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Motivation
Why “Thixotropic materials? 

• Processing of thixotropic materials 
relevant for industrial applications 

➡ Lubrication, asphalt, self-compacting 
concrete… 

• Physically fascinating due to improved 
mechanical properties 

Goal: 

• Modern CFD methods with high accuracy, 
robustness and efficiency for 
thixotropic materials 

➡ Saving time, money and resources 

Investigation of solid/liquid and liquid/solid  
transitions based on micro-structure 
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Thixotropy in complex fluidic process
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Rheological Models

๏ Archetypical thixotropic viscoplastic (TVP) models 

๏Relations between rheological parameters and structural parameter
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Rheological Models

๏ General format of evolution equation for structural parameter: 

๏  Expressions for different thixotropic models:
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➢ Viscosity model for TVP flow 

๏  Classical approximations 

๏  Extended viscosity defined on all domain 

➢ Full set of equations 

 6

Quasi-Newtonian TVP model
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• Flow variables 

➢ Set           
➢ Set 
➢ Find                                   s.t.
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Continuous thixo-viscoplastic problem
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  Coercivity in weaker norm for the microstructure ! 
Pressure is underdertmined in regid zone ! 
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Theorem [Begum et. al 2022] 
Let                       and                 , the thixo-viscoplastic problem has a unique 
solution                                       with the following bound on data                                                                
                     

with       denotes Korn’s inequality constant.   
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Approximated TVP problem
• Conforming approximations 

➢ Find                                              s.t
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Theorem 
Let                       and                 , the approximate  thixo-viscoplastic problem  
has a unique solution                                                        with the following a  
priori best approximation  

                                                               
                     

       
Remark (Finite element approximation) 
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• Regularization  

• Coercivity in a weaker norm 
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✓ The family of conforming FEM                                  for              with stabilization 

➢ Inf-sup conditions is satisfied 
➢ Discontinuous pressure 

➢Practical w.r.t. monolithic approach 
➢Element-wise mass conservation 

✓ Highly consistent and symmetric stabilization 

➢ Coercivity in a strong norm for the microstructure eq.  
➢ Reduces the regularity requirement for velocity 
➢ Efficient and robust w.r.t. multigrid solver
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Higher order conforming FEM 
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Stabilized FEM for TVP problem
• Coercivity in a stronger norm
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Theorem 
Let                       and                 , the approximate  thixo-viscoplastic problem  
has a unique solution                                                        with the following a  
priori best approximation  

                                                               
                     

       
Remark 

<latexit sha1_base64="NgklOV0aoxnswz5m3dKUwiY/7SM="></latexit>

fu 2 (L2(⌦))2
<latexit sha1_base64="zNfI7wL6JInCYbF8lp1SIgcQRkA=">AAACA3icbVDLSsNAFJ34rPUVdaebwSLUTUlKUZcFNy4EK9gHNDFMJpN26GQSZiZCCQU3/oobF4q49Sfc+TdO2iy09cDA4ZxzuXOPnzAqlWV9G0vLK6tr66WN8ubW9s6uubffkXEqMGnjmMWi5yNJGOWkrahipJcIgiKfka4/usz97gMRksb8To0T4kZowGlIMVJa8szD0HOYjgcIOpTD6/t61bmJyACdlj2zYtWsKeAisQtSAQVanvnlBDFOI8IVZkjKvm0lys2QUBQzMik7qSQJwiM0IH1NOYqIdLPpDRN4opUAhrHQjys4VX9PZCiSchz5OhkhNZTzXi7+5/VTFV64GeVJqgjHs0VhyqCKYV4IDKggWLGxJggLqv8K8RAJhJWuLS/Bnj95kXTqNfus1rhtVJpWUUcJHIFjUAU2OAdNcAVaoA0weATP4BW8GU/Gi/FufMyiS0YxcwD+wPj8AYHFlhc=</latexit>

f� 2 L2(⌦)
<latexit sha1_base64="P0Gagosvf0QakwgydyZhhMBIh2s="></latexit>

(ũh, ph) = (�h,uh, ph) 2 Wh ⇥Qh

• Regularization: Higher order FEM counterbalance the regularization coarseness 

• Coercivity in a stronger norm: The optimal order and regularity is recovered 
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Global discrete Newton’s method 
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Global and blackbox ! 
Robustness and efficiency: Coupled Geometric-MG

Let                                              and                                           denote the basis of 
spaces         and       , respectively.  The solution                                                                               

The residuals of discrete TVP problem  

➢ Residuum rate convergence        

➢  Adaptive step length  

➢ Discrete Jacobian      

➢ Newton’s update  

<latexit sha1_base64="hE28bUp6DL1mh+zfZ9zJaBgeaYU="></latexit>

U=(�,u, p)=(ũ, p)2Wh⇥Qh

<latexit sha1_base64="b/c4wIy121A6qQ0xy7iCZVYeSMc="></latexit>

R(U) = (R�(�,u),Ru(�,u, p),Rp(u)) = (Rũ(ũ, p),Rp(u))

<latexit sha1_base64="3MfG4FQRxihM5OD6wM/QnsqilLM="></latexit>

rl := ||R(U l)||/||R(U l�1)||
<latexit sha1_base64="dlCeQ6J0X2420FmKyk4OwkLcYCo=">AAACFHicbZDLSsNAFIYn9VbrLerSzdQiVColKUXdCAU3LivYCzQhTKaTdujkwsxEKCEP4cZXceNCEbcu3Pk2TtosauuBgY//P4cz53cjRoU0jB+tsLa+sblV3C7t7O7tH+iHR10RxhyTDg5ZyPsuEoTRgHQklYz0I06Q7zLScye3md97JFzQMHiQ04jYPhoF1KMYSSU5ei2xSCQoU5ywmpmmVvnGKo+q3GHni1aaXpQcvWLUjVnBVTBzqIC82o7+bQ1DHPskkJghIQamEUk7QVxSzEhasmJBIoQnaEQGCgPkE2Ens6NSeKaUIfRCrl4g4UxdnEiQL8TUd1Wnj+RYLHuZ+J83iKV3bSc0iGJJAjxf5MUMyhBmCcEh5QRLNlWAMKfqrxCPEUdYqhyzEMzlk1eh26ibl/XmfbPSauRxFMEJOAVVYIIr0AJ3oA06AIMn8ALewLv2rL1qH9rnvLWg5TPH4E9pX78i5J4y</latexit>

✏l+1=g(rl)✏l,
<latexit sha1_base64="RrTBVpsC0GG7LjtOW/1ckM5L/ec="></latexit>

g(rl)=1/f(rl), f(rl) = 0.2+4/(0.7+e1.5rl)
<latexit sha1_base64="kZzcu1C0gtxhIFRIrsrM9BP19lA="></latexit>
@R(U l)

@U

�

ij

⇡Ri(U l+"lej)�Ri(U l�"lej)

2"l
<latexit sha1_base64="0w9bZav2atxtV5Z0N/1pOdU5RFg="></latexit>

U l+1=U l�!l

✓
@R(U l)

@U

◆�1

R(U l), !l 2]0, 1]
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<latexit sha1_base64="b6y2oVOCXL0M5pYpmHvpV6Iz/0Q="></latexit>

�Ul=�Ul�1+C�1
k (R�Jk�Ul�1), l⌫1

<latexit sha1_base64="RITi308REJfKRT+vijvvIXYPGhI="></latexit>

Z1=MGF (k�1,0,Ik�1
k (R�Jk�U⌫1))

<latexit sha1_base64="90vJqfDME1g/Wa77LeUqgyd7e/g="></latexit>

�Ul=�Ul�1+C�1
k (R�Jk�Ul�1), l⌫2

<latexit sha1_base64="BNUkXuUScH/YkkuDwUy2RESMmJE="></latexit>

MG(k, �U0,R)=�U⌫1+Ik
k�1Z2

<latexit sha1_base64="m0m0/xBwhhfIjoo8H2DA7TFmwys="></latexit>

MG (1, �U0,R)=J�1
1 R

<latexit sha1_base64="hIWx/hYzCILzLUYQu7xSvyrbzhA="></latexit>

Uk+1 = Uk � !k

X

K2Th

PK

✓
PT

K

✓
@R(Uk)

@U

◆
PK

◆�1

PT
KR(Uk).

<latexit sha1_base64="NKr2xX6Bcyj8oSEr9pXtokL3QUU="></latexit>

Rk�1 =
⇣
Iũk�1,k

⌘T
Rk

<latexit sha1_base64="/mB9gLG3jH51pT1+Y8qMK6hEIGU="></latexit>

Iũk,k�1 = M�1
k�1

⇣
Iũk�1,k

⌘T
Mk

<latexit sha1_base64="PxOkHYDl/TwqUns3V2Ukzmi6c74="></latexit>

Ip
k�1,k = M�1

k Mk�1

Coupled Geometric-MG solver: LMPSC 

<latexit sha1_base64="wWGSyhPQFqpRTP3N4jen5eB7NBk="></latexit>

Jk�U = R

<latexit sha1_base64="PxOkHYDl/TwqUns3V2Ukzmi6c74="></latexit>

Ip
k�1,k = M�1

k Mk�1

<latexit sha1_base64="iPKavR6OI+KY1HnKaaSAmsuijQc="></latexit>h
Iũk�1,k

i

ij
=N k

j ('
k�1
i )

• Two-level algorithm 

• Geometric transfer between FE spaces 

•  Coarse grid solver 

• Block Gauß-Seidel iteration reads: Local Multilevel Pressure Schur Complement
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Type-transitions investigation 
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Solid / Liquid & liquid / solid type-transitions investigation  w.r.t. 
to thixotropy ! 

Axial flow experiment and numerical simulations 
in the Couette device Axial flow device

Normal 
Sterss 
Sensor

Rotating  
Cylinder

Stationary  
outer wall

• The material can transit from the quasi-static to the intermediate regime 
as the shearing rate is increased
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Thixotropic  transition
• Torque calculation
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✓  Torque calculation for Non-thixotropic flow 
✓   Thixotropic flow is encompassed between Newtonian flow and Bingham plastic flow, as 

predicted by the Houska’s model, allowing for type-transitions study 

x

Y

<latexit sha1_base64="Tj5uklCeAoSLWmeoi0imCnV5cy8=">AAACAXicbVDLSgMxFM3UV62vUTeCm2AR3FhmRNGNUHTjsoJ9QDsOmUymDU0mQ5IRyjBu/BU3LhRx61+4829M21lo64HA4Zx7uTknSBhV2nG+rdLC4tLySnm1sra+sbllb++0lEglJk0smJCdACnCaEyammpGOokkiAeMtIPh9dhvPxCpqIjv9CghHkf9mEYUI20k397rCU76yM9onF+6UKIQqvvs2M19u+rUnAngPHELUgUFGr791QsFTjmJNWZIqa7rJNrLkNQUM5JXeqkiCcJD1CddQ2PEifKySYIcHholhJGQ5sUaTtTfGxniSo14YCY50gM1643F/7xuqqMLz4RLUk1iPD0UpQxqAcd1wJBKgjUbGYKwpOavEA+QRFib0iqmBHc28jxpndTcs5pze1qtXxV1lME+OABHwAXnoA5uQAM0AQaP4Bm8gjfryXqx3q2P6WjJKnZ2wR9Ynz929ZY+</latexit>

!in = 1rads�1

<latexit sha1_base64="ST0BoO4TDsayUWj05mBjRkTnLxc=">AAACC3icbVDLSsNAFJ3UV62vqEs3oUWoi5ZEFN0IRTduhEqf0IYwmUzbsZOZMDMplJC9G3/FjQtF3PoD7vwbp4+Fth64cDjnXu69x48okcq2v43Myura+kZ2M7e1vbO7Z+4fNCWPBcINxCkXbR9KTAnDDUUUxe1IYBj6FLf84c3Eb42wkISzuhpH2A1hn5EeQVBpyTPzd1elLidMeUktLbZLbc8+qXsJeUi7I4wSlgY1zyzYZXsKa5k4c1IAc1Q986sbcBSHmClEoZQdx46Um0ChCKI4zXVjiSOIhrCPO5oyGGLpJtNfUutYK4HV40IXU9ZU/T2RwFDKcejrzhCqgVz0JuJ/XidWvUs3ISyKFWZotqgXU0txaxKMFRCBkaJjTSASRN9qoQEUECkdX06H4Cy+vEyap2XnvGzfnxUq1/M4suAI5EEROOACVMAtqIIGQOARPINX8GY8GS/Gu/Exa80Y85lD8AfG5w8Eopps</latexit>

M = �
I

S
(X �X0)Tij~ndS
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Thixo-viscoplastic flow in Couette
• Cut-line positions                       in a Couette device w.r.t breakdown parameter 

<latexit sha1_base64="Kk5G3lR+uG9+WZ2SXWGp0Lw5QrA=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBg5SkKApeil48VrAfkISy2W7apZtN2N0USug/8eJBEa/+E2/+G7dtDtr6YODx3gwz88KUM6Ud59sqra1vbG6Vtys7u3v7B/bhUVslmSS0RRKeyG6IFeVM0JZmmtNuKimOQ0474eh+5nfGVCqWiCc9SWkQ44FgESNYG6ln2+QWEZ8Jz7lAdT9lQc+uOjVnDrRK3IJUoUCzZ3/5/YRkMRWacKyU5zqpDnIsNSOcTit+pmiKyQgPqGeowDFVQT6/fIrOjNJHUSJNCY3m6u+JHMdKTeLQdMZYD9WyNxP/87xMRzdBzkSaaSrIYlGUcaQTNIsB9ZmkRPOJIZhIZm5FZIglJtqEVTEhuMsvr5J2veZe1ZzHy2rjroijDCdwCufgwjU04AGa0AICY3iGV3izcuvFerc+Fq0lq5g5hj+wPn8AcquSPg==</latexit>

c; c 2 [0, 2⇡]
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✓  Shear Localization & shear banding transition types w.r.t breakdown parameter 
✓   Transition point for shear-rate and structure parameter match with velocity 
✓   Structure parameter predicts the shape and extent of rigid zones



16

Thixo-viscoplastic flow in curved contractions
• 2D-FEM simulation results for thixotrpic flow- validation of 1D tool 
• Specifying the “1D-profiles as boundary Data” in 2D simulations for contraction domain     

<latexit sha1_base64="Vbh5FXilB7zfkkx5qN7Sxug0QGs=">AAAB/nicbVDLSgNBEJz1GeNrVTx5WQyCF8OuKHoMevFmBPOAJITZSW8yZHZmmekVwxLwV7x4UMSr3+HNv3HyOGhiQUNR1U13V5gIbtD3v52FxaXlldXcWn59Y3Nr293ZrRqVagYVpoTS9ZAaEFxCBTkKqCcaaBwKqIX965FfewBtuJL3OEigFdOu5BFnFK3UdvebtzF0abuJ8IiZVCdG8GTYdgt+0R/DmyfBlBTIFOW2+9XsKJbGIJEJakwj8BNsZVQjZwKG+WZqIKGsT7vQsFTSGEwrG58/9I6s0vEipW1J9Mbq74mMxsYM4tB2xhR7ZtYbif95jRSjy1bGZZIiSDZZFKXCQ+WNsvA6XANDMbCEMs3trR7rUU0Z2sTyNoRg9uV5Uj0tBudF/+6sULqaxpEjB+SQHJOAXJASuSFlUiGMZOSZvJI358l5cd6dj0nrgjOd2SN/4Hz+AMFtlgA=</latexit>
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⌦no-slip
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⌦no-slip
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⌦out
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Thixo-viscoplastic flow in curved contractions

Naheed Begum | GACM 21-23 September 2022

• Material micro-structural level w.r.t. breakdown 

• Inherent thixotropy speed-up the breakdown  
✓  Appearance of more breakdown layers 
✓  Applications: restart pressure in pipelines is optimised  
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Summary

Naheed Begum | GACM 21-23 September 2022

Coupled geometric-multigrid FEM solver for thixo-viscoplastic flows is 
developed based on 

✓  Quasi-Newtonian modelling approach 
✓  Higher order finite element method 
✓  Monolithic Newton-multigrid solver using 

•  Global adaptive discrete Newton’s method  
•  Geometric multigrid with local MPSC 

To analyze the thixo-viscoplastic flow behavior in different circumstance 

✓  TVP flow in Couette devices 
✓  TVP flow in contractions 

With the goal to incorporate  the thixotropy inhabited in materials for  
complex fluidic processes.
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Realization in FeatFlow

Non-Newtonian flow module: 
•generalized Newtonian model 
(Power-law, Carreau,Houska,…) 
•viscoelastic differential model 
(Giesekus, FENE, Oldroyd,...)

Multiphase flow module (resolved 
interfaces): 
•l/l  – interface capturing (Level Set) 
•s/l  – interface tracking (FBM) 
•s/l/l  – combination of l/l  and s/l 

Numerical features: 
• Higher order  FEM in space &  
  (semi-) Implicit FD/FEM in time 
• Semi-(un)structured meshes with 
  dynamic adaptive grid deformation 
• Fictitious Boundary (FBM) methods 
• Newton-Multigrid-type solvers

Engineering aspects: 
•Geometrical design 
•Modulation strategy 
•Optimization

FEM-based tools for the accurate simulation of (thixotropic) flow problems

HPC features: 
• Moderately parallel 
• GPU computing 
• Open source Hardware

-oriented 
Numerics
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For details, please visit: www.featflow.de 
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http://www.featflow.de/en/index.html


21

Acknowledgment 

Naheed Begum | GACM 21-23 September 2022

• The authors acknowledge the funding provided by the “Bundesministerium für 
Wirtschaft und Klimaschutz aufgrund eines Beschlusses des Deutschen 
Bundestages” through “ AiF-Forschungsvereinigung: Forschungs-Gesellschaft 
Verfahrens-Technik e. V. - GVT” under the IGF project number “20871 N”  

• The authors acknowledge the funding provided by the “Deutsche 
Forschungsgemeinschaft (DFG, German Research Foundation) - 446888252” 

• The authors acknowledge the support by LSIII and LiDO3 team at ITMC, TU Dortmund 
University, Germany


