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Motivation
Why “Thixotropic materials? 

• Processing of thixotropic materials 
relevant for industrial applications 

➡ Lubrication, asphalt, self-compacting 
concrete… 

• Physically fascinating due to improved 
mechanical properties 

Goal: 

• Modern CFD methods with high accuracy, 
robustness and efficiency for 
thixotropic materials 

➡ Saving time, money and resources 

Investigation of solid/liquid and liquid/solid  
transitions based on micro-structure 
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Introduction

• Thixotropy means 
➢ combination of two greek words 
➢Thixis: shaking/stirring 
➢ trepo: turning/changing 

• Thixotropy concept 
➢Based on viscosity  
➢Flow induced by time-dependent 
      decrease of viscosity  
➢The phenomena is reversible 

• Rejuvenation / Breakdown 
➢“Faster”  flow: fluid rejuvenates 
      Decreases of viscosity with acceleration of      

the flow  

• Aging / Buildup 
➢At rest  or under slow flow: fluid ages 
      Increases of the viscosity in time
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Realization in FeatFlow

Non-Newtonian flow module: 
•generalized Newtonian model 
(Power-law, Carreau,Houska,…) 
•viscoelastic differential model 
(Giesekus, FENE, Oldroyd,...)

Multiphase flow module (resolved 
interfaces): 
•l/l  – interface capturing (Level Set) 
•s/l  – interface tracking (FBM) 
•s/l/l  – combination of l/l  and s/l 

Numerical features: 
• Higher order  FEM in space &  
  (semi-) Implicit FD/FEM in time 
• Semi-(un)structured meshes with 
  dynamic adaptive grid deformation 
• Fictitious Boundary (FBM) methods 
• Newton-Multigrid-type solvers

Engineering aspects: 
•Geometrical design 
•Modulation strategy 
•Optimization

Here: FEM-based tools for the accurate simulation of (thixotropic) flow 
problems, particularly with complex rheology

HPC features: 
• Moderately parallel 
• GPU computing 
• Open source Hardware

-oriented 
Numerics
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For details, please visit: www.featflow.de 
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Governing equations

➡starting point: Generalized Navier-Stokes equations (+initial and boundary conditions) 

•  velocity- and pressure field  and  
•  stress tensor  
•  linear material behaviour - Newtonian fluids 
                                 
                                                          :       is constant viscosity 

• non-linear material behaviour- structurally viscous / viscoplastic 

• Power-law, Carreau, Bingham, Herschel-Bulkley, Houska, … 
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Rheological Models

๏ Archetypical thixotropic viscoplastic (TVP) models 

๏Relations between rheological parameters and structural parameter

 

Houska

Worrall and Tulliani

Coussot et al .

Mujumbar et al .

Burgos et al .

Dullaert and Mewis
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Rheological Models

๏ General format of evolution equation for structural parameter: 

๏  Expressions for different thixotropic models:

 

F
buildup

F
breakdown
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Worrall and Tulliani

Coussot et al .

Mujumbar et al .

Burgos et al .

Dullaert and Mewis
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๏  Viscoplastic (VP) flow 

  

๏ Thixo-viscoplastic (TVP) flow 

๏ Micro-structure equation 
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Thixo-viscoplastic model
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➢ Viscosity model for TVP flow 

๏  Classical approximations 

๏  Extended viscosity defined on all domain 

➢ Full set of equations 
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Quasi-Newtonian TVP model
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<latexit sha1_base64="Ii6oX90XkWyZyP0jwUUDJC+wHSw="></latexit>

µ(DII,r,�) = ⌘(DII,�) + ⌧(DII,�)

p
2

2

1p
DII,r

<latexit sha1_base64="eWg1qvh4HmxInqXXd9rjg/z7C68="></latexit>8
>>><

>>>:

I.
1p
DII,r

:=
1p

(DII + (k�1)2)

II.
1p
DII,r

:=
1p
DII

⇣
1� e�k

p
DII

⌘
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➡  Sobolev spaces and notations 

➢   

➢   

➢   

10

Continuous thixo-viscoplastic problem

<latexit sha1_base64="FksPWc0Z3fMm5p8mWUMvFhiZBL0="></latexit>

H
1
0 (⌦) =

�
v 2 H

1(⌦) | v|@⌦ = 0
 

<latexit sha1_base64="LO0Xls4/FVITdKyaB7oua/IbRQQ="></latexit>

H
1(⌦) =

�
v 2 L

2(⌦) |r v 2 L
2(⌦)

 
, ||v||1,⌦ =

�
||v||20,⌦ + ||rv||20,⌦

� 1
2

<latexit sha1_base64="3ZFOly2IJB5B76FDiQf9bIG2C6c="></latexit>

< v,w >±=

Z

�±
|u · n|vwds, < v >±=< v, v >

1
2
±

<latexit sha1_base64="H5qpBI9MKxsf+W2lLAXanHzyUSY="></latexit>

�� = {x 2 � ⇢ @⌦ |u · n < 0} , �+ = {x 2 � ⇢ @⌦ |u · n > 0}

<latexit sha1_base64="LFlr39kiWOGiiqjwNZESHLYOgeU="></latexit>

H(u,⌦) =
�
v 2 L

2(⌦),u ·rv 2 L
2(⌦)

 
, ||v||1,u =

�
||v||20,⌦ + ||u ·rv||20,⌦

� 1
2

<latexit sha1_base64="sCp4QmA6N8K5d9xnQb3iArqtGsw="></latexit>

H
0(⌦) :=L

2(⌦) =

⇢
v |

Z

⌦
|v|2d⌦ < 1

�

<latexit sha1_base64="gmygNy/hKYLPwZV1LN+jFBUZKRQ="></latexit>

L2
0(⌦) =

⇢
v 2 L2(⌦) |

Z

⌦
vd⌦ = 0

�
, ||v||0,⌦ =

✓Z

⌦
|v|2d⌦

◆ 1
2

<latexit sha1_base64="QjkBNm7VsWcc6gwkoFOoHPpNWPA="></latexit>

H
1
�(⌦) =

�
v 2 H

1(⌦) | v|� = 0,� ⇢ @⌦
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• Flow variables 

➢ Set           
➢ Set 
➢ Find                                   s.t. 

➢ Compatibily constraints

11

Continuous thixo-viscoplastic problem

<latexit sha1_base64="BBWPz2swBD1nFaaoCiaK0Zp9eQw=">AAACEHicbVDLSsNAFJ3UV62vqEs3g61YoZREFF0W3bisYB/QhDKZTNuhk0yYmYgl9BPc+CtuXCji1qU7/8ZJmoW2Hhg4nHMuc+/xIkalsqxvo7C0vLK6VlwvbWxube+Yu3ttyWOBSQtzxkXXQ5IwGpKWooqRbiQICjxGOt74OvU790RIysM7NYmIG6BhSAcUI6WlvnlcdZhO +6jmBB5/SByPMz9AagQrcWVai05gKUPfLFt1KwNcJHZOyiBHs29+OT7HcUBChRmSsmdbkXITJBTFjExLTixJhPAYDUlP0xAFRLpJdtAUHmnFhwMu9AsVzNTfEwkKpJwEnk6mu8p5LxX/83qxGly6CQ2jWJEQzz4axAwqDtN2oE8FwYpNNEFYUL0rxCMkEFa6w7QEe/7kRdI+rdvndev2rNy4yusoggNwCKrABhegAW5AE7QABo/gGbyCN+PJeDHejY9ZtGDkM/vgD4zPHwOUmfU=</latexit>

(�,u, p)

<latexit sha1_base64="SZWn2vMVu+We2hJeenOeMdNJgdQ="></latexit>D
K(�,u, p), (⇠,v, q)

E
=

D
L, (⇠,v, q)

E
, 8(⇠,v, q) 2 T⇥ V⇥Q

<latexit sha1_base64="Ep+5Hnjc85zYL3N6m29mcs4ZGFc="></latexit>

sup
v2V

⌦
Bv, q

↵

||v||V
� � ||q||Q/KerBT , 8q 2 Q

<latexit sha1_base64="9Ow7/BStdcrlfwwrdoveJpC+JF8="></latexit>

ũ := (�,u)

<latexit sha1_base64="MSR4ZrJiKc0p/mv/xTx4ZCwuj5o="></latexit>

K =

"
Aũ BT

B 0

#

<latexit sha1_base64="z2CVqaIGO+kVaTit2Asd5r5DeFs="></latexit>

(�,u, p) 2 T⇥ V⇥Q

<latexit sha1_base64="KuWb7VLPy4a9rsQWxCsbTHZenEU="></latexit>

T := H
1
��(⌦),V :=

⇥
H

1
0 (⌦)

⇤2
,Q := L

2(⌦),W := T⇥ V
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➢ Weak Formulation 

➢ Operators 

12

Weak Formulation of thixo-viscoplastic problem

Wellposedness of thixo-viscoplastic problem !

<latexit sha1_base64="SZWn2vMVu+We2hJeenOeMdNJgdQ="></latexit>D
K(�,u, p), (⇠,v, q)

E
=

D
L, (⇠,v, q)

E
, 8(⇠,v, q) 2 T⇥ V⇥Q

<latexit sha1_base64="gUOQ01ejFkfUx1t8haeOfGW0HZE="></latexit>D
K(�,u, p), (⇠,v, q)

E
= a�(ũ)(�, ⇠) + au(ũ)(u,v) + b(v, p)� b(u, q)

Aũ(ũ)ũ = A�(ũ)�+Au(ũ)u

D
A�(ũ)�, ⇠

E
= a�(ũ)(�, ⇠) =

⇣
M(DII,�), ⇠

⌘
+
⇣
u ·r�, ⇠

⌘

D
Au(ũ)u,v

E
= au(ũ)(u,v) =

⇣
2µ(DII,r,�)D(u),D(v)

⌘
+
⇣
u ·ru,v

⌘

D
Bv, q

E
= b(v, q) = �

⇣
r · v, q

⌘

D
L, (⇠,u, q)

E
=

⇣
f�, ⇠

⌘
+

⇣
fu,v

⌘
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Theorem [Begum et. al 2022] 
Let                       and                 , the thixo-viscoplastic problem has a unique 
solution                                       with the following bound on data                                                                
                     

with       denotes Korn’s inequality constant.   
       

Remark  

13

Wellposedness of thixoviscoplastic problem

<latexit sha1_base64="CsfYp5VKcCKxe16eO1OXwxUV31Y="></latexit>

||u||1  1

⌘0CK
||fu||0

Ma||�||20 +
1

2
h�i2  1

Ma
||f�||20

||p||0  1

�

✓
1 +

2 (⌘1 + k⌧1) + |u|1
⌘0CK

◆
||fu||0

<latexit sha1_base64="NgklOV0aoxnswz5m3dKUwiY/7SM="></latexit>

fu 2 (L2(⌦))2
<latexit sha1_base64="zNfI7wL6JInCYbF8lp1SIgcQRkA=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlKUZcFNy4EK9gHNDFMJpN26GQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cDA4ZxzuXOPnzAqlWV9G0vLK6tr66WN8ubW9s6uubffkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/usz97gMRksb8To0T4kZowGlIMVJa8szD0HOYjgcIOpTD6/t61bmJyACdlj2zYtWsKeAisQtSAQVanvnlBDFOI8IVZkjKvm0lys2QUBQzMik7qSQJwiM0IH1NOYqIdLPpDRN4opUAhrHQjys4VX9PZCiSchz5OhkhNZTzXi7+5/VTFV64GeVJqgjHs0VhyqCKYV4IDKggWLGxJggLqv8K8RAJhJWuLS/Bnj95kXTqNfus1rhtVJpWUUcJHIFjUAU2OAdNcAVaoA0weATP4BW8GU/Gi/FufMyiS0YxcwD+wPj8AYHFlhc=</latexit>

f� 2 L2(⌦)
<latexit sha1_base64="NzOfrws8hVEXG3tTcZf5UaSar9Y="></latexit>

(ũ, p) = (�,u, p) 2 W⇥Q

➢ Coercivity 

➢ Pressure

  Coercivity in weaker norm for the microstructure ! 
Pressure is underdertmined in regid zone ! 

<latexit sha1_base64="KUSc/KgL9Rh+1wYWN/tX4h5W+dc=">AAAB9XicbVDLSgMxFL2pr1pfVZdugkVwVWakqMtCN4KbCvYB7VgyaaYNzWSGJKOUof/hxoUibv0Xd/6NmXYW2nogcDjnXu7J8WPBtXGcb1RYW9/Y3Cpul3Z29/YPyodHbR0lirIWjUSkuj7RTHDJWoYbwbqxYiT0Bev4k0bmdx6Z0jyS92YaMy8kI8kDTomx0kM/JGZMiUgbs8EtHpQrTtWZA68SNycVyNEclL/6w4gmIZOGCqJ1z3Vi46VEGU4Fm5X6iWYxoRMyYj1LJQmZ9tJ56hk+s8oQB5GyTxo8V39vpCTUehr6djJLqZe9TPzP6yUmuPZSLuPEMEkXh4JEYBPhrAI85IpRI6aWEKq4zYrpmChCjS2qZEtwl7+8StoXVfeyWrurVepOXkcRTuAUzsGFK6jDDTShBRQUPMMrvKEn9ILe0cditIDynWP4A/T5AyBskjg=</latexit>

CK

<latexit sha1_base64="hyzcc1DPXdYjBRQpRvpfehTpAYc="></latexit>

||p||0 = O(k||fu||0)
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<latexit sha1_base64="Q6ClM56sDKyYXu7sF0tmMhaH4gA="></latexit>

aũ(ṽ)(ṽ, ṽ) � Ma||⇠||20,⌦ +
1

2
h⇠i2 + ⌘0CK ||v||21,⌦ 8 ṽ 2 W0
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Nonsingular solution of TVP problem

Theorem [Nonsingular solution] 
Let                       and                 .  Assume in addition 

 Then, the thixo-viscoplastic problem has a unique nonsingular solution      
                                     . 

Proof: 

•

<latexit sha1_base64="NgklOV0aoxnswz5m3dKUwiY/7SM="></latexit>

fu 2 (L2(⌦))2
<latexit sha1_base64="zNfI7wL6JInCYbF8lp1SIgcQRkA=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlKUZcFNy4EK9gHNDFMJpN26GQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cDA4ZxzuXOPnzAqlWV9G0vLK6tr66WN8ubW9s6uubffkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/usz97gMRksb8To0T4kZowGlIMVJa8szD0HOYjgcIOpTD6/t61bmJyACdlj2zYtWsKeAisQtSAQVanvnlBDFOI8IVZkjKvm0lys2QUBQzMik7qSQJwiM0IH1NOYqIdLPpDRN4opUAhrHQjys4VX9PZCiSchz5OhkhNZTzXi7+5/VTFV64GeVJqgjHs0VhyqCKYV4IDKggWLGxJggLqv8K8RAJhJWuLS/Bnj95kXTqNfus1rhtVJpWUUcJHIFjUAU2OAdNcAVaoA0weATP4BW8GU/Gi/FufMyiS0YxcwD+wPj8AYHFlhc=</latexit>

f� 2 L2(⌦)

<latexit sha1_base64="NzOfrws8hVEXG3tTcZf5UaSar9Y="></latexit>

(ũ, p) = (�,u, p) 2 W⇥Q

<latexit sha1_base64="qi1npEtO8znPjZanknCBeex0Jig="></latexit>

max

✓
3

2

Mb||fu||0
⌘0CKMa

,
||fu||0

⌘1(⌘0CK)2Ma

◆
 1

<latexit sha1_base64="ZIJbEMZt9k8q1btktKtxZjkL1NE="></latexit>⌧
@Aũũ

@ũ
ṽ, ṽ

�
� 2

✓
Ma �

3

2

Mb

⌘0CK
||fu||0

◆
||⇠||20,⌦ + h⇠i2

+

✓
⌘0⌘1CK � 1

⌘0CK
||fu||0

◆
||v||21,⌦ 8 ṽ 2 W0
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Approximated TVP problem

• Conforming approximations   

    
• Discrete inf-sup condition  

➢ Find                                              s.t
<latexit sha1_base64="NLtfcGpNGsX7cshcDBPr3JM0rlw="></latexit>

(�h,uh, ph) 2 Th ⇥ Vh ⇥Qh

  Order of convergence ! 

<latexit sha1_base64="zGgO1tuyFCanJsr9H06dWcKXyew="></latexit>

sup
vh2Vh

⌦
Bhvh, qh

↵

||vh||V
� �h ||qh||Q/KerBT

h

, 8qh 2 Qh

<latexit sha1_base64="+773nWF4Dy4vNlii2h4Ml1RR3as="></latexit>D
K(�h,uh, ph), (⇠h,vh, qh)

E
=

D
L, (⇠h,vh, qh)

E
, 8 (⇠h,vh, qh) 2 Th ⇥ Vh ⇥Qh
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➢ Coercivity in a weaker norm for microstructure 
➢   

➢   

➢ Regularization   

16

Coercivity in a stronger norm for the microstructure eq. ! 
FEM choices to counterbalance the regularisation/sub-optimality  !

Error estimates of thixoviscoplastic problem
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<latexit sha1_base64="uxAYxR3gpCn6UqKTEy8zHScKh3I="></latexit>

||⇠h � �h||20  C�,�||�� ⇠h||20 + C�,u|u� vh|21,1 + C�,u|uh � vh|21,1
|vh � uh|21,1  Cu,u|u� vh|21 + Cu,�||�� ⇠h||21 + Cu,�||�h � ⇠h||20

+ Cu,p||p� ph||20
<latexit sha1_base64="ez0srV+jm/YI8pL9hgHx4vJdBOE="></latexit>

||�� �h||20  (2 + 2C̃�,�) inf
⇠h2Th

||�� ⇠h||21 + C̃�,u inf
vh2Vh

|u� vh|21,1

|u� uh
2
1,1  C̃u,� inf

⇠h2Th

||�� ⇠h||21 + (2 + 2C̃u,u) inf
vh2Vh

|u� vh|21,1

+ Cu,p inf
qh2Qh

||p� qh||20
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Numerical challenges

• Discretization of TVP model have to address the following challenges 

➢ Stable FEM spaces  

➢ Coercivity in a weaker norm  

➢ Regularization 

• TVP Newton-multigrid Solver have to deal with 

➢ Different source of nonlinearities     

➢ Strong coupling of equations   

➢ Robustness and efficiency
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✓ The family of conforming FEM                                  for              with stabilization 

➢ Inf-sup conditions is satisfied 

➢ Discontinuous pressure 

➢Practical w.r.t. monolithic approach 

➢Element-wise mass conservation 

✓ Highly consistent and symmetric stabilization 

➢ Coercivity in a strong norm for the microstructure eq.  

➢ Efficient and robust w.r.t. multigrid solver

18

Higher order conforming FEM 
<latexit sha1_base64="4tgKcNPtWZeZfeod850QFxEHDUs="></latexit>

Qr/Qr/P
disc
r�1 , r � 2

<latexit sha1_base64="If0oeizXBNPNLwfAw8TrguiNRTo="></latexit>

(�,u, p)

<latexit sha1_base64="xbPAIDDQYQ8mXMSa6NZqDYCgZRk="></latexit>

j�(�h, ⇠h) =
X

e2Eh

h2��

Z

e
[r�h] : [r⇠h] d⌦, j�,l := j� for �� = cst.
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➢ Coercivity in a Stronger norm for microstructure  

➢ Regularisation for TVP model  

19

Stabilization recover the optimal order of convergence  
Higher order  FEM counterbalance regularization

Error estimates of thixoviscoplastic problem
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Let                                              and                                           denote the basis of 
spaces         and       , respectively.  The Solution                                                                               

The residuals of discrete TVP problem  

➢ Update of the nonlinear iteration with the correction         

➢ The linearization of the residual provides 

➢The Newton’s method assuming invertible Jacobian       

<latexit sha1_base64="hE28bUp6DL1mh+zfZ9zJaBgeaYU="></latexit>

U=(�,u, p)=(ũ, p)2Wh⇥Qh

Generalized discrete Newton’s method 

<latexit sha1_base64="b/c4wIy121A6qQ0xy7iCZVYeSMc="></latexit>

R(U) = (R�(�,u),Ru(�,u, p),Rp(u)) = (Rũ(ũ, p),Rp(u))

<latexit sha1_base64="S1WIV99yMbGZMLVxHxYeFezMVUI="></latexit>

R(U l+1) = R(U l + �U) ' R(U l) +

✓
@R(U l)

@U

◆
�U
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Adaptive discrete Newton’s method 
The Jacobian matrix in discrete Newton is calculated using the finite difference 

  

➢Damping of the updated solution,                   , s.t. 

! Not sufficient for TVP problem 
➢ Operator-adaptive splitting   

  

! Requires a priori analysis of the Jacobian 
➢ Adaptive step-length control   
   

! Robust 

<latexit sha1_base64="Q05uNHIdBY05+dawBDiY2GvB0LA="></latexit>
@R(U l)

@U

�

ij

⇡ Ri(U l + "lej)�Ri(U l � "lej)

2"l

<latexit sha1_base64="Zgd6g2G2zlzCDjdDciQwYE96s+4=">AAACPHichVBLS8NAGNzUV62vqEcvq0WoCCWpoh4LXjzWR9pCE8tmu22XbjZhdyOUND/Miz/CmycvHhTx6tmkDaKt4MDCMDMf+33jBoxKZRhPWm5ufmFxKb9cWFldW9/QN7fq0g8FJhb2mS+aLpKEUU4sRRUjzUAQ5LmMNNzBeeo37oiQ1Oc3ahgQx0M9TrsUI5VIbf16ZO+OIttDqo8Ri67i0je34tuIHZrxQZxmbEbgP9ksWWjrRaNsjAFniZmRIshQa+uPdsfHoUe4wgxJ2TKNQDkREopiRuKCHUoSIDxAPdJKKEcekU40Pj6G+4nSgV1fJI8rOFZ/TkTIk3LouUky3VZOe6n4l9cKVffMiSgPQkU4nnzUDRlUPkybhB0qCFZsmBCEBU12hbiPBMIq6TstwZw+eZbUK2XzpHx0eVysVrI68mAH7IESMMEpqIILUAMWwOAePINX8KY9aC/au/Yxiea0bGYb/IL2+QWtHK+E</latexit>

||R(U l+1)||  ||R(U l)||

<latexit sha1_base64="9ukpalMwDfbOHu5z9EHk2a/s1lk="></latexit>✓
@R(U l)

@ U

◆
=

 
@R̃(U)
@U

!
+ �l

 
@R̂(U)
@U

!

<latexit sha1_base64="fph8jGnmORCffM/cR8Vl/5Zkdco="></latexit>

�l+1 = f(rl)�l, rl := ||R(U l)||/||R(U l�1)||, f(rl) = 0.2+4/(0.7+e1.5rl)

Convergence analysis of the method ! 

<latexit sha1_base64="CzHfTVBAWHMGrq20Edq7/L9mPpI=">AAACKXicbVDLSsNAFJ34rPUVdelmsAgVpSZV1E2h4MZlBfuAJoTJdNIOnTyYmRRKyO+48VfcKCjq1h9xkmahrWcYOHPOvdy5x40YFdIwPrWl5ZXVtfXSRnlza3tnV9/b74gw5pi0cchC3nORIIwGpC2pZKQXcYJ8l5GuO77N/O6EcEHD4EFOI2L7aBhQj2IkleTozcSaIE4iQZl6JuzUTNPGsModdjLnpOmZpc7Ma5jnXk7Kjl4xakYOuEjMglRAgZajv1qDEMc+CSRmSIi+aUTSThCXFDOSlq1YkAjhMRqSvqIB8omwk3zTFB4rZQC9kKsbSJirvzsS5Asx9V1V6SM5EvNeJv7n9WPp3dgJDaJYkgDPBnkxgzKEWWxwQDnBkk0VQZhT9VeIR4gjLFW4WQjm/MqLpFOvmVe1i/vLSrNexFECh+AIVIEJrkET3IEWaAMMHsEzeAPv2pP2on1oX7PSJa3oOQB/oH3/AM6vpjE=</latexit>

"l+1 = g(rl)"l, g(rl) = 1/f(rl)
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Monolithic Multigrid solver

The discretization and linearization of TVP leads to systems of following linearized 
discrete TVP saddle point problem 

➢Coupled geometric multigrid methods CGMG 

➢ Hierarchy of multilevel triangulations 

➢ Relaxation/smoothing 

➢ Coarse-grid correction 

➢ Grid transfer operator 

➢ Local Multilevel Pressure Schur Complement 

<latexit sha1_base64="5yuyRX/5MWO+W/adPib22E0MsdA="></latexit>

✓
@R(U)
@U

◆
�U =

0

BB@

@Rũ(ũ)

@ũ

@Rũ(ũ)

@p

@Rp(ũ)

@ũ
0

1

CCA

0

B@
�ũ

�p

1

CA = �

0

B@
Rũ

Rp

1

CA .
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Local Multilevel Pressure Schur Complement

• Setting local subproblem,  

• Prolongation/Restriction: 

• Algebraically counterpart 

• Prolongation/Restriction: 

• Block Gauss-Seidel iteration reads

Coupled Monolithic Multigrid Solver !

<latexit sha1_base64="vEnY3puX53qUnGa9KhuROts8Pek="></latexit>

Pũ
K : Wh(K) �! Wh, Pp

K : Qh(K) �! Qh, 8 K 2 Th,
<latexit sha1_base64="sUZ0BCLkWdrE42V5j4jXkupNrO8="></latexit>

Pũ
K

T
: Wh �! Wh(K), Pp

K
T
: Qh �! Qh(K), 8 K 2 Th,

<latexit sha1_base64="PXJL8rV5fOrYT3GEjjQXwp6nKN0="></latexit>

UK = (ũK , pK) := PT
KU = (Pũ

K

T
ũ,Pp

K
T
p)

U = (ũ, p) :=
X

K2Th

PKUK =
X

K2Th

(Pũ
Kũ,Pp

Kp)

<latexit sha1_base64="hIWx/hYzCILzLUYQu7xSvyrbzhA="></latexit>

Uk+1 = Uk � !k

X

K2Th

PK

✓
PT

K

✓
@R(Uk)

@U

◆
PK

◆�1

PT
KR(Uk).

<latexit sha1_base64="6BdZsh6K/7rEiFIGsZ2xG4FtJuA="></latexit>

PK = (Pũ
K ,Pp

K), PT
K = (Pũ

K

T
,Pp

K
T
)

<latexit sha1_base64="3+MZjhErUWHHUPB9vyralIDDDrk="></latexit>

PK = (Pũ
K ,Pp

K), PT
K = (Pũ

K

T
,Pp

K
T
)

Naheed Begum | GAMM 15 -19 August 2022



• Boundary limit for rigid-zone w.r.t regularization  k

24

Viscoplastic flow in Lid-driven cavity

•   Accurate track of interface requires 

✓  larger  solutions  

✓  finer mesh refinement 

•   Existence of pair ( , L) beyond which no further improvement in solutions is expected   

k

k

<latexit sha1_base64="2gr7lFdDuTQOSsiVrD6FcsffTAg=">AAAB+XicbVDLSsNAFL2pr1pfUZduBotQQUJSRd0IBTcuK9gHNCFMppN26OTBzKRQQv/EjQtF3Pon7vwbp20W2nrgwuGce7n3niDlTCrb/jZKa+sbm1vl7crO7t7+gXl41JZJJghtkYQnohtgSTmLaUsxxWk3FRRHAaedYHQ/8ztjKiRL4ic1SakX4UHMQkaw0pJvmjV8jtwLV+HMt+/qlu2bVduy50CrxClIFQo0ffPL7Scki2isCMdS9hw7VV6OhWKE02nFzSRNMRnhAe1pGuOISi+fXz5FZ1rpozARumKF5urviRxHUk6iQHdGWA3lsjcT//N6mQpvvZzFaaZoTBaLwowjlaBZDKjPBCWKTzTBRDB9KyJDLDBROqyKDsFZfnmVtOuWc21dPl5VG/UijjKcwCnUwIEbaMADNKEFBMbwDK/wZuTGi/FufCxaS0Yxcwx/YHz+AI0qkZ8=</latexit>

(a) ⌧0 = 2.0
<latexit sha1_base64="TkbSFDachOhSCSkPgsrvJnEZOhc=">AAAB+XicbVDLSsNAFL3xWesr6tLNYBEqSEjqcyMU3LisYB/QhDCZTtqhkwczk0IJ/RM3LhRx65+482+ctllo64ELh3Pu5d57gpQzqWz721hZXVvf2Cxtlbd3dvf2zYPDlkwyQWiTJDwRnQBLyllMm4opTjupoDgKOG0Hw/up3x5RIVkSP6lxSr0I92MWMoKVlnzTrAZnyD13Fc58++7Ksn2zYlv2DGiZOAWpQIGGb365vYRkEY0V4VjKrmOnysuxUIxwOim7maQpJkPcp11NYxxR6eWzyyfoVCs9FCZCV6zQTP09keNIynEU6M4Iq4Fc9Kbif143U+Gtl7M4zRSNyXxRmHGkEjSNAfWYoETxsSaYCKZvRWSABSZKh1XWITiLLy+TVs1yrq2Lx8tKvVbEUYJjOIEqOHADdXiABjSBwAie4RXejNx4Md6Nj3nrilHMHMEfGJ8/k06Row==</latexit>

(b) ⌧0 = 5.0
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• progressive growth of unyielded zones for non-thixotropic (Bingham Plastic) flow 

  

25

Viscoplastic flow in Lid-driven cavity

✓  Unyielded zones’s shape and extent is in agreement with Ref. Results
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Viscoplastic flow in Lid-driven cavity

•  Solver behaviour w.r.t  Regulariztaion and mesh refinement 

✓   Efficient non-linear solver 
✓   Mesh independent linear solver 

✓  Solutions are obtained with continuation strategy w.r.t.  

➡   Integration of continuation strategy w.r.t.  in the solver 

k
k
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•  Impact of thixotropic yield stress on morphology of unyielded zones in TVP flow 

  

27

Thixo-viscoplastic flow in Lid-driven cavity

✓  Main rheological characteristics of materials with yield stress is preserved
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Thixo-viscoplastic flow in Lid-driven cavity

• Solver behaviour w.r.t  Regulariztaion and mesh refinement 

✓  Robust non-linear solver 
✓  Mesh independent linear solver 

✓  Solutions are obtained via continuation strategy w.r.t.  

➡  Integration of continuation strategy w.r.t.  in the solver 

k
k
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Thixo-viscoplastic flow in Couette
• Velocity profile at cut-line positions                       in a Couette device w.r.t 

breakdown parameter 

<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]

✓  Localization  
✓  Shear banding
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• Shear rate at cut-line positions                            in a Couette device w.r.t breakdown 
parameter  

30

Thixo-viscoplastic flow in Couette 
<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]

✓  Smooth and sharp transition are possible  
✓  Transition point matches with the velocity
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Thixo-viscoplastic flow in Couette 
• Structure parameter at cut-line positions                      in a couette w.r.t. 

breakdown parameter 

<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]

✓ Transition point matches with the velocity 
✓ Structuring level is predicting shape and extent of rigid zones 
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•     
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Thixo-viscoplastic flow in curved contractions

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="MXnjWT0UqgeN9bfbKU17JQejEIs=">AAAB83icbVDLSgNBEJyNrxhfUY9eFoPgKeyKosegF29GMCaQXcLspDcZMo9lHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1Jxqg2QfDtlVZW19Y3ypuVre2d3b3q/sGjllYRaBHJpOokWAOjAlqGGgadTAHmCYN2MrqZ+u0nUJpK8WDGGcQcDwRNKcHGSVF0x2GAe7m0ZtKr1oJ6MIO/TMKC1FCBZq/6FfUlsRyEIQxr3Q2DzMQ5VoYSBpNKZDVkmIzwALqOCsxBx/ns5ol/4pS+n0rlShh/pv6eyDHXeswT18mxGepFbyr+53WtSa/inIrMGhBkvii1zDfSnwbg96kCYtjYEUwUdbf6ZIgVJsbFVHEhhIsvL5PHs3p4UQ/uz2uN6yKOMjpCx+gUhegSNdAtaqIWIihDz+gVvXnWe/HevY95a8krZg7RH3ifP2PMkeo=</latexit>

⌦out
<latexit sha1_base64="ITEXWMTfpf0IngfwUGbbtOgJKHA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxp0VrC1Mh5JJ77SheQxJRihDP8ONC0Xc+jXu/BvTdhbaeiBwOOdecs+JU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0hRZVXOlOTAxwJqFlmeXQSTUQEXNox6Obqd9+Am2Ykg92nEIkyECyhFFinRR27wQMSC9nctKr1vy6PwNeJkFBaqhAs1f96vYVzQRISzkxJgz81EY50ZZRDpNKNzOQEjoiAwgdlUSAifLZyRN84pQ+TpR2T1o8U39v5EQYMxaxmxTEDs2iNxX/88LMJleRy5NmFiSdf5RkHFuFp/lxn2mglo8dIVQzdyumQ6IJta6liishWIy8TB7P6sFF3b8/rzWuizrK6Agdo1MUoEvUQLeoiVqIIoWe0St686z34r17H/PRklfsHKI/8D5/AHa3kV8=</latexit>

⌦in

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip
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• 2D-FEM simulation results for thixo-viscoplastic flow- validation of 1D tool 
• Specifying the “unidirectional profiles as boundary Data” in 2D for contraction 
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Thixo-viscoplastic flow in curved contractions
• 2D-FEM simulation results for thixotrpic flow- validation of 1D tool 
• Specifying the “1D-profiles as boundary Data” in 2D simulations for contraction domain     

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>

⌦no-slip

<latexit sha1_base64="MXnjWT0UqgeN9bfbKU17JQejEIs=">AAAB83icbVDLSgNBEJyNrxhfUY9eFoPgKeyKosegF29GMCaQXcLspDcZMo9lHkJY8htePCji1Z/x5t84SfagiQUNRVU33V1Jxqg2QfDtlVZW19Y3ypuVre2d3b3q/sGjllYRaBHJpOokWAOjAlqGGgadTAHmCYN2MrqZ+u0nUJpK8WDGGcQcDwRNKcHGSVF0x2GAe7m0ZtKr1oJ6MIO/TMKC1FCBZq/6FfUlsRyEIQxr3Q2DzMQ5VoYSBpNKZDVkmIzwALqOCsxBx/ns5ol/4pS+n0rlShh/pv6eyDHXeswT18mxGepFbyr+53WtSa/inIrMGhBkvii1zDfSnwbg96kCYtjYEUwUdbf6ZIgVJsbFVHEhhIsvL5PHs3p4UQ/uz2uN6yKOMjpCx+gUhegSNdAtaqIWIihDz+gVvXnWe/HevY95a8krZg7RH3ifP2PMkeo=</latexit>

⌦out
<latexit sha1_base64="ITEXWMTfpf0IngfwUGbbtOgJKHA=">AAAB8nicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxp0VrC1Mh5JJ77SheQxJRihDP8ONC0Xc+jXu/BvTdhbaeiBwOOdecs+JU86M9f1vr7Syura+Ud6sbG3v7O5V9w8ejco0hRZVXOlOTAxwJqFlmeXQSTUQEXNox6Obqd9+Am2Ykg92nEIkyECyhFFinRR27wQMSC9nctKr1vy6PwNeJkFBaqhAs1f96vYVzQRISzkxJgz81EY50ZZRDpNKNzOQEjoiAwgdlUSAifLZyRN84pQ+TpR2T1o8U39v5EQYMxaxmxTEDs2iNxX/88LMJleRy5NmFiSdf5RkHFuFp/lxn2mglo8dIVQzdyumQ6IJta6liishWIy8TB7P6sFF3b8/rzWuizrK6Agdo1MUoEvUQLeoiVqIIoWe0St686z34r17H/PRklfsHKI/8D5/AHa3kV8=</latexit>

⌦in

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>
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Contraction flow (smoothed) 

✓ As predicted                solutions  
✓ Structuring  level is predicting shape and extent of rigid zones

34

Thixo-viscoplastic flow in curved contractions

 Accordance with unidirectional flows

<latexit sha1_base64="A7FFZJ1dSKXrEfSpn9Uz3w7SE7g=">AAAB+HicbVDLSsNAFL2pr1ofjbp0M1iECqUkRdFlwY3LCvYBbSiTyaQdOpmEmYlQQ7/EjQtF3Pop7vwbp20W2npg4HDOPdw7x084U9pxvq3CxubW9k5xt7S3f3BYto+OOypOJaFtEvNY9nysKGeCtjXTnPYSSXHkc9r1J7dzv/tIpWKxeNDThHoRHgkWMoK1kYZ2uZrW0ICbQIBrKLkY2hWn7iyA1ombkwrkaA3tr0EQkzSiQhOOleq7TqK9DEvNCKez0iBVNMFkgke0b6jAEVVetjh8hs6NEqAwluYJjRbq70SGI6WmkW8mI6zHatWbi/95/VSHN17GRJJqKshyUZhypGM0bwEFTFKi+dQQTCQztyIyxhITbboqmRLc1S+vk06j7l7VnfvLSrOR11GEUziDKrhwDU24gxa0gUAKz/AKb9aT9WK9Wx/L0YKVZ07gD6zPH6zhkcA=</latexit>

(u,�, p)
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• Material micro-structural level w.r.t. breakdown 

• Inherent thixotropy speed-up the breakdown  

✓  Appearance of more breakdown layers 

✓  Applications: restart pressure in pipelines should not be over-estimated 
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Thixo-viscoplastic flow in curved contractions
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Summary

We analysed FEM for regularized TVP problem 

✓  Wellposedness   

✓Convergence analysis 

Analyzed the accuracy, robustness, and efficiency of the TVP solver using  

✓  Higher order finite element method 

✓  Monolithic Newton-multigrid 

•  Adaptive discrete Newton’s method with global convergent property 

•  Geometric multigrid with local MPSC 

Simulations for TVP materials for Benchmarks in Lid-driven cavity, Couette 
devices and 4:1 contraction configuration
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