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Why “Thixotropic materials?

* Processing of thixotropic materials
relevant for industrial applications

= Lubrication, asphalt, self-compacting
concrete...

* Physically fascinating due to improved
mechanical properties

Goal:

* Modern CFD methods with high accuracy,
robustness and efficiency for PiRe goncrete P
thixotropic materials

= Saving time, money and resources

lubrication layer

Investigation of solid/liquid and liquid/solid
transitions based on micro-structure LQ
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* Thixotropy means
> combination of two greek words
>Thixis: shaking/stirring
> trepo: turning/changing

* Thixotropy concept
>Based on viscosity
>Flow induced by time-dependent
decrease of viscosity
>The phenomena is reversible

* Rejuvenation / Breakdown
>“Faster” flow: fluid rejuvenates
Decreases of viscosity with acceleration of
the flow

* Aging / Buildup
>At rest or under slow flow: fluid ages
Increases of the viscosity in time
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Realization in FeatFlow

HPC features: Numerical features:
« Moderatelv 0 * Higher order FEM in space &
(semi-) Implicit FD/FEM in time
Hardware « Semi-(un)structured meshes with
-oriented dynamic adaptive grid deformation
Numerics « Fictitious Boundary (FBM) methods
* Newton-Multigrid-type solvers

* Moderately parallel
» GPU computing
» Open source

- =

Non-Newtonian flow module: !Vlultiphase. flow module (resolved Engineering aspects:
«generalized Newtonian model interfaces): Geometrical design
(Power-law, Carreau,Houska,...) 1/ — interface capturing (Level Set) *Modulation strategy
-vi§coelastic differential model .o/ _ interface tracking (FBM) *Optimization
(Giesekus, FENE, Oldroyd,...) o

-o/U/I — combination of [/|_and ¢/

~ = ~ ~

Here: FEM-based tools for the accurate simulation of (thixotropic) flow
problems, particularly with complex rheology l

For details, please visit: www.featflow.de


http://www.featflow.de/en/index.html
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=starting point: Generalized Navier-Stokes equations (+initial and boundary conditions)

p(%—ku'V)u—V'a‘—i—Vp:pf,

V-u=0,

 velocity- and pressure field v and P
* stress tensor o
* linear material behaviour - Newtonian fluids

o =2n,D(u) .7sis constant viscosity

* non-linear material behaviour- structurally viscous / viscoplastic

1
@ = 20.(Da.p. O ND(W). Dyt (;D(w)?)
* Power-law, Carreau, Bingham, Herschel-Bulkley, Houska, l

* structure paremeter \
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@ Archetypical thixotropic viscoplastic (TVP) models
D(u)
VD
o, <7(A\) if Dp=20

o =2n(Dy, \)D(u) +vV27()\) if Dy # 0

@Relations between rheological parameters and structural parameter

Ao 70
A1 —
(ngl)
(770+771)‘) D]I (7’0—|—7‘1)\)
(n=1) e .
(770 + m )\) D]I 2 A GOAC

1
2 *
o AGo (ADf ) A
* A, is a constant/variable elastic strain.
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@ General format of evolution equation for structural parameter:

o\ +u-VA=F — F

at buildup breakdown

@ Expressions for different thixotropic models:

Dy C, )\D2
C1 C2 )‘DE
¢ (1= ) "D
C, (1 o )‘) C, )\DE
c, (1 =N\ c, \D¢ exp(aD¢)

(¢, +c,DE)(1 — N)t™° 02)\D]%t_b l
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@ Viscoplastic (VP) flow

D(u)
VD

o, <19 #Dp=0

0’=2770D(’U,)—|—\/§7'0 if Dy #£0

@® Thixo-viscoplastic (TVP) flow

D(u)

v Drq
o, <7(A\) ifDp=0

o =2n(Dy, \)D(u) +V27(\) if Dy # 0

@ Micro-structure equation

(%—FU-V))\—I—M(DH,)\):]C)\

M:=G—F

1S3
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Quasi-Newtonian TVP model

> Viscosity model for TVP flow

@ Classical approximations

(
1. =

—_
—_

| I7 ! ! (1 —’WDH>
. = — €
\ VD, VDr

@ Extended viscosity defined on all domain

V2 o1
D)

M(DH,T7 )‘) — TI(D]L )\> + T(DID )\) D
IL,r

> Full set of equations

ot
{ V-u=0 in €

(%—l—u-V))\—I—M(DH,)\):fA in 0 l

’ (3 fu. v) w— V- (2u(Dy, \D(w)) + Vp=fyy in O
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Continuous thixo-viscoplastic problem 11 (07"

= Sobolev spaces and notations

= HQ):=L*Q) = {v| /Q|v|2dQ< oo}

1

L3(Q) = {v c L*(Q) | /desz = o}, lv]o.a = (/Q \fv|2dQ> 2
= H'(Q)={veL’Q)|Voe ()}, [vlie=(ga+ ||Vv||%,g)%

H{(Q) ={ve H(Q)|vr =0, C 90}
Hy(Q) ={v e H' (Q)]vj9q = 0}
= H(u,Q)={veL*(Q),u-Voe L’ ()}, |hu=(viae+u Vo[gq)?

I"={zelCciQ|u-n<0}, TT={xecl Cco|u-n>0}

1
<v,wW >4= / lu - nlvwds, <v>i=<wv,v>3
IRE=

Cx
Naeed Bogum | GAMM 15-19 August2022
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- Flow variables (), u, p)

=~ Set T:=H} (Q),V:= [H}(D)]",Q:= L*(Q),W:=T x V
= Set u := (\, u)
> Find (\,u,p) € T xV x Qs.t.

(KOvw,p),(6v,0)) = (£ (Ev,0)) . WEv,a) €T XV xQ

Ay BT
B0

> Compatibily constraints

<Bv, q>
sup > Blq , VgeQ
i A
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> Weak Formulation
(KOw,p), (€v,0)) = (£,(§v,0)), (& v,q) €TxVxQ

> Operators

<’C(/\7u,p),(€,v,q)> = ax(w)(\, §) + au(a)(u,v) + b(v,p) — b(u, q)
Ag(a)a = Ay(a)A + Ay(u)u

(Ar@A,€) = ar(@ (1€ = (M(D, 1).€) + (u- VA
<Au(a)u,v> — ag(@)(u,v) = (2/J,(D]1 A)D(w), (v)) (u . Vu,v)
<Bv, q> = b(v,q) = —<V : v,q)

(£.wa) = (£.€) + (Furv)

Wellposedness of thixo-viscoplastic problem ! LS
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Theorem [Begum et. al 2022]
Let f,, € (L?(Q))? and f, € L?(Q) the thixo-viscoplastic problem has a unique
solution (a,p) = (\,u,p) € W x Q with the following bound on data

1
o Fulo

1 1
MalME + 5 ) < Tl

1 2(Moo + kToo) + |11
plo< 5 (1+ 2t I 20 g ),

[ufr <

with Cyx denotes Korn’s inequality constant.

Remark
> Coercivity

NP 1 8
aq(®)(?,9) > Maltlo,0 + 5 (€)° +10Cx 0] g Vv e Wo

> Pressure Iplo = Okl fulo)

Coercivity in weaker norm for the microstructure !
Pressure is underdertmined in regid zone ! LQ
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Theorem [Nonsingular solution]
Let f,, € (L2(Q))? and f\ € L*(Q). Assume in addition

3 M| fulo | falo )
e <1
max (2 10Ck Mo oo (10Cx )P M, ) =

Then, the thixo-viscoplastic problem has a unique nonsingular solution
(@,p) = (N, u,p) € WxQ,

Proof:
OAgu _ 3 M, , ,
‘ > _ 2
< D vafv> > 2 (Ma T ||fu||o) €13 0 + (€)
1 ~
+ (77077<><>CK - T”fu”O) [vli o Vo € Wy
ol K

Cx
Naeed Bogum | GAMM 15-19 August2022
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* Conforming approximations
T,CT, V,CV, Q, CcQ, Wy, :=T), xV,
A’&h == Af&, Bh == B
* Discrete inf-sup condition

(Brvn, qn)
sup
viev,  |vnly

> Brlanly, .o Van € Qn

> Find (An, un,pn) € Tp X Vi, X Qp s.t

<’C()‘h7uh7ph)a (é.h),vh7Qh)> — <£7 (éh)vh7Qh)> ) V(Shavh7Qh) S Th X Vh X Qh

Order of convergence ! l



. : technische universitat

> Coercivity in a weaker norm for microstructure
- [6h = Anllg < CaalA = &nlls + Crulu — vilf oo +Crulun — vali o
A =&l + Cunlrn — &l
+ Cupllp — ul

vy — uh’%,oo < Cuulu —vpn|] +Cun

> IX=An)2 < (2+2(1},A)§mqfT

A—&)?+Chu inf |u—wvyl?
inf A= &uly +Cou inf fu—wnli o

=t e < Cuy inf A=l + (24 2uw) inf fu—oiff

+C inf — aq |?
w0l 1= anl?

[A = Arlo = O(R")
> Regularization
éu,U(MaaMba "AHOa 105 Moo Took,cK7 |u|1) = O(Cu,u) - O(kz)

Moo + 2Tock + |Vn]1 + |u|1)2
noCk — |vn|1

CU,U(n01n00aTook,CKa |’U,|1) =4 (

FEM choices to counterbalance the regularisation/sub-optimality !

Coercivity in a stronger norm for the microstructure eq. ! l
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* Discretization of TVP model have to address the following challenges
> Stable FEM spaces
> Coercivity in a weaker norm

> Regularization

* TVP Newton-multigrid Solver have to deal with
> Different source of nonlinearities

> Strong coupling of equations

> Robustness and efficiency
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Higher order conforming FEM

v The family of conforming FEM Q./Q./P3%, r > 2 for (A, u,p) with stabilization
> Inf-sup conditions is satisfied
> Discontinuous pressure
> Practical w.r.t. monolithic approach

> Element-wise mass conservation

v Highly consistent and symmetric stabilization

)\h,fh Z h2’y>\ / V)\h] . [th] dQ, jA’l = jA for Yy = cst.

ecé&y,

Ju (Uh, VR) = Z hz’)'u /[V'u,h [Vvy| dS2, Jag, 1= Jay for 7, = cst.

ec&p

> Coercivity in a strong norm for the microstructure eq.

> Efficient and robust w.r.t. multigrid solver

Cx
Naeed Bogum | GAMM 15-19 August2022
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> Coercivity in a Stronger norm for microstructure

2

1 .
= (Moo + 3 00+ 500 )
a2 < 5 : e 2L A : a2
IA=Anl” < (2+2002) dnf A =&l +Cou, inf |u—val;

. 1,
+ g,flel%h EJA,I(’\ — & A — &)

w—wif} < Gy inf A= &ul} + 2+ 2uw) inf [u—val}

+Cup inf [p—qnls
1 arn€Qn
[A = Arlo = O(R"2)
> Regularisation for TVP model
[ —un[} = Coy AR Alrs1 + (2 + 2Cuu) ¥ ul} 4 + Cuph® ol
=0(k*h*")
lu—upls = Ok™") = h<O®K )

Higher order FEM counterbalance regularization

Stabilization recover the optimal order of convergence l
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\Generalized discrete Newton's method 11 fein=!

Let {p;,i=1,2,...,dimW,}and {¥s, i =1,...,dimQ4} denote the basis of
spaces W, and Q, respectively. The Solution I/ = (), u,p)=(u,p) e W), xQy,
dimW,, dimQp,

U= Y awpi+ Y pabi
i=1 i=1
The residuals of discrete TVP problem R(U) € R¥nWr+dinQn
R(U) =(Ra(A, u), Ru(A u, p), Rp(u)) = (Rg (@, p), Rp(u))
> Update of the nonlinear iteration with the correction 4
Uttt =u' + u

> The linearization of the residual provides

RUTYH = RU' + dUl) ~ R(UY) + (ag(bz;{l)) oU

>The Newton’s method assuming invertible Jacobian

uH-l — ul — wy (agg;{l))_ R(ul)

Cx
Naeed Bogum | GAMM 15-19 August2022 =
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/Adaptive discrete Newton's methoc

The Jacobian matrix in discrete Newton is calculated using the finite difference

[aR(ul)] _ Rl +cie)) — Ri(U' — e1e5)
ij

ou 2€l
>Damping of the updated solution,w; € (0,1), s.t.
[R@UH] < [RWUY]
! Not sufficient for TVP problem
> Operator-adaptive splitting

OR(UY) OR(U) OR(U)
( o U )_< U >+5l< U )

G141 = F(r)o, m = [RUH/IRUTH|, f(r) =0.244/(0.74+e'5")
! Requires a priori analysis of the Jacobian

> Adaptive step-length control

giv1 = g(ri)er, g(r) =1/f(m)
! Robust

Convergence analysis of the method ! lg
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The discretization and linearization of TVP leads to systems of following linearized
discrete TVP saddle point problem

IRa() IRy(@)

(8R<u>)5u: ou op | () __ [T
H Ry (w) 0 op Rp
ou

>Coupled geometric multigrid methods CGMG
> Hierarchy of multilevel triangulations
> Relaxation/smoothing
> Coarse-grid correction
> Grid transfer operator

> Local Multilevel Pressure Schur Complement
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* Setting local subproblem,
. T
- Prolongation/Restriction: Px = (PE,P%), Pk = (P% ,P%")
PL . W,(K) — Wy, PL:Qu(K) — Qu, VK €T,
~ T
PL W, — WL(K), P Qn — Qu(K), VK E€ETh,
* Algebraically counterpart
* Prolongation/Restriction: Px = (P%,P%), Pk = L, Py
Uy = <aK,pK> = Phu = (PE a. Py Tp)

U= (a,p):= Y PrlUx= Y (Phu,Php)

KeTy, KeTy,

* Block Gauss-Seidel iteration reads

k -1
U =Ur —wp Y Pr (P?{ <a7z(u )) PK) PRRU").
KeTy, ou

Coupled Monolithic Multigrid Solver ! l.g



Viseoplastic flow in Lid-driven cavity 1 iy

- Boundary limit for rigid-zone w.r.t regularization k

(b) T0O — 5.0

1.0 1.0

k=102

k=10

k=10%
0.8+ 0.8-

(_

0.6+ — 0.64
0.4 0.4
0.2+ 0.2-
0.0 + 4 0.0

00 02 04 06 08 1.0 0.

* Accurate track of interface requires

v larger k solutions

v~ finer mesh refinement
« Existence of pair (k, L) beyond which no further improvement in solutions is expectetg




* progressive growth of unyielded zones for non-thixotropic (Bingham Plastic) flow

1.0,

0.8+

0.6+

0.4+

0.0 0.2

1.0

-
| .

@7T=1

A

I i
W =T

04 0.6

(d) T = iO

0.8 1.0

0.8

0.6

1.0

0.8

0.6

(b) Tp =2
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(©) T = 5

1.0,

0.8+

0.6

04

0.2

5
0.0 0.2 04 0.6 0.8 1.0

() ©o =50
1.0

) @
0.6

0.0

04

v Unyielded zones’s shape and extent is in agreement with Ref. Results m




Wiseoplastic flow in Lid-driven cavity 1 il

* Solver behaviour w.r.t Regulariztaion and mesh refinement

k\L 5 6 7 5 6 7 5 6 7
T =1.0 T0=2.0 T0=25.0
1 x 10! 3/1 3/1 3/1 3/1 3/1 3/1 4/1 4/1 4/1
5% 10! 2/1 2/1 2/1 2/1 2/1 2/1 3/1 3/1 3/1
1 x 10? 3/1 3/1 3/1 3/1 3/1 3/1 4/1 4/1 4/1
5 x 102 3/1 2/1 2/1 3/1 2/1 3/1 3/2 3/2 3/1
1x103 2/2 3/2 3/1 3/1 3/1 4/1 4/1 5/2 5/2
5% 103 2/1 2/1 4/1 3/1 3/2 6/2 4/1 8/2 6/1
1 x 10* 2/1 2/2 5/1 3/1 3/1 6/1 4/1 5/4 6/3
T0 = 10.0 To =20.0 T0 = 50.0

1 x 10! 5/1 5/1 5/1 6/1 6/1 6/1 5/1 7/1 7/1
5x 10! 4/1 3/1 3/1 4/1 4/1 3/2 5/4 4/2 4/2
1 x 10? 5/2 4/1 4/1 5/2 5/2 5/1 6/5 5/4 5/1
5 x 102 5/3 3/2 3/1 4/4 3/4 4/3 5/4 4/2 4/3
1x103 5/2 7/4 9/1 5/5 7/2 8/1 5/5 9/2 9/2
5% 103 5/1 7/3 8/2 6/3 6/4 6/4 6/4 7/2 8/2
1x10% 6/1 7/2 8/3 6/3 5/5 7/3 6/3 7/3 8/2

v~ Efficient non-linear solver

v" Mesh independent linear solver

v Solutions are obtained with continuation strategy w.r.t. k

)

Integration of continuation strategy w.r.t. k in the solver LQ
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* Impact of thixotropic yield stress on morphology of unyielded zones in TVP flow

@1 = ®)1=1.0 ©11=20
1.0+

0.8

0.64+

1.0, 1.0
084 0.8}
0.6 0.6
0.4 0.4 |

d1t=50 (e) t1 = 10.0 # 11 =20.0

0.2

.8 1.0 0. . . . 0.8 1.0

v Main rheological characteristics of materials with yield stress is preserved lg
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* Solver behaviour w.r.t Regulariztaion and mesh refinement

k\L 5 6 7 5 6 7 5 6 7
11=0.5 71=1.0 T1=2.0
1 x 10! 5/2 5/3 6/2 5/2 5/2 9/1 5/2 5/2 9/1
5x 10! 4/2 4/2 4/2 3/2 3/3 7/1 3/2 3/3 8/1
1 x 10% 4/1 4/2 5/1 4/1 4/2 7/1 4/2 4/2 8/1
5% 10? 4/1 4/1 5/1 3/1 4/1 6/1 4/2 4/2 8/1
1x10° 4/1 4/1 4/1 4/2 4/2 8/1 4/4 6/1 7/1
5% 10 4/1 4/1 3/2 7/1 9/1 5/1 6/1 9/1 8/1
1x10* 4/1 4/2 4/2 5/1 7/1 4/1 7/1 10/1 8/2
71=5.0 T = 10.0 T1 =20.0
1x 10! 6/2 6/2 10/1 11/1 8/2 11/1 10/1 9/2 11/1
5x 10! 4/2 3/2 11/1 11/1 4/2 7/1 12/1 5/3 9/1
1 x 10 4/2 5/2 11/1 10/1 5/3 8/1 12/1 6/3 10/1
5% 10? 5/2 4/2 10/1 9/1 5/3 5/1 8/1 5/5 11/1
1x 103 5/2 9/1 10/1 10/1 9/1 7/1 8/2 9/1 9/2
5% 10 5/1 5/1 5/1 8/1 8/2 6/1 8/1 7/1 11/1
1x10* 5/1 5/2 5/1 8/3 7/1 5/1 8/2 7/1 9/1

v" Robust non-linear solver
v" Mesh independent linear solver

v Solutions are obtained via continuation strategy w.r.t. k
= Integration of continuation strategy w.r.t. k£ in the solver
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* Velocity profile at cut-line positions c; ¢ € [0, 2r]in a Couette device w.r.t
breakdown parameter

1.2 1 1 1 1

Velocity _bf0-5

0.8

0.6

v" Localization

v Shear banding lg
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* Shear rate at cut-line positions C;cC € [O, 277] in a Couette device w.r.t breakdown

parameter
6-0 | | | 1 1 1
Shear rate ! ! —b=0.5
5.0 I I —b=2.0_
: :
4.0 : : -
| |
3.0 g k__ Boundary of the ]
| : solid zone
2.0F : : ]
| |
| |
1.0F : -
|
0.0 1 1
0.0 0.2 0.4 0.6 0.8 1.0

v" Smooth and sharp transition are possible
v Transition point matches with the velocity l.9
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Thixo-viscoplastic flow in Couette

» Structure parameter at cut-line positions c; ¢ € [0, 27] in a couette w.r.t.
breakdown parameter

1-0 1 || ||
Structure parameter ! —b=0.5
0.8} ! |
I
0.6 ! i
k__ Boundary of the
: solid zone
0.4} ! -
|
| |
0.2 : : .
| |
| |
0.0 - - L -
0.0 0.2 0.4 0.6 0.8 1.0

v  Structuring level is predicting shape and extent of rigid zones

v' Transition point matches with the velocity l
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* 2D-FEM simulation results for thixo-viscoplastic flow- validation of 1D tool
* Specifying the “unidirectional profiles as boundary Data” in 2D for contraction

Qno-slip
Y 1 Qno—slip
Qin E_’ Hu /t_>_x Hd Eﬂout
E j:: j Qno—slip .
E Qno—slip
E: L >

Coarse
Mesh

1111111
IIIIII
IIIIII

111111

} R

JJI L L L
1111
Ep=yep=i




-stic flow in curved contractions technische universitat

dortmund
* 2D-FEM simulation results for thixotrpic flow- validation of 1D tool

* Specifying the “1D-profiles as boundary Data” in 2D simulations for contraction domain

Qno-slip
Qin E_.' Hu /I\—>_x Hd E Qout
E ..~'.: f Qno—slip E
Qno—slip :
<t L >

Computational
Mesh

1111111

L L L L
L LIl

TILL L
L L L L L
J L L

Ll
L
1
L
Ll
F2X
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Contraction flow (smoothed)

Accordance with unidirectional flows

v As predicted (u,\,p) solutions
v~ Structuring level is predicting shape and extent of rigid zones lg
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* Material micro-structural level w.r.t. breakdown

(i) Upstream channel & Entrance zone (ii) Downstream channel
© © © © © © © © o © © o o ©o ©°o .
53 5% 35 5898 %3 3888865 S © © o9 5 © © o 5 © o © © © o .
Nww-h-hmmoxm\l\loooo\o\oo
[ g © U1 © U1 © w1 © U1 o wm o w1 o W
I

[

—
(=]
1
-
(=
(=]
1
[

* Inherent thixotropy speed-up the breakdown

v Appearance of more breakdown layers

v Applications: restart pressure in pipelines should not be over-estimated

1S3
Naeed Bogum | GAMM 15-19 August2022  ®
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We analysed FEM for regularized TVP problem
v" Wellposedness

v’ Convergence analysis

Analyzed the accuracy, robustness, and efficiency of the TVP solver using

v" Higher order finite element method
v" Monolithic Newton-multigrid

* Adaptive discrete Newton’s method with global convergent property
*  Geometric multigrid with local MPSC

Simulations for TVP materials for Benchmarks in Lid-driven cavity, Couette
devices and 4:1 contraction configuration
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