjc85zYL3N6m29mcs4ZGFc="></latexit>

sup
v2V

⌦
Bv, q

↵

||v||V
� � ||q||Q/KerBT , 8q 2 Q

<latexit sha1_base64="9Ow7/BStdcrlfwwrdoveJpC+JF8="></latexit>

ũ := (�,u)

<latexit sha1_base64="MSR4ZrJiKc0p/mv/xTx4ZCwuj5o="></latexit>

K =

"
Aũ BT

B 0

#

<latexit sha1_base64="zSQrZgY8xTLKRB4JcWMSAoXGSl8="></latexit>

T := L
2(⌦),V :=

⇥
H

1
0 (⌦)

⇤2
,Q := L

2
0(⌦)

<latexit sha1_base64="nbiVTYlHm0PzBQ+2LzSyv1Pav/w="></latexit>

(�,u, p) 2
�
T \H

1(⌦)
�
⇥ V⇥Q
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Mathematical & Numerical challenges

• Discretizations have to handle the following challenges 

➢ Stable FEM spaces  
➢ Non-symmetric, non-coercive and ill-posedness 
➢ Convection and positivity preserving 
➢ Locally adatpted meshes for steep gradients 

• Solvers have to deal with 

➢ Different source of nonlinearities     
➢ Strong coupling of equations   
➢ Robustness and efficiency

Naheed Begum | GAMM 15 – 19 March 2021
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Approximated problem

• Conforming approximations   

    

    
• Discrete inf-sup condition  

Naheed Begum | GAMM 15 – 19 March 2021

<latexit sha1_base64="NU0CcPqWXMzN6aKQ2TGrRU/n1Fo="></latexit>

sup
vh2Vh

⌦
Bhvh, qh

↵

||vh||Ṽ
� �h ||qh||Q/KerBT

h

, 8qh 2 Qh

<latexit sha1_base64="fNKInqIFpZMbp7zYR9VdzD8vYXs="></latexit>

Th ⇢ T, Vh ⇢ V, Qh ⇢ Q
Aũh = Aũ, Bh = B



The family of conforming FEM                                   for              with stabilization 

➢ Inf-sup conditions is satisfied 
➢ Discontinuous pressure 

➢ Good for the solver 
➢ Element-wise mass conservation  

➢ Discrete problem is well-posed 
➢ Highly consistent and symmetric stabilization 
➢ Robust solver w.r.t. the monolitic approach 
➢ Efficient solver w.r.t.  multigird solver 

15

Robust conforming FEM 

<latexit sha1_base64="4tgKcNPtWZeZfeod850QFxEHDUs="></latexit>

Qr/Qr/P
disc
r�1 , r � 2

<latexit sha1_base64="If0oeizXBNPNLwfAw8TrguiNRTo="></latexit>

(�,u, p)

Naheed Begum | GAMM 15 – 19 March 2021

<latexit sha1_base64="yQ8syD+4d9SIfQcdpq0IZULhSdU="></latexit>

J�(�h, ⇠h) = ��
X

e2Eh

h

Z

e
[r�h] : [r⇠h] d⌦
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Monolitic-multigrid linear solver

• Standard geometric multigrid solver for linearized system   

• Full        and            restriction and prolongation 

• Local Multilevel Pressure Schur Complement via Vanka-like smoother  

Coupled Monolithic Multigrid Solver !

<latexit sha1_base64="e2/u6pMvDa6txxFxH6YRLqKXFog="></latexit>

0

B@

�l+1

ul+1

pl+1

1

CA =

0

B@

�l

ul

pl

1

CA+ !l
X

T2Th

0

BB@
⇣
Kh + J�

⌘

|T

1

CCA

�1 0

B@
R�l

Rul

Rpl

1

CA

|T
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Bingham flow in unit channel
• “Validation”: manufactured exact solution for Bingham flow in a unit 

channel domain 

➡ Dirichlet boundary conditions 
➡ analytical solution for velocity , such that  

 

➡ solution show that the plug zone, , is a moving 

rigid body with a constant velocity.

uexact = (u,0)T u

<latexit sha1_base64="q+X0NOLgjzSaNs698iP0va8RwTE="></latexit>

u =

8
>>>>><

>>>>>:

1

8

⇣
(1� 2⌧0)

2 � (1� 2⌧0 � 2y)2
⌘

if y 2 [0,
1

2
� ⌧0)

1

8
(1� 2⌧0)

2 if y 2 [
1

2
� ⌧0,

1

2
+ ⌧0]

1

8

⇣
(1� 2⌧0)

2 � (2y � 2⌧0 � 1)2
⌘

if y 2 (
1

2
+ ⌧0, 1]

y ∈ [
1
2

− τ0,
1
2

+ τ0]
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Bingham flow in unit channel

Naheed Begum | GAMM 15 – 19 March 2021
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Thixotropic flow in channel
•  Starting point : consider the flow in infinitely long channel  
➡ Flow variables varies only w.r.t ‘ ’ i.e., no change in -direction 

➡ Reduction of complete flow model in 1D problem 
• Fast , efficient, high resolutions calculations possible for fully developed flow

y x

<latexit sha1_base64="fLBAq4QNHt6x49astMKifX19cb0=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kokoeix68diC/YA2lM120q7dbMLuRiyhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD54uNAA==</latexit>x

<latexit sha1_base64="plO+peCbNVnVEc0GHTvhV3+bFoo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cW7Ae0oWy2k3btZhN2N0Io/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHkyXoR3QoecgZNVZqZP1yxa26c5BV4uWkAjnq/fJXbxCzNEJpmKBadz03Mf6EKsOZwGmpl2pMKBvTIXYtlTRC7U/mh07JmVUGJIyVLWnIXP09MaGR1lkU2M6ImpFe9mbif143NeGNP+EySQ1KtlgUpoKYmMy+JgOukBmRWUKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kD6Q+NAQ==</latexit>y

<latexit sha1_base64="ITEXWMTfpf0IngfwUGbbtOgJKHA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxp0VrC1Mh5JJ77SheQxJRihDP8ONC0Xc+jXu/BvTdhbaeiBwOOdecs+JU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0hRZVXOlOTAxwJqFlmeXQSTUQEXNox6Obqd9+Am2Ykg92nEIkyECyhFFinRR27wQMSC9nctKr1vy6PwNeJkFBaqhAs1f96vYVzQRISzkxJgz81EY50ZZRDpNKNzOQEjoiAwgdlUSAifLZyRN84pQ+TpR2T1o8U39v5EQYMxaxmxTEDs2iNxX/88LMJleRy5NmFiSdf5RkHFuFp/lxn2mglo8dIVQzdyumQ6IJta6liishWIy8TB7P6sFF3b8/rzWuizrK6Agdo1MUoEvUQLeoiVqIIoWe0St686z34r17H/PRklfsHKI/8D5/AHa3kV8=</latexit>

⌦in
<latexit sha1_base64="MXnjWT0UqgeN9bfbKU17JQejEIs=">AAAB83icbVDLSgNBEJyNrxhfUY9eFoPgKeyKosegF29GMCaQXcLspDcZMo9lHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1Jxqg2QfDtlVZW19Y3ypuVre2d3b3q/sGjllYRaBHJpOokWAOjAlqGGgadTAHmCYN2MrqZ+u0nUJpK8WDGGcQcDwRNKcHGSVF0x2GAe7m0ZtKr1oJ6MIO/TMKC1FCBZq/6FfUlsRyEIQxr3Q2DzMQ5VoYSBpNKZDVkmIzwALqOCsxBx/ns5ol/4pS+n0rlShh/pv6eyDHXeswT18mxGepFbyr+53WtSa/inIrMGhBkvii1zDfSnwbg96kCYtjYEUwUdbf6ZIgVJsbFVHEhhIsvL5PHs3p4UQ/uz2uN6yKOMjpCx+gUhegSNdAtaqIWIihDz+gVvXnWe/HevY95a8krZg7RH3ifP2PMkeo=</latexit>

⌦out

<latexit sha1_base64="3N15HF9oM7jv7AKL9DiB8jk0nE8=">AAAB6HicbVA9SwNBEJ3zM8avqKXNYhCswp0oWgZtLCwSMB+QHGFvM5es2ds7dveEcOQX2FgoYutPsvPfuEmu0MQHA4/3ZpiZFySCa+O6387K6tr6xmZhq7i9s7u3Xzo4bOo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDv1W0+oNI/lgxkn6Ed0IHnIGTVWqt/3SmW34s5AlomXkzLkqPVKX91+zNIIpWGCat3x3MT4GVWGM4GTYjfVmFA2ogPsWCpphNrPZodOyKlV+iSMlS1pyEz9PZHRSOtxFNjOiJqhXvSm4n9eJzXhtZ9xmaQGJZsvClNBTEymX5M+V8iMGFtCmeL2VsKGVFFmbDZFG4K3+PIyaZ5XvMuKW78oV2/yOApwDCdwBh5cQRXuoAYNYIDwDK/w5jw6L8678zFvXXHymSP4A+fzB6TbjNQ=</latexit>

L

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="zGCjybU26xiW/Wu3lv794xbfPoY="></latexit>

u =

✓
u
v

◆
=

✓
u(y)
0

◆
, D(u) =

1

2

 
0 @u

@y
@u
@y 0

!
,

@u

@x
=

@�

@x
= 0
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• Prototypical simulation results for thixotrpic flow- validation of 1D tool 
• Specifying the “1D-profiles as boundary Data” in 2D simulations of channel flow 
• Parameters:     

✓ Horizontal isolines w.r.t. each flow variable 
✓ Same flow profiles over  at each -position y x

20

Thixotropic flow in channel

Naheed Begum | GAMM 15 – 19 March 2021

<latexit sha1_base64="OoOy0SPKkubc/bCjU1NwmDci380=">AAACJ3icbVDLSgMxFM34rPVVdekmWAQXUpKi6Gak4MalgrVCW4c7aaqhmQfJHaEM/Rs3/oobQUV06Z+YPhZaPRA4OedcknvCVCuLjH16M7Nz8wuLhaXi8srq2nppY/PKJpkRsi4SnZjrEKzUKpZ1VKjldWokRKGWjbB3OvQb99JYlcSX2E9lO4LbWHWVAHRSUDppSYSA+bzC9mkLIQu4zyrVQ3cZGtwfacxpzgc/HAd7Pmc3+cGABqWyc0agfwmfkDKZ4DwovbQ6icgiGaPQYG2TsxTbORhUQstBsZVZmYLowa1sOhpDJG07H+05oLtO6dBuYtyJkY7UnxM5RNb2o9AlI8A7O+0Nxf+8Zobd43au4jRDGYvxQ91MU0zosDTaUUYK1H1HQBjl/krFHRgQ6KotuhL49Mp/yVW1wg8r7OKgXKtO6iiQbbJD9ggnR6RGzsg5qRNBHsgTeSVv3qP37L17H+PojDeZ2SK/4H19A78LoEY=</latexit>

⌘0 = 1.0, ⌧1 = 0.25, ⌘1 = ⌧0 = 0.0, a = b = 1.0, k = 104
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Thixotropic flow in channel 

• Comparison of velocity and 
structure parameter profiles at 
middle -position for thixotropic 
material 

✓ 1D and 2D-FEM simulations leads 
to same results  

✓ Detailed validation for varying the 
parameters ( …) 

✓  Validated to recover the analytical 
Bingham profiles in unit channel  

➡ In principe, this approach can be 
analogously applied to any 
thixotropic elasto-viscoplastic 
model

x

k, η(λ), τ(λ),

Naheed Begum | GAMM 15 – 19 March 2021



• Impact of thixotropic viscosity and yield-stress on structural parameter 

• Inherent thixotropy speed-up the breakdown  

✓  Appearance of breakdown layer 
✓  Restart pipelines pressure should not be over-estimated

22

Thixotropic flow in pipelines
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‣ Without thixotropy     

‣ With thixotropy 
    

Naheed Begum | GAMM 15 – 19 March 2021



• 2D-FEM simulation results for thixotrpic flow- validation of 1D tool 
• Specifying the “1D-profiles as boundary Data” in 2D simulations for contraction domain     
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Thixotropic flow in curved contraction domain

Naheed Begum | GAMM 15 – 19 March 2021

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="MXnjWT0UqgeN9bfbKU17JQejEIs=">AAAB83icbVDLSgNBEJyNrxhfUY9eFoPgKeyKosegF29GMCaQXcLspDcZMo9lHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1Jxqg2QfDtlVZW19Y3ypuVre2d3b3q/sGjllYRaBHJpOokWAOjAlqGGgadTAHmCYN2MrqZ+u0nUJpK8WDGGcQcDwRNKcHGSVF0x2GAe7m0ZtKr1oJ6MIO/TMKC1FCBZq/6FfUlsRyEIQxr3Q2DzMQ5VoYSBpNKZDVkmIzwALqOCsxBx/ns5ol/4pS+n0rlShh/pv6eyDHXeswT18mxGepFbyr+53WtSa/inIrMGhBkvii1zDfSnwbg96kCYtjYEUwUdbf6ZIgVJsbFVHEhhIsvL5PHs3p4UQ/uz2uN6yKOMjpCx+gUhegSNdAtaqIWIihDz+gVvXnWe/HevY95a8krZg7RH3ifP2PMkeo=</latexit>

⌦out
<latexit sha1_base64="ITEXWMTfpf0IngfwUGbbtOgJKHA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxp0VrC1Mh5JJ77SheQxJRihDP8ONC0Xc+jXu/BvTdhbaeiBwOOdecs+JU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0hRZVXOlOTAxwJqFlmeXQSTUQEXNox6Obqd9+Am2Ykg92nEIkyECyhFFinRR27wQMSC9nctKr1vy6PwNeJkFBaqhAs1f96vYVzQRISzkxJgz81EY50ZZRDpNKNzOQEjoiAwgdlUSAifLZyRN84pQ+TpR2T1o8U39v5EQYMxaxmxTEDs2iNxX/88LMJleRy5NmFiSdf5RkHFuFp/lxn2mglo8dIVQzdyumQ6IJta6liishWIy8TB7P6sFF3b8/rzWuizrK6Agdo1MUoEvUQLeoiVqIIoWe0St686z34r17H/PRklfsHKI/8D5/AHa3kV8=</latexit>

⌦in

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip
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Thixotropic flow in curved contraction domain

Naheed Begum | GAMM 15 – 19 March 2021

• 2D-FEM simulation results for thixotrpic flow- validation of 1D tool 
• Specifying the “1D-profiles as boundary Data” in 2D simulations for contraction domain     

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="MXnjWT0UqgeN9bfbKU17JQejEIs=">AAAB83icbVDLSgNBEJyNrxhfUY9eFoPgKeyKosegF29GMCaQXcLspDcZMo9lHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1Jxqg2QfDtlVZW19Y3ypuVre2d3b3q/sGjllYRaBHJpOokWAOjAlqGGgadTAHmCYN2MrqZ+u0nUJpK8WDGGcQcDwRNKcHGSVF0x2GAe7m0ZtKr1oJ6MIO/TMKC1FCBZq/6FfUlsRyEIQxr3Q2DzMQ5VoYSBpNKZDVkmIzwALqOCsxBx/ns5ol/4pS+n0rlShh/pv6eyDHXeswT18mxGepFbyr+53WtSa/inIrMGhBkvii1zDfSnwbg96kCYtjYEUwUdbf6ZIgVJsbFVHEhhIsvL5PHs3p4UQ/uz2uN6yKOMjpCx+gUhegSNdAtaqIWIihDz+gVvXnWe/HevY95a8krZg7RH3ifP2PMkeo=</latexit>

⌦out
<latexit sha1_base64="ITEXWMTfpf0IngfwUGbbtOgJKHA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxp0VrC1Mh5JJ77SheQxJRihDP8ONC0Xc+jXu/BvTdhbaeiBwOOdecs+JU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0hRZVXOlOTAxwJqFlmeXQSTUQEXNox6Obqd9+Am2Ykg92nEIkyECyhFFinRR27wQMSC9nctKr1vy6PwNeJkFBaqhAs1f96vYVzQRISzkxJgz81EY50ZZRDpNKNzOQEjoiAwgdlUSAifLZyRN84pQ+TpR2T1o8U39v5EQYMxaxmxTEDs2iNxX/88LMJleRy5NmFiSdf5RkHFuFp/lxn2mglo8dIVQzdyumQ6IJta6liishWIy8TB7P6sFF3b8/rzWuizrK6Agdo1MUoEvUQLeoiVqIIoWe0St686z34r17H/PRklfsHKI/8D5/AHa3kV8=</latexit>

⌦in

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>
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Contraction flow (smoothed) 

✓ As predicted                solutions  
✓ Structuring  level is predicting shape and extent of rigid zones
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Thixotropic flow in curved contraction domain
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 Accordance with 1D-simulations

<latexit sha1_base64="A7FFZJ1dSKXrEfSpn9Uz3w7SE7g=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iECqUkRdFlwY3LCvYBbSiTyaQdOpmEmYlQQ7/EjQtF3Pop7vwbp20W2npg4HDOPdw7x084U9pxvq3CxubW9k5xt7S3f3BYto+OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J7dzv/tIpWKxeNDThHoRHgkWMoK1kYZ2uZrW0ICbQIBrKLkY2hWn7iyA1ombkwrkaA3tr0EQkzSiQhOOleq7TqK9DEvNCKez0iBVNMFkgke0b6jAEVVetjh8hs6NEqAwluYJjRbq70SGI6WmkW8mI6zHatWbi/95/VSHN17GRJJqKshyUZhypGM0bwEFTFKi+dQQTCQztyIyxhITbboqmRLc1S+vk06j7l7VnfvLSrOR11GEUziDKrhwDU24gxa0gUAKz/AKb9aT9WK9Wx/L0YKVZ07gD6zPH6zhkcA=</latexit>

(u,�, p)



• progressive growth of unyielded zones (shaded) 
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Thixotropic flow in curved contraction domain

Naheed Begum | GAMM 15 – 19 March 2021

(a) τ1 = 0.125

(b) τ1 = 0.25

(c) τ1 = 0.50

(d ) τ1 = 1.0

(e) τ1 = 2.0



• Material structural behaviour w.r.t. yield stress  

To Do: “Further investigation” regarding material structuring and prediction of plug-
zones in the reservoir with sharp/abrupt contraction.
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Thixotropic flow in curved contraction domain
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<latexit sha1_base64="Tj5uklCeAoSLWmeoi0imCnV5cy8=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhmRNGNUHTjsoJ9QDsOmUymDU0mQ5IRyjBu/BU3LhRx61+4829M21lo64HA4Zx7uTknSBhV2nG+rdLC4tLySnm1sra+sbllb++0lEglJk0smJCdACnCaEyammpGOokkiAeMtIPh9dhvPxCpqIjv9CghHkf9mEYUI20k397rCU76yM9onF+6UKIQqvvs2M19u+rUnAngPHELUgUFGr791QsFTjmJNWZIqa7rJNrLkNQUM5JXeqkiCcJD1CddQ2PEifKySYIcHholhJGQ5sUaTtTfGxniSo14YCY50gM1643F/7xuqqMLz4RLUk1iPD0UpQxqAcd1wJBKgjUbGYKwpOavEA+QRFib0iqmBHc28jxpndTcs5pze1qtXxV1lME+OABHwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2P6WjJKnZ2wR9Ynz929ZY+</latexit>

!in = 1rads�1

The material is sheared in the 
annulus between the interior and 
exterior cylinder shells of radii  and 

 respectively. 

‣ Concentric cylinders 
‣ Rotating inner cylinder with 

 
‣ Stationary outer cylinder 
‣ Vertical flow super-imposed in radial 

direction  
‣ Torque is computed via: 

        

where    is the surface of inner cylinder, 
and  the center of concentric couette 
device. 

<latexit sha1_base64="3dCDVRKluCRUEZn9UYdctKlpVCc=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfUA7lEyaaWMzyZDcEUrpP7hxoYhb/8edf2PazkJbDwQO59xL7jlRKoVF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6swwXmdaatOKqOVSKF5HgZK3UsNpEknejIa3U7/5xI0VWj3gKOVhQvtKxIJRdFLDdMdCTbqlsl/xZyDLJMhJGXLUuqWvTk+zLOEKmaTWtgM/xXBMDQom+aTYySxPKRvSPm87qmjCbTieXTshp07pkVgb9xSSmfp7Y0wTa0dJ5CYTigO76E3F/7x2hvF16PKkGXLF5h/FmSSoyTQ66QnDGcqRI5QZ4W4lbEANZegKKroSgsXIy6RxXgkuK/79Rbl6k9dRgGM4gTMI4AqqcAc1qAODR3iGV3jztPfivXsf89EVL985gj/wPn8A61aPWg==</latexit>rin
<latexit sha1_base64="EG+V/1hBWdl9Hy9+wF10phiNUmA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmQ2ZllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8N/NbT9xYodUjThIexnSoxEAwik5qmV6mU5z2yhW/6s9BVkmQkwrkqPfKX92+ZmnMFTJJre0EfoJhRg0KJvm01E0tTygb0yHvOKpozG2Yzc+dkjOn9MlAG1cKyVz9PZHR2NpJHLnOmOLILnsz8T+vk+LgJsyESlLkii0WDVJJUJPZ76QvDGcoJ45QZoS7lbARNZShS6jkQgiWX14lzYtqcFX1Hy4rtds8jiKcwCmcQwDXUIN7qEMDGIzhGV7hzUu8F+/d+1i0Frx85hj+wPv8AdaOj+U=</latexit>rout

<latexit sha1_base64="Tj5uklCeAoSLWmeoi0imCnV5cy8=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhmRNGNUHTjsoJ9QDsOmUymDU0mQ5IRyjBu/BU3LhRx61+4829M21lo64HA4Zx7uTknSBhV2nG+rdLC4tLySnm1sra+sbllb++0lEglJk0smJCdACnCaEyammpGOokkiAeMtIPh9dhvPxCpqIjv9CghHkf9mEYUI20k397rCU76yM9onF+6UKIQqvvs2M19u+rUnAngPHELUgUFGr791QsFTjmJNWZIqa7rJNrLkNQUM5JXeqkiCcJD1CddQ2PEifKySYIcHholhJGQ5sUaTtTfGxniSo14YCY50gM1643F/7xuqqMLz4RLUk1iPD0UpQxqAcd1wJBKgjUbGYKwpOavEA+QRFib0iqmBHc28jxpndTcs5pze1qtXxV1lME+OABHwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2P6WjJKnZ2wR9Ynz929ZY+</latexit>

!in = 1rads�1

<latexit sha1_base64="ST0BoO4TDsayUWj05mBjRkTnLxc=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUWoi5ZEFN0IRTduhEqf0IYwmUzbsZOZMDMplJC9G3/FjQtF3PoD7vwbp4+Fth64cDjnXu69x48okcq2v43Myura+kZ2M7e1vbO7Z+4fNCWPBcINxCkXbR9KTAnDDUUUxe1IYBj6FLf84c3Eb42wkISzuhpH2A1hn5EeQVBpyTPzd1elLidMeUktLbZLbc8+qXsJeUi7I4wSlgY1zyzYZXsKa5k4c1IAc1Q986sbcBSHmClEoZQdx46Um0ChCKI4zXVjiSOIhrCPO5oyGGLpJtNfUutYK4HV40IXU9ZU/T2RwFDKcejrzhCqgVz0JuJ/XidWvUs3ISyKFWZotqgXU0txaxKMFRCBkaJjTSASRN9qoQEUECkdX06H4Cy+vEyap2XnvGzfnxUq1/M4suAI5EEROOACVMAtqIIGQOARPINX8GY8GS/Gu/Exa80Y85lD8AfG5w8Eopps</latexit>

M = �
I

S
(X �X0)Tij~ndS

Thixotropic flow in Couette
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Continuous axial-Flow Couette device:

<latexit sha1_base64="0W8DRgeWmgw4pq2q7SoZhwI1NYw=">AAACBHicdVBNS8NAEJ3Ur1q/oh57WSyCp5KIxR4LXjxWtB/QhrLZbtqlm03Y3Qgl9ODFv+LFgyJe/RHe/Ddu2hy01QcDj/dmmJnnx5wp7ThfVmFtfWNzq7hd2tnd2z+wD4/aKkokoS0S8Uh2fawoZ4K2NNOcdmNJcehz2vEnV5nfuadSsUjc6WlMvRCPBAsYwdpIA7t8W/oXA7viVJ050Cpxc1KBHM2B/dkfRiQJqdCEY6V6rhNrL8VSM8LprNRPFI0xmeAR7RkqcEiVl86fmKFTowxREElTQqO5+nMixaFS09A3nSHWY7XsZeJfXi/RQd1LmYgTTQVZLAoSjnSEskTQkElKNJ8agolk5lZExlhiok1uWQju8surpH1edWtV5+ai0qjncRShDCdwBi5cQgOuoQktIPAAT/ACr9aj9Wy9We+L1oKVzxzDL1gf34bajwo=</latexit>

S
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Thixotropic flow in Couette

Material 1. Newtonian  
Material 2. Viscoplastic described by 
Bingham-Papanastasiou’s model  
Material 3. Thixotropic described by 
Houska’s Model

*M. Kheiripour Langroudi, S. Turek, A. Ouazzi, G.I. Tardos, An investigation of frictional and collisional powder flows using a unified 
constitutive equation,Powder Technology, 197, 2010, 91-101.

Material

Newtonian 1.0 0.0 0.0 0.0

Viscoplastic 1.0 0.0 0.48 0.0

Thixotropic 1.0 0.0 0.0 0.48

η0 η1 τ0 τ1

•  “Validation”:Results for classical Newtonian and Bingham model are recovered 
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Thixotropic flow in Couette 
• Torque results for thixotropic material

• Thixotropic material also yields a constant torque at small shear rates but then 
behaves like a Newtonian/Bingham and, data becomes indistinguishable where 
rotational speed is     

• “Observation”: inherent thixotropy of Houska’s model controls the transitions 
between solid/liquid and liquid/solid.

≥ 10rads−1
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Thixotropic flow in Couette
• Velocity profile at cut-line positions                       in a Couette device w.r.t 

breakdown parameter 

<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]
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✓  Localization  
✓  Shear banding



• Shear rate at cut-line positions                            in a Couette device w.r.t breakdown 
parameter  
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Thixotropic flow in Couette 
<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]
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✓  Smooth and sharp transition are possible  
✓  Transition point matches with the velocity
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Thixotropic flow in Couette 
• Structure parameter at cut-line positions                      in a couette w.r.t. 

breakdown parameter 

<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]
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✓ Transition point matches with the velocity 
✓ Structuring level is predicting shape and extent of rigid zones 
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Summary

A quasi-Newtonian model for simulating thixotropic materials via time and shear 
rate dependent extended viscosity is analysed and validated for different 
prototypical flow simulations  

✓ exact solution in simple channel  
✓ complex flow geometry with curved contraction and in Couette devices  

using robust numerical algorithms 

✓  Monolithic Finite element method 

✓  Generalized  Newton’s method w.r.t. singularities with global  convergent 
property 

✓ Fast Multigrid solver with local MPSC smoother 
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