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Motivation
Why “Thixotropic materials? 

• Processing of thixotropic materials 
relevant for industrial applications 

➡ Lubrication, asphalt, self-compacting 
concrete… 

• Physically fascinating due to improved 
mechanical properties 

Goal: 

• Modern CFD methods with high accuracy, 
robustness and efficiency for 
thixotropic materials 

➡ Saving time, money and resources 

Investigation of solid/liquid and liquid/solid  
transitions based on micro-structure 
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Introduction

• Thixotropy means 
➢ combination of two greek words 
➢Thixis: shaking/stirring 
➢ trepo: turning/changing 

• Thixotropy concept 
➢Based on viscosity  
➢Flow induced by time-dependent 
      decrease of viscosity  
➢The phenomena is reversible 

• Rejuvenation / Breakdown 
➢“Faster”  flow: fluid rejuvenates 
      Decreases of viscosity with acceleration of      

the flow  

• Aging / Build-up 
➢At rest  or under slow flow: fluid ages 
      Increases of the viscosity in time
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Realization in FeatFlow

Non-Newtonian flow module: 
•generalized Newtonian model 
(Power-law, Carreau,Houska,…) 
•viscoelastic differential model 
(Giesekus, FENE, Oldroyd,...)

Multiphase flow module (resolved 
interfaces): 
•l/l  – interface capturing (Level Set) 
•s/l  – interface tracking (FBM) 
•s/l/l  – combination of l/l  and s/l 

Numerical features: 
• Higher order  FEM in space &  
  (semi-) Implicit FD/FEM in time 
• Semi-(un)structured meshes with 
  dynamic adaptive grid deformation 
• Fictitious Boundary (FBM) methods 
• Newton-Multigrid-type solvers

Engineering aspects: 
•Geometrical design 
•Modulation strategy 
•Optimization

Here: FEM-based tools for the accurate simulation of (thixotropic) flow 
problems, particularly with complex rheology

HPC features: 
• Moderately parallel 
• GPU computing 
• Open source Hardware

-oriented 
Numerics

4

For details, please visit: www.featflow.de 
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Governing equations

➡starting point: Generalized Navier-Stokes equations (+initial and boundary conditions) 

•  velocity- and pressure field  and  
•  stress tensor  
•  linear material behaviour - Newtonian fluids 
                                 
                                                          :       is constant viscosity 

• non-linear material behaviour- structurally viscous / viscoplastic 

• Power-law, Carreau, Bingham, Herschel-Bulkley, Houska, … 
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Rheological Models

๏ Archetypical thixotropic viscoplastic (TVP) models 

๏ Relations between rheological parameters and structural parameter
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Mujumbar et al .
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5

Dullaert & Mewis
6

<latexit sha1_base64="2iqIiOe6PJattte+MlhXqyMCrb8=">AAACF3icbVDLSgMxFM34rPU16tJNtBRakDJTFF0WdOGygn1Ap5Q7aarBzIPkjlCm/Qs3/oobF4q41Z1/Y/oQtPVA4OSce29yjx9LodFxvqyFxaXlldXMWnZ9Y3Nr297ZresoUYzXWCQj1fRBcylCXkOBkjdjxSHwJW/4d+cjv3HPlRZReI39mLcDuAlFTzBAI3XsUt7jCIV04B0M0otCUhyO2PCIetIM6UIx6yEkhZ9bx845JWcMOk/cKcmRKaod+9PrRiwJeIhMgtYt14mxnYJCwSQfZr1E8xjYHdzwlqEhBFy30/FeQ5o3Spf2ImVOiHSs/u5IIdC6H/imMgC81bPeSPzPayXYO2unIowT5CGbPNRLJMWIjkKiXaE4Q9k3BJgS5q+U3YIChibKrAnBnV15ntTLJfek5Fwd5yrlaRwZsk8OSYG45JRUyCWpkhph5IE8kRfyaj1az9ab9T4pXbCmPXvkD6yPb2FSniI=</latexit>

⌧(�)

<latexit sha1_base64="5PMEPD1Viye52D7P7U9irDqWBp4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRF0WXBjcsK9gFNLDeTSTt08mBmopTQ/3DjQhG3/os7/8Zpm4W2Hhg4nHMu987xU8GVtu1vq7S2vrG5Vd6u7Ozu7R9UD486KskkZW2aiET2fFRM8Ji1NdeC9VLJMPIF6/rjm5nffWRS8SS+15OUeREOYx5yitpID64w0QCJyzQO7EG1ZtftOcgqcQpSgwKtQfXLDRKaRSzWVKBSfcdOtZej1JwKNq24mWIp0jEOWd/QGCOmvHx+9ZScGSUgYSLNizWZq78ncoyUmkS+SUaoR2rZm4n/ef1Mh9dezuM00yymi0VhJohOyKwCEnDJqBYTQ5BKbm4ldIQSqTZFVUwJzvKXV0mnUXcu6/bdRa3ZKOoowwmcwjk4cAVNuIUWtIGChGd4hTfryXqx3q2PRbRkFTPH8AfW5w/GmZH8</latexit>

�⌘0
<latexit sha1_base64="PkY2o7S/SsR1KEO+BLWfRVfeYmY=">AAAB/3icbVC7SgNBFJ2Nrxhfq4KNzWAIWIXdoGgZsLGMYB6QDcvdyWwyZPbBzF0hrCn8FRsLRWz9DTv/xsmj0MQDA4dzzuXeOUEqhUbH+bYKa+sbm1vF7dLO7t7+gX141NJJphhvskQmqhOA5lLEvIkCJe+kikMUSN4ORjdTv/3AlRZJfI/jlPciGMQiFAzQSL59UvGkSfeBehzBd0oeQuY7vl12qs4MdJW4C1ImCzR8+8vrJyyLeIxMgtZd10mxl4NCwSSflLxM8xTYCAa8a2gMEde9fHb/hFaM0qdhosyLkc7U3xM5RFqPo8AkI8ChXvam4n9eN8PwupeLOM2Qx2y+KMwkxYROy6B9oThDOTYEmBLmVsqGoIChqaxkSnCXv7xKWrWqe1l17i7K9dqijiI5JWfknLjkitTJLWmQJmHkkTyTV/JmPVkv1rv1MY8WrMXMMfkD6/MHM5SU4Q==</latexit>⌧0

−
<latexit sha1_base64="BZNrL/QptlbDwmCTtnq/3DPt9zQ=">AAACEXicbVDLSgMxFM3UV62vqks3wVLoqswURZcFNy4r2Ad06nAnk7ahmQfJHaGU/oIbf8WNC0XcunPn35i2I2jrgZDDOeeS3OMnUmi07S8rt7a+sbmV3y7s7O7tHxQPj1o6ThXjTRbLWHV80FyKiDdRoOSdRHEIfcnb/uhq5rfvudIijm5xnPBeCINI9AUDNJJXrJRdadIBUJcjeHah7CKk5s7kux/DK5bsqj0HXSVORkokQ8MrfrpBzNKQR8gkaN117AR7E1AomOTTgptqngAbwYB3DY0g5Lo3mW80pWWjBLQfK3MipHP198QEQq3HoW+SIeBQL3sz8T+vm2L/sjcRUZIij9jioX4qKcZ0Vg8NhOIM5dgQYEqYv1I2BAUMTYkFU4KzvPIqadWqznnVvjkr1WtZHXlyQk5JhTjkgtTJNWmQJmHkgTyRF/JqPVrP1pv1vojmrGzmmPyB9fENhl6bhQ==</latexit>

�a⌘0
<latexit sha1_base64="QwXK+cM/4K7nakaUh4LRmJoouLE=">AAACNHicbVDLSgNBEJz1bXxFPXoZDAFFCLui6FHwIniJYKKQjaF30psMzj6Y6RVC8KO8+CFeRPCgiFe/wclmEV8NQxdV1fR0BamShlz3yZmYnJqemZ2bLy0sLi2vlFfXmibJtMCGSFSiLwMwqGSMDZKk8DLVCFGg8CK4Ph7pFzeojUzicxqk2I6gF8tQCiBLdcqnVV9Zdxe4jwQdt1T1CbK8j/mrL8VXGNLWWN7Jm1d4fC17fdrulCtuzc2L/wVeASqsqHqn/OB3E5FFGJNQYEzLc1NqD0GTFApvS35mMAVxDT1sWRhDhKY9zI++5VXLdHmYaPti4jn7fWIIkTGDKLDOCKhvfmsj8j+tlVF42B7KOM0IYzFeFGaKU8JHCfKu1ChIDSwAoaX9Kxd90CDI5lyyIXi/T/4Lmrs1b7/mnu1VjnaLOObYBttkW8xjB+yInbA6azDB7tgje2Gvzr3z7Lw572PrhFPMrLMf5Xx8AuzsqTc=</latexit>

(⌧0 + ⌧1�)

<latexit sha1_base64="eHzwn4fwtYJfiStG0zLxg2n6j7g="></latexit>

(⌘0 + ⌘1�)D
(n�1)

2
II

<latexit sha1_base64="xQG3OB84Hjt3fAKE0Xe17Gqt00A="></latexit>

�a+1G0⇤c
⇤

<latexit sha1_base64="eHzwn4fwtYJfiStG0zLxg2n6j7g="></latexit>

(⌘0 + ⌘1�)D
(n�1)

2
II

<latexit sha1_base64="5PMEPD1Viye52D7P7U9irDqWBp4=">AAAB9XicbVDLSsNAFL2pr1pfVZduBovgqiRF0WXBjcsK9gFNLDeTSTt08mBmopTQ/3DjQhG3/os7/8Zpm4W2Hhg4nHMu987xU8GVtu1vq7S2vrG5Vd6u7Ozu7R9UD486KskkZW2aiET2fFRM8Ji1NdeC9VLJMPIF6/rjm5nffWRS8SS+15OUeREOYx5yitpID64w0QCJyzQO7EG1ZtftOcgqcQpSgwKtQfXLDRKaRSzWVKBSfcdOtZej1JwKNq24mWIp0jEOWd/QGCOmvHx+9ZScGSUgYSLNizWZq78ncoyUmkS+SUaoR2rZm4n/ef1Mh9dezuM00yymi0VhJohOyKwCEnDJqBYTQ5BKbm4ldIQSqTZFVUwJzvKXV0mnUXcu6/bdRa3ZKOoowwmcwjk4cAVNuIUWtIGChGd4hTfryXqx3q2PRbRkFTPH8AfW5w/GmZH8</latexit>

�⌘0

<latexit sha1_base64="wRJurA7CfxvBzvpBOG33Peu69hU="></latexit>

�G0

⇣
�D

1
2
II

⌘
⇤⇤
c

<latexit sha1_base64="zHAaWCukA5bsI/IVPybN5kW/fMg="></latexit>

�⌧0<latexit sha1_base64="CJyd2gwGQEELckA6qdAoe26uRxQ="></latexit>⌘0

*Λc is a constant/variable elastic strain.

<latexit sha1_base64="VxmL7LRrE4ZkfQfb3O602m25C74=">AAACB3icbVDJSgNBEO2JW4xb1KMgrUGIIGEmKHoM6MHcIpgFMiH0dCpJk56F7hoxDLl58Ve8eFDEq7/gzb+xsxw0+qDg8V5Vd9XzIik02vaXlVpYXFpeSa9m1tY3Nrey2zs1HcaKQ5WHMlQNj2mQIoAqCpTQiBQw35NQ9waXY79+B0qLMLjFYQQtn/UC0RWcoZHa2X0XkOWv2omLcI9J2T0oj0Yn1JXmiQ47bmdzdsGegP4lzozkyAyVdvbT7YQ89iFALpnWTceOsJUwhYJLGGXcWEPE+ID1oGlowHzQrWRyx4geGaVDu6EyFSCdqD8nEuZrPfQ90+kz7Ot5byz+5zVj7F60EhFEMULApx91Y0kxpONQaEco4CiHhjCuhNmV8j5TjKOJLmNCcOZP/ktqxYJzVrBvTnOl4iyONNkjhyRPHHJOSuSaVEiVcPJAnsgLebUerWfrzXqftqas2cwu+QXr4xuu8Zh+</latexit>

⌘(DII,�)

<latexit sha1_base64="1X2Ir9FxcmKGWqC+DUVyM1pKkqw="></latexit>8
<

:
� = 2 ⌘(DII,�)D(u) +

p
2 ⌧(�)

D(u)p
DII

if DII 6= 0

�II  ⌧(�) if DII = 0

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021



7

Rheological Models

๏ General format of evolution equation for structural parameter: 

๏  Expressions for different thixotropic models:

 

F
buildup

F
breakdown
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๏  Viscoplastic (VP) flow 

  

๏ Thixo-viscoplastic (TVP) flow 

➡ Affine functions 

➡ Structure evolution equation 
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Quasi-Newtonian thixotropic model



➢ Viscosity model for TVP flow i.e. extended viscosity defined on all 
domains s.t. 

➢ Examples: 

➢ Full set of equations  

 

<latexit sha1_base64="9/jaUEloi6W0gk4S3M3y535GDyk="></latexit>8
>>>><

>>>>:

✓
@

@t
+ u ·r

◆
u�r ·

✓
2⌘s(DII,�)D(u)

◆
+rp = 0 in ⌦

r · u = 0 in ⌦

@�

@t
+ u ·r�� a(1� �) + b�D

1
2
II = 0 in ⌦

9

Quasi-Newtonian thixotropic model

<latexit sha1_base64="6BMzBXlOz3ilQGDY3eD/L7W2O3A="></latexit>8
<

:
⌘s(DII,�) = ⌘(�) +

p
2

2
⌧(�)D

� 1
2

II if DII 6= 0

||�||  ⌧(�) else

<latexit sha1_base64="FSOmG2xjGHI4VQE29QZdVICweCI="></latexit>8
>>>><

>>>>:

I. ⌘s(DII,�) = ⌘(�) +

p
2

2
⌧(�)

1p
(DII + (k�1)2)

II. ⌘s(DII,�) = ⌘(�) +

p
2

2
⌧(�)

1

D
1
2
II

(1� e�kD
1
2
II )

(k : regularization parameter)
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Newton’s method 

Let                          , and                be the continuous or the discrete  corresponding 
system’s residum.  

➢ Update of the nonlinear iteration with the correction        i.e. 

➢ The linearization of the residual provides 

➢ The Newton’s method assuming invertible Jacobian

<latexit sha1_base64="UXgwziZcMkNAb3ebEGkJlYHPuN4=">AAACJ3icbVBNS8NAEN34WetX1KOXYBHqpSSi6EmKXjxWMW2hCWGz3bRLN5uwOxFKyL/x4l/xIqiIHv0nJm0ptvXBwtv3ZpiZ58ecKTDNb21peWV1bb20Ud7c2t7Z1ff2mypKJKE2iXgk2z5WlDNBbWDAaTuWFIc+py1/cFP4rUcqFYvEAwxj6oa4J1jACIZc8vQrJ8TQJ5in95mXetOfnWUOpwFU0xlJsl4fTspTeHrFrJkjGIvEmpAKmqDh6W9ONyJJSAUQjpXqWGYMboolMMJpVnYSRWNMBrhHOzkVOKTKTUd3ZsZxrnSNIJL5E2CM1L8dKQ6VGoZ+Xlksrea9QvzP6yQQXLopE3ECVJDxoCDhBkRGEZrRZZIS4MOcYCJZvqtB+lhiAnm0RQjW/MmLpHlas85r5t1ZpX49iaOEDtERqiILXaA6ukUNZCOCntALekcf2rP2qn1qX+PSJW3Sc4BmoP38Au6NpIU=</latexit>

RU (U)

<latexit sha1_base64="ZhudE7+nRYeygkESMg6b4VfX4j0="></latexit>

RU

⇣
UN

⌘
=RU

⇣
U + �U

⌘

=RU

⇣
U
⌘
+ J

⇣
U
⌘
· �U

<latexit sha1_base64="XhK4I9fmUuN/cRTxA3LA0YLaYYk=">AAACFnicbVDLSsNAFJ3UV62vqEs3g0UQxJKIohuh6MaVVDBtoYllMpm0QyeTMDMRSuhXuPFX3LhQxK2482+ctFnU1gMDZ865l3vv8RNGpbKsH6O0sLi0vFJeraytb2xumds7TRmnAhMHxywWbR9JwignjqKKkXYiCIp8Rlr+4Dr3W49ESBrzezVMiBehHqchxUhpqWseuxFSfYxY5owebuElnPofuQFhCk0pXbNq1awx4DyxC1IFBRpd89sNYpxGhCvMkJQd20qUlyGhKGZkVHFTSRKEB6hHOppyFBHpZeOzRvBAKwEMY6EfV3CsTndkKJJyGPm6Ml9Rznq5+J/XSVV44WWUJ6kiHE8GhSmDKoZ5RjCggmDFhpogLKjeFeI+EggrnWRFh2DPnjxPmic1+6xm3Z1W61dFHGWwB/bBIbDBOaiDG9AADsDgCbyAN/BuPBuvxofxOSktGUXPLvgD4+sXq42ftA==</latexit>

UN = U + �U

<latexit sha1_base64="cJPp8XjAG/fh4nnEWEAJ77JABL8=">AAAB+nicbVBNS8NAFNz4WetXqkcvi0XwVBJR9Fj04rGCaQttKJvNpl262YTdF6XE/hQvHhTx6i/x5r9x0+agrQMLw8x7vNkJUsE1OM63tbK6tr6xWdmqbu/s7u3btYO2TjJFmUcTkahuQDQTXDIPOAjWTRUjcSBYJxjfFH7ngSnNE3kPk5T5MRlKHnFKwEgDu9YPmQDSjwmMKBG5Nx3YdafhzICXiVuSOirRGthf/TChWcwkUEG07rlOCn5OFHAq2LTazzRLCR2TIesZKknMtJ/Pok/xiVFCHCXKPAl4pv7eyEms9SQOzGQRUS96hfif18sguvJzLtMMmKTzQ1EmMCS46AGHXDEKYmIIoYqbrJiOiCIUTFtVU4K7+OVl0j5ruBcN5+683rwu66igI3SMTpGLLlET3aIW8hBFj+gZvaI368l6sd6tj/noilXuHKI/sD5/AKkBlEI=</latexit>

�U

<latexit sha1_base64="1fFtwsHmpJr770kdfmL9iZBN5i8="></latexit>

UN = U � J�1 (U)RU (U)

<latexit sha1_base64="V8EHDV57iZKXO0Tea0XpX047DWM=">AAACG3icbVDNSsNAGNz4W+tf1KOXxVaoUEpSFL0IRS8eK5i20JSy2WzbpZts2N2IJeQ9vPgqXjwo4knw4Nu4aXPQ1oGFYeYb9vvGixiVyrK+jaXlldW19cJGcXNre2fX3NtvSR4LTBzMGRcdD0nCaEgcRRUjnUgQFHiMtL3xdea374mQlId3ahKRXoCGIR1QjJSW+mY9cQOkRhixxEnTy4rLdNZHVTfw+EPiepz5mQ/LcTmtRidFjb5ZsmrWFHCR2DkpgRzNvvnp+hzHAQkVZkjKrm1FqpcgoShmJC26sSQRwmM0JF1NQxQQ2Uumt6XwWCs+HHChX6jgVP2dSFAg5STw9GS2qJz3MvE/rxurwUUvoWEUKxLi2UeDmEHFYVYU9KkgWLGJJggLqneFeIQEwkrXmZVgz5+8SFr1mn1Ws25PS42rvI4COARHoAJscA4a4AY0gQMweATP4BW8GU/Gi/FufMxGl4w8cwD+wPj6Act8n+c=</latexit>

U = (�,u, p)

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021
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Adaptive Newton’s method

Jacobian calculations 

➢ Continuous Adaptive Newton based on a priori  study of Jacobian’s 
properties and decompositions 

➢ Discrete Adaptive Newton based on the rate of residum‘s 
convergence  

<latexit sha1_base64="Dx8EEZmIViXpJg9WY/YRh7b2y2M="></latexit>

J (U) =
 
@R̂U

�
U
�

@U

!
+ �

 
@R̃U

�
U
�

@U

!

<latexit sha1_base64="UQBp81m23uMDIuC41GKKpjahah8="></latexit>

J
⇣
U
⌘
=

 
@RU

�
U
�

@U

!

<latexit sha1_base64="Z9Rm9RgWyMHY7Hp6NwKWcDrb2Ss="></latexit>✓
@R
@U

◆

ij

⇡
 
Ri

�
U + ✏ej

�
�Ri

�
U � ✏ej

�

2✏

!
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• Flow variables 

➢ Set           
➢ Set 
➢ Find                                                     s.t. 

➢ Compatibily constraints

12

Continuous thixotropic problem
<latexit sha1_base64="BBWPz2swBD1nFaaoCiaK0Zp9eQw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g61YoZREFF0W3bisYB/QhDKZTNuhk0yYmYgl9BPc+CtuXCji1qU7/8ZJmoW2Hhg4nHMuc+/xIkalsqxvo7C0vLK6VlwvbWxube+Yu3ttyWOBSQtzxkXXQ5IwGpKWooqRbiQICjxGOt74OvU790RIysM7NYmIG6BhSAcUI6WlvnlcdZhO +6jmBB5/SByPMz9AagQrcWVai05gKUPfLFt1KwNcJHZOyiBHs29+OT7HcUBChRmSsmdbkXITJBTFjExLTixJhPAYDUlP0xAFRLpJdtAUHmnFhwMu9AsVzNTfEwkKpJwEnk6mu8p5LxX/83qxGly6CQ2jWJEQzz4axAwqDtN2oE8FwYpNNEFYUL0rxCMkEFa6w7QEe/7kRdI+rdvndev2rNy4yusoggNwCKrABhegAW5AE7QABo/gGbyCN+PJeDHejY9ZtGDkM/vgD4zPHwOUmfU=</latexit>

(�,u, p)

<latexit sha1_base64="SZWn2vMVu+We2hJeenOeMdNJgdQ="></latexit>D
K(�,u, p), (⇠,v, q)

E
=

D
L, (⇠,v, q)

E
, 8(⇠,v, q) 2 T⇥ V⇥Q

<latexit sha1_base64="Ep+5Hnjc85zYL3N6m29mcs4ZGFc="></latexit>

sup
v2V

⌦
Bv, q

↵

||v||V
� � ||q||Q/KerBT , 8q 2 Q

<latexit sha1_base64="9Ow7/BStdcrlfwwrdoveJpC+JF8="></latexit>

ũ := (�,u)

<latexit sha1_base64="MSR4ZrJiKc0p/mv/xTx4ZCwuj5o="></latexit>

K =

"
Aũ BT

B 0

#

<latexit sha1_base64="zSQrZgY8xTLKRB4JcWMSAoXGSl8="></latexit>

T := L
2(⌦),V :=

⇥
H

1
0 (⌦)

⇤2
,Q := L

2
0(⌦)

<latexit sha1_base64="nbiVTYlHm0PzBQ+2LzSyv1Pav/w="></latexit>

(�,u, p) 2
�
T \H

1(⌦)
�
⇥ V⇥Q
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Numerical challenges

• Discretizations have to handle the following challenges 

➢ Stable FEM spaces  
➢ Non-symmetric, non-coercive and ill-posedness 
➢ Convection and positivity preserving 
➢ Locally adatpted meshes for steep gradients 

• Solvers have to deal with 

➢ Different source of nonlinearities     
➢ Strong coupling of equations   
➢ Robustness and efficiency

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021
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Approximated problem

• Conforming approximations   

    

    
• Discrete inf-sup condition  

<latexit sha1_base64="NU0CcPqWXMzN6aKQ2TGrRU/n1Fo="></latexit>

sup
vh2Vh

⌦
Bhvh, qh

↵

||vh||Ṽ
� �h ||qh||Q/KerBT

h

, 8qh 2 Qh

<latexit sha1_base64="fNKInqIFpZMbp7zYR9VdzD8vYXs="></latexit>

Th ⇢ T, Vh ⇢ V, Qh ⇢ Q
Aũh = Aũ, Bh = B

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021



The family of conforming FEM                                   for              with stabilization 

➢ Inf-sup conditions is satisfied 
➢ Discontinuous pressure 

➢ Good for the solver 
➢ Element-wise mass conservation  

➢ Discrete problem is well-posed 
➢ Highly consistent and symmetric stabilization 
➢ Robust solver w.r.t. the monolitic approach 
➢ Efficient solver w.r.t.  multigird solver 

15

Robust conforming FEM 

<latexit sha1_base64="4tgKcNPtWZeZfeod850QFxEHDUs="></latexit>

Qr/Qr/P
disc
r�1 , r � 2

<latexit sha1_base64="If0oeizXBNPNLwfAw8TrguiNRTo="></latexit>

(�,u, p)

<latexit sha1_base64="yQ8syD+4d9SIfQcdpq0IZULhSdU="></latexit>

J�(�h, ⇠h) = ��
X

e2Eh

h

Z

e
[r�h] : [r⇠h] d⌦
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<latexit sha1_base64="Id2oj6XXwbY2bI6n3OROk0eYXzI="></latexit>

Jũ(ũh, ṽh) = �ũ
X

e2Eh

h2

Z

e
[rũh] : [rṽh] d⌦
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Monolitic-multigrid linear solver

• Standard geometric multigrid solver for linearized system   

• Full        and            restriction and prolongation 

• Local Multilevel Pressure Schur Complement via Vanka-like smoother  

Coupled Monolithic Multigrid Solver !

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021

<latexit sha1_base64="zenMKJzaWX400yzA2SyR6halMec="></latexit>

0

B@

�l+1

ul+1

pl+1

1

CA =

0

B@

�l

ul

pl

1

CA+ !l
X

T2Th

0

BB@
⇣
Kh + J

⌘

|T

1

CCA

�1 0

B@
R�l

Rul

Rpl

1

CA

|T



‣ Starting point: consider flow in a cavity with 
unit height  

‣ Steady, incompressible flow 
‣ Constant speed at upper lid 
‣ No-slip Dirichlet boundary conditions

Thixo-viscoplastic flow in Lid-driven cavity

17Naheed Begum | COUPLED PROBLEMS 13-16 June 2021

➡  Newtonian, Viscoplastic,  and Thixo-viscoplastic (TVP)

<latexit sha1_base64="i64hx9gj9HYSJh6vwX2B/c/KH60=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqI0QtLGwiGg+IDnC3maSLNnbO3b3hHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqZ+s0nVJpH8tGMY/RDOpC8zxk1Vnq4u/K6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns1Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZ/k16XCEzYmwJZYrbWwkbUkWZsekUbAje4svLpFEpe+flyv1ZqXqdxZGHIziGU/DgAqpwCzWoA4MBPMMrvDnCeXHenY95a87JZg7hD5zPH5c5jVk=</latexit>

L = 1

<latexit sha1_base64="JAu09ZBtP9D6nViMwzzD+tLiHj4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1C9K1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOiDjQM=</latexit>x

<latexit sha1_base64="MQkf23rN0GaILHijsIVdYozX+Fc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6geNBA==</latexit>y

<latexit sha1_base64="aNxS8YsPH0WyhedcqmeEGmyuztE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktol6EohePFeyHtEvJptk2NMkuSbZQlv4KLx4U8erP8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/N/faEKs0i+WimMfUFHkoWMoKNlZ4SdIMmttx+ueJW3QxolXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n2cEzdGaVAQojZUsalKm/J1IstJ6KwHYKbEZ62ZuL/3ndxITXfspknBgqyWJRmHBkIjT/Hg2YosTwqSWYKGZvRWSEFSbGZlSyIXjLL6+SVq3qXVZrDxeV+m0eRxFO4BTOwYMrqMM9NKAJBAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fi3OO8A==</latexit>

u = v = 0
<latexit sha1_base64="aNxS8YsPH0WyhedcqmeEGmyuztE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktol6EohePFeyHtEvJptk2NMkuSbZQlv4KLx4U8erP8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/N/faEKs0i+WimMfUFHkoWMoKNlZ4SdIMmttx+ueJW3QxolXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n2cEzdGaVAQojZUsalKm/J1IstJ6KwHYKbEZ62ZuL/3ndxITXfspknBgqyWJRmHBkIjT/Hg2YosTwqSWYKGZvRWSEFSbGZlSyIXjLL6+SVq3qXVZrDxeV+m0eRxFO4BTOwYMrqMM9NKAJBAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fi3OO8A==</latexit> u
=

v
=

0

<latexit sha1_base64="aNxS8YsPH0WyhedcqmeEGmyuztE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktol6EohePFeyHtEvJptk2NMkuSbZQlv4KLx4U8erP8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/N/faEKs0i+WimMfUFHkoWMoKNlZ4SdIMmttx+ueJW3QxolXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n2cEzdGaVAQojZUsalKm/J1IstJ6KwHYKbEZ62ZuL/3ndxITXfspknBgqyWJRmHBkIjT/Hg2YosTwqSWYKGZvRWSEFSbGZlSyIXjLL6+SVq3qXVZrDxeV+m0eRxFO4BTOwYMrqMM9NKAJBAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fi3OO8A==</latexit> u
=

v
=

0
<latexit sha1_base64="4PHPhRkntcd4IyLpJhJrgC/hKlU=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8SNktol4KRS8eK9gP2C4lm2bb0GyyJLOFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XbW1jc2t7YLO8Xdvf2Dw9LRccuoVFPWpEoo3QmJYYJL1gQOgnUSzUgcCtYOR/czvz1m2nAln2CSsCAmA8kjTglYyU9xrXmJx7iG3V6p7FbcOfAq8XJSRjkavdJXt69oGjMJVBBjfM9NIMiIBk4Fmxa7qWEJoSMyYL6lksTMBNn85Ck+t0ofR0rbkoDn6u+JjMTGTOLQdsYEhmbZm4n/eX4K0W2QcZmkwCRdLIpSgUHh2f+4zzWjICaWEKq5vRXTIdGEgk2paEPwll9eJa1qxbuuVB+vyvW7PI4COkVn6AJ56AbV0QNqoCaiSKFn9IreHHBenHfnY9G65uQzJ+gPnM8fne+PhQ==</latexit>

u = U, v = 0

<latexit sha1_base64="i64hx9gj9HYSJh6vwX2B/c/KH60=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqI0QtLGwiGg+IDnC3maSLNnbO3b3hHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqZ+s0nVJpH8tGMY/RDOpC8zxk1Vnq4u/K6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns1Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZ/k16XCEzYmwJZYrbWwkbUkWZsekUbAje4svLpFEpe+flyv1ZqXqdxZGHIziGU/DgAqpwCzWoA4MBPMMrvDnCeXHenY95a87JZg7hD5zPH5c5jVk=</latexit> L
=

1
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Newtonian Lid-driven cavity flow
• Point-wise convergence for Newtonian flow   

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021

Re=1000 Re=5000 Re=10000 

u(x=0.5, y ) Level 5
Level 6
Level 7
Level 8
Level 9

u(x=0.5, y ) Level 5
Level 6
Level 7
Level 8
Level 9
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Newtonian Lid-driven cavity flow

•  Global quantity and solver behaviour 

✓   Mesh convergence of the solutions irrespective of Re number 

✓   Efficient non-linear solver 
✓   Mesh independent linear solver 

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021

Accurate, robust and efficient Monolithic Multigrid Solver 



• Impact of Bingham-Papanastasiou regularization parameter   k

20

Viscoplastic flow in Lid-driven cavity

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021

•   Accurate track of interface requires 

✓  larger  solutions  

✓  finer mesh refinement  
k

<latexit sha1_base64="2gr7lFdDuTQOSsiVrD6FcsffTAg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUJSRd0IBTcuK9gHNCFMppN26OTBzKRQQv/EjQtF3Pon7vwbp20W2nrgwuGce7n3niDlTCrb/jZKa+sbm1vl7crO7t7+gXl41JZJJghtkYQnohtgSTmLaUsxxWk3FRRHAaedYHQ/8ztjKiRL4ic1SakX4UHMQkaw0pJvmjV8jtwLV+HMt+/qlu2bVduy50CrxClIFQo0ffPL7Scki2isCMdS9hw7VV6OhWKE02nFzSRNMRnhAe1pGuOISi+fXz5FZ1rpozARumKF5urviRxHUk6iQHdGWA3lsjcT//N6mQpvvZzFaaZoTBaLwowjlaBZDKjPBCWKTzTBRDB9KyJDLDBROqyKDsFZfnmVtOuWc21dPl5VG/UijjKcwCnUwIEbaMADNKEFBMbwDK/wZuTGi/FufCxaS0Yxcwx/YHz+AI0qkZ8=</latexit>

(a) ⌧0 = 2.0
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(b) ⌧0 = 5.0



• progressive growth of unyielded zones for non-thixotropic (Bingham Plastic) flow 

  

21

Viscoplastic flow in Lid-driven cavity

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021

✓  Unyielded zones’s shape and extent is in agreement with Ref. Results
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Viscoplastic flow in Lid-driven cavity

•  Solver behaviour w.r.t  Regulariztaion and mesh refinement 
• Solutions are obtained with continuation strategy w.r.t.   

✓   Efficient non-linear solver 
✓   Mesh independent linear solver 

➡   Integration of continuation strategy w.r.t.  in the solver 

k

k
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•  Impact of thixotropic yield stress on morphology of unyielded zones in TVP flow 
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Thixo-viscoplastic flow in Lid-driven cavity

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021

✓  Main rheological characteristics of materials with yield stress is preserved
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Thixo-viscoplastic flow in Lid-driven cavity

• Solver behaviour w.r.t  Regulariztaion and mesh refinement 
• Solutions are obtained with continuation strategy w.r.t.  

✓  Efficient non-linear solver 
✓  Mesh independent linear solver 

➡  Integration of continuation strategy w.r.t.  in the solver 

k

k
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• Material micro-structural level w.r.t. breakdown parameter  

• Interplay of yield stress and thixotropy 

✓  Structuring level is predicting shape and extent of rigid zones 

✓  Induction of more breakdown layers  
✓  Shear localization  
✓  Shear band 

25

Thixo-viscoplastic flow in Lid-driven cavity

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021
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!in = 1rads�1

The material is sheared in the annulus 
between the interior and exterior 
cylinder shells of radii  and  
respectively. 
‣ Concentric cylinders 
‣ Rotating inner cylinder with 

 
‣ Stationary outer cylinder 
‣ Vertical flow super-imposed in radial 

direction  

Investigations of thixo-viscoplastic 
phenomena  
‣ Shear localization  
‣ Shear banding  
‣ Consistent transition points between 

velocity and structure 
‣ Discontinuous jump to infinity for 

viscosity 
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!in = 1rads�1

Thixo-viscoplastic flow in Couette

26

Continuous axial-Flow Couette device:

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021
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Thixo-viscoplastic flow in Couette
• Velocity profile at cut-line positions                       in a Couette device w.r.t 

breakdown parameter 

<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]

✓  Localization  
✓  Shear banding

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021



• Shear rate at cut-line positions                            in a Couette device w.r.t breakdown 
parameter  

28

Thixo-viscoplastic flow in Couette 
<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]

✓  Smooth and sharp transition are possible  
✓  Transition point matches with the velocity

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021
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Thixo-viscoplastic flow in Couette 
• Structure parameter at cut-line positions                      in a couette w.r.t. 

breakdown parameter 

<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]

✓ Transition point matches with the velocity 
✓ Structuring level is predicting shape and extent of rigid zones 

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021
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Thixo-viscoplastic flow in Couette 
• Viscosity function at cut-line positions                      in a couette w.r.t. breakdown 

parameter 
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c; c 2 [0, 2⇡]

✓  Discontinuous jump to infinity   

Naheed Begum | COUPLED PROBLEMS 13-16 June 2021



•     
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Thixo-viscoplastic flow in curved contractions
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⌦no-slip
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• 2D-FEM simulation results for thixo-viscoplastic flow- validation of 1D tool 
• Specifying the “unidirectional profiles as boundary Data” in 2D for contraction 
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Thixo-viscoplastic flow in curved contractions
• 2D-FEM simulation results for thixotrpic flow- validation of 1D tool 
• Specifying the “1D-profiles as boundary Data” in 2D simulations for contraction domain     
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Contraction flow (smoothed) 

✓ As predicted                solutions  
✓ Structuring  level is predicting shape and extent of rigid zones
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Thixo-viscoplastic flow in curved contractions

 Accordance with unidirectional flows

<latexit sha1_base64="A7FFZJ1dSKXrEfSpn9Uz3w7SE7g=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iECqUkRdFlwY3LCvYBbSiTyaQdOpmEmYlQQ7/EjQtF3Pop7vwbp20W2npg4HDOPdw7x084U9pxvq3CxubW9k5xt7S3f3BYto+OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J7dzv/tIpWKxeNDThHoRHgkWMoK1kYZ2uZrW0ICbQIBrKLkY2hWn7iyA1ombkwrkaA3tr0EQkzSiQhOOleq7TqK9DEvNCKez0iBVNMFkgke0b6jAEVVetjh8hs6NEqAwluYJjRbq70SGI6WmkW8mI6zHatWbi/95/VSHN17GRJJqKshyUZhypGM0bwEFTFKi+dQQTCQztyIyxhITbboqmRLc1S+vk06j7l7VnfvLSrOR11GEUziDKrhwDU24gxa0gUAKz/AKb9aT9WK9Wx/L0YKVZ07gD6zPH6zhkcA=</latexit>

(u,�, p)
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• progressive growth of unyielded zones (shaded) 

   
Unyielded zones in upstream and downstream are not merging
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Thixo-viscoplastic flow in curved contractions
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• Material micro-structural level w.r.t. breakdown 

• Inherent thixotropy speed-up the breakdown  

✓  Appearance of more breakdown layers 
✓  Applications: restart pressure in pipelines should not be over-estimated 

To Do: “Further investigation” regarding material structuring in thixo-elasovisocplastic
35

Thixo-viscoplastic flow in curved contractions
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Summary

A quasi-Newtonian model for simulating thixo-viscoplastic materials via time 
and shear rate dependent extended viscosity is analysed and validated for 
different prototypical flow simulations  

✓  Newtonian, viscoplastic, and thixo-viscoplastic flow in Lid-driven cavity  
✓  Thixo-viscoplastic flow in Couette devices 
✓  Thixo-viscoplastic flow in curved contractions 

using robust numerical algorithms 

✓  Higher order finite element method 

✓  Monolitic Newton-multigrid 

•  Adaptive discrete Newton’s method with global convergent property 

•  Geometric multigrid with local MPSC smoother
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