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Motivation
Why “Thixotropic materials? 

• Processing of thixotropic materials 
relevant for industrial applications 

➡ Lubrication, asphalt, self-compacting 
concrete… 

• Physically fascinating due to improved 
mechanical properties 

Goal: 

• Modern CFD methods with high accuracy, 
robustness and efficiency for 
thixotropic materials 

➡ Saving time, money and resources 

Investigation of solid/liquid and liquid/solid  
transitions based on micro-structure 
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Introduction

• Thixotropy means 
➢ combination of two greek words 
➢Thixis: shaking/stirring 
➢ trepo: turning/changing 

• Thixotropy concept 
➢Based on viscosity  
➢Flow induced by time-dependent 
      decrease of viscosity  
➢The phenomena is reversible 

• Rejuvenation / Breakdown 
➢“Faster”  flow: fluid rejuvenates 
      Decreases of viscosity with acceleration of      

the flow  

• Aging / Buildup 
➢At rest  or under slow flow: fluid ages 
      Increases of the viscosity in time
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Realization in FeatFlow

Non-Newtonian flow module: 
•generalized Newtonian model 
(Power-law, Carreau,Houska,…) 
•viscoelastic differential model 
(Giesekus, FENE, Oldroyd,...)

Multiphase flow module (resolved 
interfaces): 
•l/l  – interface capturing (Level Set) 
•s/l  – interface tracking (FBM) 
•s/l/l  – combination of l/l  and s/l 

Numerical features: 
• Higher order  FEM in space &  
  (semi-) Implicit FD/FEM in time 
• Semi-(un)structured meshes with 
  dynamic adaptive grid deformation 
• Fictitious Boundary (FBM) methods 
• Newton-Multigrid-type solvers

Engineering aspects: 
•Geometrical design 
•Modulation strategy 
•Optimization

Here: FEM-based tools for the accurate simulation of (thixotropic) flow 
problems, particularly with complex rheology

HPC features: 
• Moderately parallel 
• GPU computing 
• Open source Hardware

-oriented 
Numerics
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For details, please visit: www.featflow.de 
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Governing equations

➡starting point: Generalized Navier-Stokes equations (+initial and boundary conditions) 

•  velocity- and pressure field  and  
•  stress tensor  
•  linear material behaviour - Newtonian fluids 
                                 
                                                          :       is constant viscosity 

• non-linear material behaviour- structurally viscous / viscoplastic 

• Power-law, Carreau, Bingham, Herschel-Bulkley, Houska, … 
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Rheological Models

๏ Archetypical thixotropic viscoplastic (TVP) models 

๏Relations between rheological parameters and structural parameter
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Rheological Models

๏ General format of evolution equation for structural parameter: 

๏  Expressions for different thixotropic models:
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๏  Viscoplastic (VP) flow 

  

๏ Thixo-viscoplastic (TVP) flow 

๏ Micro-structure equation 

8

Thixo-viscoplastic model
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➢ Viscosity model for TVP flow 

๏  Classical approximations 

๏  Extended viscosity defined on all domain 

➢ Full set of equations 
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Quasi-Newtonian TVP model
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➡  Sobolev spaces and notations 

➢   

➢   

➢   
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Continuous thixo-viscoplastic problem
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• Flow variables 

➢ Set           
➢ Set 
➢ Find                                   s.t. 

➢ Compatibily constraints
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Continuous thixo-viscoplastic problem
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➢ Weak Formulation 

➢ Operators 
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Weak Formulation of thixo-viscoplastic problem

Wellposedness of thixo-viscoplastic problem !
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A�(ũ)�, ⇠

E
= a�(ũ)(�, ⇠) =

⇣
M(DII,�), ⇠

⌘
+
⇣
u ·r�, ⇠

⌘

D
Au(ũ)u,v
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➢ Coerciveness 

๏   

๏   

➢ Continuity  
   
๏   

๏  
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Wellposedness of thixoviscoplastic problem

  Coercivity in weaker norm for the microstructure ! 
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➢ Monotonicity 
  

๏   

๏   
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Wellposedness of thixoviscoplastic problem

Thixoviscoplastic problem has a unique solution
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Approximated TVP problem

• Conforming approximations   

    
• Discrete inf-sup condition  

➢ Find                                              s.t
<latexit sha1_base64="NLtfcGpNGsX7cshcDBPr3JM0rlw="></latexit>
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  Order of convergence ! 
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➢ Coercivity in a weaker norm for microstructure  

➢ Regularization of TVP model  
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Coercivity in a stronger norm for the microstructure eq. ! 
FEM choices to counterbalance the regularisation/sub-optimality  !
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Error estimates of thixoviscoplastic problem
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Numerical challenges

• Discretization of TVP model have to address the following challenges 

➢ Stable FEM spaces  

➢ Coercivity in a weaker norm  

➢ Regularization 

➢ Convection domination  

➢ Monotonicity preserving and satisfying strongly DMP  

• TVP Newton-multigrid Solver have to deal with 

➢ Different source of nonlinearities     

➢ Strong coupling of equations   

➢ Robustness and efficiency
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✓ The family of conforming FEM                                  for              with stabilization 

➢ Inf-sup conditions is satisfied 

➢ Discontinuous pressure 

➢Practical w.r.t. monolithic approach 

➢Element-wise mass conservation 

✓ Highly consistent and symmetric stabilization 

➢ Coercivity in a strong norm for the microstructure eq.  

➢ Monotonocity preserving and satisfying strong DMP 

➢ Efficient and robust w.r.t. multigrid solver

18

Higher order conforming FEM 
<latexit sha1_base64="4tgKcNPtWZeZfeod850QFxEHDUs="></latexit>
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➢ Coercivity in a Stronger norm for microstructure  

➢ Regularisation for TVP model  

19

Stabilization recover the optimal order of convergence  
Higher order  FEM counterbalance regularization

Error estimates of thixoviscoplastic problem
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Let                                              and                                           denote the basis of 
spaces         and       , respectively.  The Solution                                                                               

The residuals of discrete TVP problem  

➢ Update of the nonlinear iteration with the correction         

➢ The linearization of the residual provides 

➢The Newton’s method assuming invertible Jacobian       

<latexit sha1_base64="hE28bUp6DL1mh+zfZ9zJaBgeaYU="></latexit>

U=(�,u, p)=(ũ, p)2Wh⇥Qh

Generalized discrete Newton’s method 
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Adaptive discrete Newton’s method 
The Jacobian matrix in discrete Newton is calculated using the finite difference 

  

➢Damping of the updated solution,                   , s.t. 

! Not sufficient for TVP problem 
➢ Operator-adaptive splitting   

  

! Requires a priori analysis of the Jacobian 
➢ Adaptive step-length control   
   

! Robust 

<latexit sha1_base64="Q05uNHIdBY05+dawBDiY2GvB0LA="></latexit>
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ij
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Convergence analysis of the method ! 
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Monolithic Multigrid solver

The discretization and linearization of TVP leads to systems of following linearized 
discrete TVP saddle point problem 

➢Coupled geometric multigrid methods CGMG 

➢ Hierarchy of multilevel triangulations 

➢ Relaxation/smoothing 

➢ Coarse-grid correction 

➢ Grid transfer operator 

➢ Local Multilevel Pressure Schur Complement 
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✓
@R(U)
@U

◆
�U =

0

BB@

@Rũ(ũ)
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 Linearized discrete TVP Saddle-point problem 

•           denote a family of hierarchy of  multi-level 
triangulation with step-size       

• Each element on triangulation            is splitted into                                                                                        
                    new elements                                    to get 

• The        level iteration                              of MG to solve  

✦ For  using the direct solver  

✦ For  

‣Pre-smoothing step: 

‣Correction step: Let                                      

‣ Final output:  

‣Post-smoothing step: 

<latexit sha1_base64="CcHmKxiV7e1wdQxQ4aiX2jJw70M="></latexit>

k = 1
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Two-level algorithm
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<latexit sha1_base64="r1ppPtRTbusI2ka3D4dgXifnwmI="></latexit>

�Ul = �Ul�1 + C�1
k (R� Jk�Ul�1) , 1  l  ⌫2

<latexit sha1_base64="OkJtQyBuIY8Iuz417OoqTRniMxY="></latexit>

R̃ = Ik�1
k (R� Jk�U⌫1) , Zi 2 Vk�1, 0  i  2,

<latexit sha1_base64="21gPuJkwyzQUB4lr0tOhCVmmYwk="></latexit>

Z0 = 0
<latexit sha1_base64="SgAz/YYQwKq3Fqh2q18EOfF90rA="></latexit>

Z1 = MGF (k � 1,Z0, R̃)
<latexit sha1_base64="V2JYuIPgnsM4OtU0Xi49fCSKWn0="></latexit>

Z2 = MGV (k � 1,Z1, R̃)
<latexit sha1_base64="Xo9chm+3gTp0gDMJf2orNn492mw="></latexit>

MG(k, �U0,R) = �U⌫1 + Ik
k�1Z2
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Grid Transfer Operators
Geometric transfer between FE spaces  

• The coarse-to-fine grid (prolongation):          

• The fine-to coarse grid (restriction): 

• Structure and velocity,        FEM approximations:    

Nested approximation ,                         , Biquadratic interpolation for the prolongation  and 
natural embedding for the restriction. For any  

By using the dual basis                                          , i.e.  

Coarse grid operator                        

<latexit sha1_base64="pnvt3BwtrNN97frjuVbkedW7KDA="></latexit>

Ik�1
k =(Iũk,k�1, I

p
k,k�1)

Ik
k�1 =(Iũk�1,k, I

p
k�1,k)

<latexit sha1_base64="/R6EiCBHlLO2mBrsp9j/UVHYX8k="></latexit>

Iũk,k�1 : Whk �! Whk�1 , Iũk�1,k : Whk�1 �! Whk ,

Ip
k,k�1 : Qhk �! Qhk�1 , Ip

k�1,k : Qhk�1 �! Qhk .

<latexit sha1_base64="vcZzuxXbpplIjpp0yOGTIhvfKg4="></latexit>

ũk�1 2 Whk�1

<latexit sha1_base64="N3+cfEL1Qu5FidjxyvIIlj9+Zjw="></latexit>

{N k
i , i = 1, . . . , dimWhk}

<latexit sha1_base64="PfOQegEd7DXs9P83xasasJyY/Ss=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Vjw4rFF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WjmSToR3QoecgZNVZ6aPSr/VLZrbhzkFXi5aQMOer90ldvELM0QmmYoFp3PTcxfkaV4UzgtNhLNSaUjekQu5ZKGqH2s/mpU3JulQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOtnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtO0YbgLb+8SlrVindduWxclWvVPI4CnMIZXIAHN1CDe6hDExgM4Rle4c0Rzovz7nwsWtecfOYE/sD5/AHPh41y</latexit>

Q2
<latexit sha1_base64="PXy0Sev0RuN1ey+pBOZRnLfuKCI=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwY0mqqMuCG5cV7AOaEGamk3boZBJmJkIJ+Qs3/oobF4q41Z1/46TNQlsPXDiccy/33oMTzpR2nG+rsrK6tr5R3axtbe/s7tn7B10Vp5LQDol5LPsYKcqZoB3NNKf9RFIUYU57eHJT+L0HKhWLxb2eJtSP0EiwkBGkjRTYDS9Ceoxx1suDbBxkkzM3zz2VYkX1opXntcCuOw1nBrhM3JLUQYl2YH95w5ikERWacKTUwHUS7WdIakY4zWteqmiCyASN6MBQgSKq/Gz2Vw5PjDKEYSxNCQ1n6u+JDEVKTSNsOotT1aJXiP95g1SH137GRJJqKsh8UZhyqGNYhASHTFKi+dQQRCQzt0IyRhIRbaIsQnAXX14m3WbDvWyc313UW80yjio4AsfgFLjgCrTALWiDDiDgETyDV/BmPVkv1rv1MW+tWOXMIfgD6/MH8Xag/Q==</latexit>

Whk�1 ⇢ Whk

<latexit sha1_base64="l++Swwt2/zHIDBtCfsra4RXAMJ8=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSLUhSWpom6EghtXUsE+oInhZjJtp508mJkUSshXuPFX3LhQxK24829M2iy09cDAmXPuZeYcJ2RUSF3/VgpLyyura8X10sbm1vaOurvXEkHEMWnigAW844AgjPqkKalkpBNyAp7DSNsZXWd+e0y4oIF/LychsTzo+7RHMchUstUT0wM5wMDi28SmD/EoqZhj4OGA2sPsdnxluoRJsGM6TEq2Wtar+hTaIjFyUkY5Grb6ZboBjjziS8xAiK6hh9KKgUuKGUlKZiRICHgEfdJNqQ8eEVY8jZVoR6niar2Ap8eX2lT9vRGDJ8TEc9LJLISY9zLxP68byd6lFVM/jCTx8eyhXsQ0GWhZR5pLOcGSTVICmNP0rxoeAAcs0yazEoz5yIukVasa59XTu7NyvZbXUUQH6BBVkIEuUB3doAZqIowe0TN6RW/Kk/KivCsfs9GCku/soz9QPn8AR1ygAg==</latexit>

N k
i ('

k
j ) = �ij

<latexit sha1_base64="iLRLsbiL0YuHO0150QRKEbeUqRs="></latexit>

Iũk�1,k 2 Wk ⇥Wk�1,
h
Iũk�1,k

i

ij
= N k

j ('
k�1
i )

<latexit sha1_base64="/mB9gLG3jH51pT1+Y8qMK6hEIGU="></latexit>

Iũk,k�1 = M�1
k�1

⇣
Iũk�1,k

⌘T
Mk

<latexit sha1_base64="NKr2xX6Bcyj8oSEr9pXtokL3QUU="></latexit>

Rk�1 =
⇣
Iũk�1,k

⌘T
Rk

Galerkin orthogonality is preserved and the optimal order of 
convergence of MG is maintained !

<latexit sha1_base64="pnvt3BwtrNN97frjuVbkedW7KDA="></latexit>

Ik�1
k =(Iũk,k�1, I

p
k,k�1)

Ik
k�1 =(Iũk�1,k, I

p
k�1,k)
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Grid Transfer Operators
• Pressure,           FEM approximations:  Nested discontinuous approximation, 

The prolongation operator for pressure                                          is defined in terms 
of local       inner-product projection operator 

Its matrix representation is as follows: 

The restriction operator for pressure                                            is the transpose 
counterpart of the prolongation w.r.t.      :                     

  

  

Its matrix representation                                                                                                                                                                      

             Indeed the transpose of prolongation operator is the restriction operator

<latexit sha1_base64="KtmqxUPTJaxRgnaKyPH2NYpD380="></latexit>

Ip
k�1,k : Qhk�1 �! Qhk

<latexit sha1_base64="td5MiUZHNoIxL9+5dnVVDJMza4Q="></latexit>

L2

<latexit sha1_base64="6NSpqNHvZ6P3uNutaBdP04vfoHA="></latexit>

2dX

l=1

Z

�l(K)
Ip
k�1,kpk�1q d⌦ =

Z

K
pk�1q d⌦, 8K 2 Thk�1

<latexit sha1_base64="PxOkHYDl/TwqUns3V2Ukzmi6c74="></latexit>

Ip
k�1,k = M�1

k Mk�1

<latexit sha1_base64="3P3IIhrrLREhfHeF3DWmQXfW300="></latexit>

Ip
k,k�1 : Qhk �! Qhk�1

<latexit sha1_base64="td5MiUZHNoIxL9+5dnVVDJMza4Q="></latexit>

L2
<latexit sha1_base64="ClsNGhJDdXlBR61iseW4zMxEuEc="></latexit>

8K 2 Thk�1 , q 2 P disc
1 (K) ;

Z

K
Ip
k,k�1pkq d⌦ =

2dX

l=1

Z

�l(K)
pkIp

k�1,kq d⌦

<latexit sha1_base64="uo+maPgLZ3sbZp0TH6ssqFqZfFI="></latexit>

Ip
k,k�1 = M�1

k�1Mk

<latexit sha1_base64="zxRWxGB0e1rtmYyabbM5yD1h3gU="></latexit>

Ip
k,k�1 =

⇣
Ip

k�1,k

⌘T
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Local Multilevel Pressure Schur Complement

• Setting local subproblem,  

• Prolongation/Restriction: 

• Algebraically counterpart 

• Prolongation/Restriction: 

• Block Gauss-Seidel iteration reads

Coupled Monolithic Multigrid Solver !
Naheed Begum | ECCOMAS Congress 5-9 June 2022

<latexit sha1_base64="vEnY3puX53qUnGa9KhuROts8Pek="></latexit>

Pũ
K : Wh(K) �! Wh, Pp

K : Qh(K) �! Qh, 8 K 2 Th,
<latexit sha1_base64="sUZ0BCLkWdrE42V5j4jXkupNrO8="></latexit>

Pũ
K

T
: Wh �! Wh(K), Pp

K
T
: Qh �! Qh(K), 8 K 2 Th,

<latexit sha1_base64="PXJL8rV5fOrYT3GEjjQXwp6nKN0="></latexit>

UK = (ũK , pK) := PT
KU = (Pũ

K

T
ũ,Pp

K
T
p)

U = (ũ, p) :=
X

K2Th

PKUK =
X

K2Th

(Pũ
Kũ,Pp

Kp)

<latexit sha1_base64="hIWx/hYzCILzLUYQu7xSvyrbzhA="></latexit>

Uk+1 = Uk � !k

X

K2Th

PK

✓
PT

K

✓
@R(Uk)

@U

◆
PK

◆�1

PT
KR(Uk).

<latexit sha1_base64="6BdZsh6K/7rEiFIGsZ2xG4FtJuA="></latexit>

PK = (Pũ
K ,Pp

K), PT
K = (Pũ

K

T
,Pp

K
T
)

<latexit sha1_base64="3+MZjhErUWHHUPB9vyralIDDDrk="></latexit>

PK = (Pũ
K ,Pp

K), PT
K = (Pũ

K

T
,Pp

K
T
)



‣ Starting point: consider flow in a cavity with unit height  
‣ Steady, incompressible flow 
‣ Constant speed at upper lid 
‣No-slip Dirichlet boundary conditions

Thixo-viscoplastic flow in Lid-driven cavity
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<latexit sha1_base64="i64hx9gj9HYSJh6vwX2B/c/KH60=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqI0QtLGwiGg+IDnC3maSLNnbO3b3hHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqZ+s0nVJpH8tGMY/RDOpC8zxk1Vnq4u/K6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns1Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZ/k16XCEzYmwJZYrbWwkbUkWZsekUbAje4svLpFEpe+flyv1ZqXqdxZGHIziGU/DgAqpwCzWoA4MBPMMrvDnCeXHenY95a87JZg7hD5zPH5c5jVk=</latexit>

L = 1

<latexit sha1_base64="JAu09ZBtP9D6nViMwzzD+tLiHj4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaJUY9ELx4hkUcCGzI79MLI7OxmZtZICF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaLSPJb3ZpygH9GB5CFn1Fip/tQrltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmpWyd1mu1C9K1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OQ/Oi/PufCxac042cwx/4Hz+AOiDjQM=</latexit>x

<latexit sha1_base64="MQkf23rN0GaILHijsIVdYozX+Fc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOl5qRfrrhVdw6ySrycVCBHo1/+6g1ilkYoDRNU667nJsbPqDKcCZyWeqnGhLIxHWLXUkkj1H42P3RKzqwyIGGsbElD5urviYxGWk+iwHZG1Iz0sjcT//O6qQmv/YzLJDUo2WJRmApiYjL7mgy4QmbExBLKFLe3EjaiijJjsynZELzll1dJu1b1Lqu15kWlfpPHUYQTOIVz8OAK6nAHDWgBA4RneIU359F5cd6dj0VrwclnjuEPnM8f6geNBA==</latexit>y

<latexit sha1_base64="aNxS8YsPH0WyhedcqmeEGmyuztE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktol6EohePFeyHtEvJptk2NMkuSbZQlv4KLx4U8erP8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/N/faEKs0i+WimMfUFHkoWMoKNlZ4SdIMmttx+ueJW3QxolXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n2cEzdGaVAQojZUsalKm/J1IstJ6KwHYKbEZ62ZuL/3ndxITXfspknBgqyWJRmHBkIjT/Hg2YosTwqSWYKGZvRWSEFSbGZlSyIXjLL6+SVq3qXVZrDxeV+m0eRxFO4BTOwYMrqMM9NKAJBAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fi3OO8A==</latexit>

u = v = 0
<latexit sha1_base64="aNxS8YsPH0WyhedcqmeEGmyuztE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktol6EohePFeyHtEvJptk2NMkuSbZQlv4KLx4U8erP8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/N/faEKs0i+WimMfUFHkoWMoKNlZ4SdIMmttx+ueJW3QxolXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n2cEzdGaVAQojZUsalKm/J1IstJ6KwHYKbEZ62ZuL/3ndxITXfspknBgqyWJRmHBkIjT/Hg2YosTwqSWYKGZvRWSEFSbGZlSyIXjLL6+SVq3qXVZrDxeV+m0eRxFO4BTOwYMrqMM9NKAJBAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fi3OO8A==</latexit> u
=

v
=

0

<latexit sha1_base64="aNxS8YsPH0WyhedcqmeEGmyuztE=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9ktol6EohePFeyHtEvJptk2NMkuSbZQlv4KLx4U8erP8ea/Md3uQVsfDDzem2FmXhBzpo3rfjuFtfWNza3idmlnd2//oHx41NJRoghtkohHqhNgTTmTtGmY4bQTK4pFwGk7GN/N/faEKs0i+WimMfUFHkoWMoKNlZ4SdIMmttx+ueJW3QxolXg5qUCORr/81RtEJBFUGsKx1l3PjY2fYmUY4XRW6iWaxpiM8ZB2LZVYUO2n2cEzdGaVAQojZUsalKm/J1IstJ6KwHYKbEZ62ZuL/3ndxITXfspknBgqyWJRmHBkIjT/Hg2YosTwqSWYKGZvRWSEFSbGZlSyIXjLL6+SVq3qXVZrDxeV+m0eRxFO4BTOwYMrqMM9NKAJBAQ8wyu8Ocp5cd6dj0VrwclnjuEPnM8fi3OO8A==</latexit> u
=

v
=

0

<latexit sha1_base64="4PHPhRkntcd4IyLpJhJrgC/hKlU=">AAAB8nicbVBNSwMxEM36WetX1aOXYBE8SNktol4KRS8eK9gP2C4lm2bb0GyyJLOFsvRnePGgiFd/jTf/jWm7B219MPB4b4aZeWEiuAHX/XbW1jc2t7YLO8Xdvf2Dw9LRccuoVFPWpEoo3QmJYYJL1gQOgnUSzUgcCtYOR/czvz1m2nAln2CSsCAmA8kjTglYyU9xrXmJx7iG3V6p7FbcOfAq8XJSRjkavdJXt69oGjMJVBBjfM9NIMiIBk4Fmxa7qWEJoSMyYL6lksTMBNn85Ck+t0ofR0rbkoDn6u+JjMTGTOLQdsYEhmbZm4n/eX4K0W2QcZmkwCRdLIpSgUHh2f+4zzWjICaWEKq5vRXTIdGEgk2paEPwll9eJa1qxbuuVB+vyvW7PI4COkVn6AJ56AbV0QNqoCaiSKFn9IreHHBenHfnY9G65uQzJ+gPnM8fne+PhQ==</latexit>

u = U, v = 0

<latexit sha1_base64="i64hx9gj9HYSJh6vwX2B/c/KH60=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe6CqI0QtLGwiGg+IDnC3maSLNnbO3b3hHDkJ9hYKGLrL7Lz37hJrtDEBwOP92aYmRfEgmvjut9ObmV1bX0jv1nY2t7Z3SvuHzR0lCiGdRaJSLUCqlFwiXXDjcBWrJCGgcBmMLqZ+s0nVJpH8tGMY/RDOpC8zxk1Vnq4u/K6xZJbdmcgy8TLSAky1LrFr04vYkmI0jBBtW57bmz8lCrDmcBJoZNojCkb0QG2LZU0RO2ns1Mn5MQqPdKPlC1pyEz9PZHSUOtxGNjOkJqhXvSm4n9eOzH9Sz/lMk4MSjZf1E8EMRGZ/k16XCEzYmwJZYrbWwkbUkWZsekUbAje4svLpFEpe+flyv1ZqXqdxZGHIziGU/DgAqpwCzWoA4MBPMMrvDnCeXHenY95a87JZg7hD5zPH5c5jVk=</latexit> L
=

1
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Newtonian Lid-driven cavity flow
• Point-wise convergence for Newtonian flow   

Re=1000   Re=5000   Re=10000 

u(x=0.5, y ) Level 5
Level 6
Level 7
Level 8
Level 9

u(x=0.5, y ) Level 5
Level 6
Level 7
Level 8
Level 9
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Newtonian Lid-driven cavity flow

•  Global quantity and solver behaviour 

✓   Mesh convergence of the solutions irrespective of Re number 

✓   Efficient non-linear solver 
✓   Mesh independent linear solver 

Accurate, robust and efficient Monolithic Multigrid Solver 

Naheed Begum | ECCOMAS Congress 5-9 June 2022



• Boundary limit for rigid-zone w.r.t regularization  k

31

Viscoplastic flow in Lid-driven cavity

•   Accurate track of interface requires 

✓  larger  solutions  

✓  finer mesh refinement 

•   Existence of pair ( , L) beyond which no further improvement in solutions is expected   

k

k

<latexit sha1_base64="2gr7lFdDuTQOSsiVrD6FcsffTAg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUJSRd0IBTcuK9gHNCFMppN26OTBzKRQQv/EjQtF3Pon7vwbp20W2nrgwuGce7n3niDlTCrb/jZKa+sbm1vl7crO7t7+gXl41JZJJghtkYQnohtgSTmLaUsxxWk3FRRHAaedYHQ/8ztjKiRL4ic1SakX4UHMQkaw0pJvmjV8jtwLV+HMt+/qlu2bVduy50CrxClIFQo0ffPL7Scki2isCMdS9hw7VV6OhWKE02nFzSRNMRnhAe1pGuOISi+fXz5FZ1rpozARumKF5urviRxHUk6iQHdGWA3lsjcT//N6mQpvvZzFaaZoTBaLwowjlaBZDKjPBCWKTzTBRDB9KyJDLDBROqyKDsFZfnmVtOuWc21dPl5VG/UijjKcwCnUwIEbaMADNKEFBMbwDK/wZuTGi/FufCxaS0Yxcwx/YHz+AI0qkZ8=</latexit>

(a) ⌧0 = 2.0
<latexit sha1_base64="TkbSFDachOhSCSkPgsrvJnEZOhc=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEqSEjqcyMU3LisYB/QhDCZTtqhkwczk0IJ/RM3LhRx65+482+ctllo64ELh3Pu5d57gpQzqWz721hZXVvf2Cxtlbd3dvf2zYPDlkwyQWiTJDwRnQBLyllMm4opTjupoDgKOG0Hw/up3x5RIVkSP6lxSr0I92MWMoKVlnzTrAZnyD13Fc58++7Ksn2zYlv2DGiZOAWpQIGGb365vYRkEY0V4VjKrmOnysuxUIxwOim7maQpJkPcp11NYxxR6eWzyyfoVCs9FCZCV6zQTP09keNIynEU6M4Iq4Fc9Kbif143U+Gtl7M4zRSNyXxRmHGkEjSNAfWYoETxsSaYCKZvRWSABSZKh1XWITiLLy+TVs1yrq2Lx8tKvVbEUYJjOIEqOHADdXiABjSBwAie4RXejNx4Md6Nj3nrilHMHMEfGJ8/k06Row==</latexit>

(b) ⌧0 = 5.0
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• progressive growth of unyielded zones for non-thixotropic (Bingham Plastic) flow 
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Viscoplastic flow in Lid-driven cavity

✓  Unyielded zones’s shape and extent is in agreement with Ref. Results
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Viscoplastic flow in Lid-driven cavity

•  Solver behaviour w.r.t  Regulariztaion and mesh refinement 

✓   Efficient non-linear solver 
✓   Mesh independent linear solver 

✓  Solutions are obtained with continuation strategy w.r.t.  

➡   Integration of continuation strategy w.r.t.  in the solver 

k
k
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•  Impact of thixotropic yield stress on morphology of unyielded zones in TVP flow 

  

34

Thixo-viscoplastic flow in Lid-driven cavity

✓  Main rheological characteristics of materials with yield stress is preserved
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Thixo-viscoplastic flow in Lid-driven cavity

• Solver behaviour w.r.t  Regulariztaion and mesh refinement 

✓  Robust non-linear solver 
✓  Mesh independent linear solver 

✓  Solutions are obtained via continuation strategy w.r.t.  

➡  Integration of continuation strategy w.r.t.  in the solver 

k
k
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• Material micro-structural level w.r.t. breakdown parameter  

• Interplay of yield stress and thixotropy 

✓  Structuring level is predicting shape and extent of rigid zones 

✓  Induction of more breakdown layers  
✓  Shear localization  
✓  Shear band 

36

Thixo-viscoplastic flow in Lid-driven cavity

Naheed Begum | ECCOMAS Congress 5-9 June 2022



x
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<latexit sha1_base64="Tj5uklCeAoSLWmeoi0imCnV5cy8=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhmRNGNUHTjsoJ9QDsOmUymDU0mQ5IRyjBu/BU3LhRx61+4829M21lo64HA4Zx7uTknSBhV2nG+rdLC4tLySnm1sra+sbllb++0lEglJk0smJCdACnCaEyammpGOokkiAeMtIPh9dhvPxCpqIjv9CghHkf9mEYUI20k397rCU76yM9onF+6UKIQqvvs2M19u+rUnAngPHELUgUFGr791QsFTjmJNWZIqa7rJNrLkNQUM5JXeqkiCcJD1CddQ2PEifKySYIcHholhJGQ5sUaTtTfGxniSo14YCY50gM1643F/7xuqqMLz4RLUk1iPD0UpQxqAcd1wJBKgjUbGYKwpOavEA+QRFib0iqmBHc28jxpndTcs5pze1qtXxV1lME+OABHwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2P6WjJKnZ2wR9Ynz929ZY+</latexit>

!in = 1rads�1

The material is sheared in the annulus 
between the interior and exterior 
cylinder shells of radii  and  
respectively. 
‣ Concentric cylinders 
‣ Rotating inner cylinder with 

 
‣ Stationary outer cylinder 
‣ Vertical flow super-imposed in radial 

direction  

Investigations of thixo-viscoplastic 
phenomena  
‣ Shear localization  
‣ Shear banding  
‣ Consistent transition points between 

velocity and structure 
‣ Discontinuous jump to infinity for 

viscosity 

<latexit sha1_base64="3dCDVRKluCRUEZn9UYdctKlpVCc=">AAAB7XicbVDLSgMxFL3js9ZX1aWbYBFclRlRdFl047KCfUA7lEyaaWMzyZDcEUrpP7hxoYhb/8edf2PazkJbDwQO59xL7jlRKoVF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6swwXmdaatOKqOVSKF5HgZK3UsNpEknejIa3U7/5xI0VWj3gKOVhQvtKxIJRdFLDdMdCTbqlsl/xZyDLJMhJGXLUuqWvTk+zLOEKmaTWtgM/xXBMDQom+aTYySxPKRvSPm87qmjCbTieXTshp07pkVgb9xSSmfp7Y0wTa0dJ5CYTigO76E3F/7x2hvF16PKkGXLF5h/FmSSoyTQ66QnDGcqRI5QZ4W4lbEANZegKKroSgsXIy6RxXgkuK/79Rbl6k9dRgGM4gTMI4AqqcAc1qAODR3iGV3jztPfivXsf89EVL985gj/wPn8A61aPWg==</latexit>rin
<latexit sha1_base64="EG+V/1hBWdl9Hy9+wF10phiNUmA=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzAOSJcxOJsmQ2ZllplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsrSqSw6PvfXmFtfWNzq7hd2tnd2z8oHx41rU4N4w2mpTbtiFouheINFCh5OzGcxpHkrWh8N/NbT9xYodUjThIexnSoxEAwik5qmV6mU5z2yhW/6s9BVkmQkwrkqPfKX92+ZmnMFTJJre0EfoJhRg0KJvm01E0tTygb0yHvOKpozG2Yzc+dkjOn9MlAG1cKyVz9PZHR2NpJHLnOmOLILnsz8T+vk+LgJsyESlLkii0WDVJJUJPZ76QvDGcoJ45QZoS7lbARNZShS6jkQgiWX14lzYtqcFX1Hy4rtds8jiKcwCmcQwDXUIN7qEMDGIzhGV7hzUu8F+/d+1i0Frx85hj+wPv8AdaOj+U=</latexit>rout

<latexit sha1_base64="Tj5uklCeAoSLWmeoi0imCnV5cy8=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhmRNGNUHTjsoJ9QDsOmUymDU0mQ5IRyjBu/BU3LhRx61+4829M21lo64HA4Zx7uTknSBhV2nG+rdLC4tLySnm1sra+sbllb++0lEglJk0smJCdACnCaEyammpGOokkiAeMtIPh9dhvPxCpqIjv9CghHkf9mEYUI20k397rCU76yM9onF+6UKIQqvvs2M19u+rUnAngPHELUgUFGr791QsFTjmJNWZIqa7rJNrLkNQUM5JXeqkiCcJD1CddQ2PEifKySYIcHholhJGQ5sUaTtTfGxniSo14YCY50gM1643F/7xuqqMLz4RLUk1iPD0UpQxqAcd1wJBKgjUbGYKwpOavEA+QRFib0iqmBHc28jxpndTcs5pze1qtXxV1lME+OABHwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2P6WjJKnZ2wR9Ynz929ZY+</latexit>

!in = 1rads�1

Thixo-viscoplastic flow in Couette

37

Continuous axial-Flow Couette device:
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Thixo-viscoplastic flow in Couette
• Velocity profile at cut-line positions                       in a Couette device w.r.t 

breakdown parameter 

<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]

✓  Localization  
✓  Shear banding
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• Shear rate at cut-line positions                            in a Couette device w.r.t breakdown 
parameter  

39

Thixo-viscoplastic flow in Couette 
<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]

✓  Smooth and sharp transition are possible  
✓  Transition point matches with the velocity
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Thixo-viscoplastic flow in Couette 
• Structure parameter at cut-line positions                      in a couette w.r.t. 

breakdown parameter 

<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]

✓ Transition point matches with the velocity 
✓ Structuring level is predicting shape and extent of rigid zones 
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•     

41

Thixo-viscoplastic flow in curved contractions

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="MXnjWT0UqgeN9bfbKU17JQejEIs=">AAAB83icbVDLSgNBEJyNrxhfUY9eFoPgKeyKosegF29GMCaQXcLspDcZMo9lHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1Jxqg2QfDtlVZW19Y3ypuVre2d3b3q/sGjllYRaBHJpOokWAOjAlqGGgadTAHmCYN2MrqZ+u0nUJpK8WDGGcQcDwRNKcHGSVF0x2GAe7m0ZtKr1oJ6MIO/TMKC1FCBZq/6FfUlsRyEIQxr3Q2DzMQ5VoYSBpNKZDVkmIzwALqOCsxBx/ns5ol/4pS+n0rlShh/pv6eyDHXeswT18mxGepFbyr+53WtSa/inIrMGhBkvii1zDfSnwbg96kCYtjYEUwUdbf6ZIgVJsbFVHEhhIsvL5PHs3p4UQ/uz2uN6yKOMjpCx+gUhegSNdAtaqIWIihDz+gVvXnWe/HevY95a8krZg7RH3ifP2PMkeo=</latexit>

⌦out
<latexit sha1_base64="ITEXWMTfpf0IngfwUGbbtOgJKHA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxp0VrC1Mh5JJ77SheQxJRihDP8ONC0Xc+jXu/BvTdhbaeiBwOOdecs+JU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0hRZVXOlOTAxwJqFlmeXQSTUQEXNox6Obqd9+Am2Ykg92nEIkyECyhFFinRR27wQMSC9nctKr1vy6PwNeJkFBaqhAs1f96vYVzQRISzkxJgz81EY50ZZRDpNKNzOQEjoiAwgdlUSAifLZyRN84pQ+TpR2T1o8U39v5EQYMxaxmxTEDs2iNxX/88LMJleRy5NmFiSdf5RkHFuFp/lxn2mglo8dIVQzdyumQ6IJta6liishWIy8TB7P6sFF3b8/rzWuizrK6Agdo1MUoEvUQLeoiVqIIoWe0St686z34r17H/PRklfsHKI/8D5/AHa3kV8=</latexit>

⌦in

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip
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• 2D-FEM simulation results for thixo-viscoplastic flow- validation of 1D tool 
• Specifying the “unidirectional profiles as boundary Data” in 2D for contraction 
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Thixo-viscoplastic flow in curved contractions
• 2D-FEM simulation results for thixotrpic flow- validation of 1D tool 
• Specifying the “1D-profiles as boundary Data” in 2D simulations for contraction domain     

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="MXnjWT0UqgeN9bfbKU17JQejEIs=">AAAB83icbVDLSgNBEJyNrxhfUY9eFoPgKeyKosegF29GMCaQXcLspDcZMo9lHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1Jxqg2QfDtlVZW19Y3ypuVre2d3b3q/sGjllYRaBHJpOokWAOjAlqGGgadTAHmCYN2MrqZ+u0nUJpK8WDGGcQcDwRNKcHGSVF0x2GAe7m0ZtKr1oJ6MIO/TMKC1FCBZq/6FfUlsRyEIQxr3Q2DzMQ5VoYSBpNKZDVkmIzwALqOCsxBx/ns5ol/4pS+n0rlShh/pv6eyDHXeswT18mxGepFbyr+53WtSa/inIrMGhBkvii1zDfSnwbg96kCYtjYEUwUdbf6ZIgVJsbFVHEhhIsvL5PHs3p4UQ/uz2uN6yKOMjpCx+gUhegSNdAtaqIWIihDz+gVvXnWe/HevY95a8krZg7RH3ifP2PMkeo=</latexit>

⌦out
<latexit sha1_base64="ITEXWMTfpf0IngfwUGbbtOgJKHA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxp0VrC1Mh5JJ77SheQxJRihDP8ONC0Xc+jXu/BvTdhbaeiBwOOdecs+JU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0hRZVXOlOTAxwJqFlmeXQSTUQEXNox6Obqd9+Am2Ykg92nEIkyECyhFFinRR27wQMSC9nctKr1vy6PwNeJkFBaqhAs1f96vYVzQRISzkxJgz81EY50ZZRDpNKNzOQEjoiAwgdlUSAifLZyRN84pQ+TpR2T1o8U39v5EQYMxaxmxTEDs2iNxX/88LMJleRy5NmFiSdf5RkHFuFp/lxn2mglo8dIVQzdyumQ6IJta6liishWIy8TB7P6sFF3b8/rzWuizrK6Agdo1MUoEvUQLeoiVqIIoWe0St686z34r17H/PRklfsHKI/8D5/AHa3kV8=</latexit>

⌦in

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

L

x

y

Hu
Hd

C
om

pu
ta

tio
na

l 
M

es
h

Naheed Begum | ECCOMAS Congress 5-9 June 2022



Contraction flow (smoothed) 

✓ As predicted                solutions  
✓ Structuring  level is predicting shape and extent of rigid zones
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Thixo-viscoplastic flow in curved contractions

 Accordance with unidirectional flows

<latexit sha1_base64="A7FFZJ1dSKXrEfSpn9Uz3w7SE7g=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iECqUkRdFlwY3LCvYBbSiTyaQdOpmEmYlQQ7/EjQtF3Pop7vwbp20W2npg4HDOPdw7x084U9pxvq3CxubW9k5xt7S3f3BYto+OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J7dzv/tIpWKxeNDThHoRHgkWMoK1kYZ2uZrW0ICbQIBrKLkY2hWn7iyA1ombkwrkaA3tr0EQkzSiQhOOleq7TqK9DEvNCKez0iBVNMFkgke0b6jAEVVetjh8hs6NEqAwluYJjRbq70SGI6WmkW8mI6zHatWbi/95/VSHN17GRJJqKshyUZhypGM0bwEFTFKi+dQQTCQztyIyxhITbboqmRLc1S+vk06j7l7VnfvLSrOR11GEUziDKrhwDU24gxa0gUAKz/AKb9aT9WK9Wx/L0YKVZ07gD6zPH6zhkcA=</latexit>

(u,�, p)
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• Material micro-structural level w.r.t. breakdown 

• Inherent thixotropy speed-up the breakdown  

✓  Appearance of more breakdown layers 

✓  Applications: restart pressure in pipelines should not be over-estimated 
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Thixo-viscoplastic flow in curved contractions
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Summary

We analysed FEM for regularized TVP problem 

✓  Wellposedness   

✓Convergence analysis 

Analyzed the accuracy, robustness, and efficiency of the TVP solver using  

✓  Higher order finite element method 

✓  Monolithic Newton-multigrid 

•  Adaptive discrete Newton’s method with global convergent property 

•  Geometric multigrid with local MPSC 

Simulations for TVP materials for Benchmarks in Lid-driven cavity, Couette 
devices and 4:1 contraction configuration
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FEM analysis and monolithic Newton-multigrid solver 
for thixo-viscoplastic flow problems
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