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ABSTRACT

Oberseminar, a platform for brain-sharing through a true discussion with colleagues, we base today conver-
sation on talk concerning our recent research about thixotropy in flow problems.

We will present FEM quasi-Newtonian modelling and simulation for thixo-viscoplastic flows, as straight-
forward way to generalize the standard FEM settings of Navier-Stokes equations. The structure parameter
is integrated within the nonlinear viscosity as a feedback response for the evolution process of competition
between breakdown and buildup inhabited in thixotropic material.

Firstly, we provide wellposedness results for TVP problem, followed by establishing the best approximation,
then introducing higher order stabilized FEM approximations to enhance the discrete weak energy norm to
an equivalent one-norm. In fact, the energy inequality presents some coarseness in terms of proportional
dependency of its constants on regularization parameter, nonoptimality estimate for microstructure, and
extra regularity requirement for velocity.

Secondly, we solve the discrete nonlinear system using new TVP Newton’s monolithic geometric multigrid
solver. The solver is robust w.r.t. regularization, as a must for obtaining accurate solutions for quasi-
Newtonian modelling of TVP problem.

Lastly, we revisit Couette flow and 4:1 contraction flow by activating thixotropy. For the former, we
correlate the constitutive models of shear rate independent and shear rate dependent stress via material
microstructure, to enable analysis of type of transitions between solid-like and fluid-like regimes. For 4:1
contraction flow, we show that thixotropy induces extra breakdown layers in the vicinity of walls, which
allows optimization of restart pressure in pipelines. Consequently, we are replicating phenomenological pro-
cess of competition of breakdown/rejuvenation and buildup/aging characteristics of thixotropic material in
terms of localization and shear banding.
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nota bene: The material of this talk is based on our below recent work;
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(Why “Thixotropy”? \

* Processing of thixotropic materials
relevant for industrial
applications

= Lubrication, asphalt, self-

compacting concrete...

* Physically fascinating due to
improved mechanical properties

Goal:

* Modern CFD methods with high pipe concrete plug
accuracy, robustness and
efficiency for thixotropic
materials

( Saving time, money and resources J \ ubricaon layer J

Investigation of buildup and breakdown competitive process in
thixoviscoplastic materials
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ﬁ Viscosity model for TVP flow \
@ Classical approximations
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- Flow variables (), u,p)
= Set T:= Hp_ (Q),V:= [H}()]”,Q:= L*(Q),W:=Tx V
> Set u:= (\,u)
> Find (\,u,p) e TxV xQ s.t.

(KOyu,p), (€ v,0)) = (£, (6,v,0)), ¥(Ev,q) €TXVxQ

f Theorem [Begum et al. 20223] \

Let fu € (L*(R))? and fx € L*(Q), the thixo-viscoplastic problem has a unique
solution (@,p) = (A, u,p) € W x Q with the following bound on data
fuli < I Fulo
770

1
Mo + 5 (0 <

Rl

Iplo < [ Fulo

| with cx denotes Korn’s inequality constant. J

Coercivity in weaker norm for the microstructure !
Pressure is underdertmined in rigid zone !

‘Cbl'—‘
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* Conforming approximations
T, CT,V,CV, Q,CcQ, Wy:=T, xV,,and Agr,=Au Br.=B8

> Find (An,un,pn) € Tp x Vi, x Qr s.t

<’C()\h,'ﬂ;h,ph), (£h7vh7qh)> = <‘C7 (£h7vh7qh)> ’ V(ghvvth}l) € Th X Vh X Qh

Theorem [Begum et al. 2022b]

Let fuc<(L*(9)* and fr € L*(Q), the approximate thixo-viscoplastic problem
has a unique solution (@, pr) = (An, un,pr) € Wi x Qp, with the following a
priori best approximation

IA=Anlg < (2+2Ch0) g,i%frh IX = &l3 + Cau v’ibré%h u—wnl? o

o= unfl o < Gy inf A= &0l + 2+ 2Cuu) int [u— vl

3
+C inf —qp|?
u wp it |p—al} ;

Remark (Finite element approximation
* Regularization
[u — unlf = Coy R [ Alrg1 + (2+ 2Cuu) R [ul2 ) + Cuph® |pl2 = O(K*h?T)

* Coercivity in a weaker norm

\_ A= Aulo = O(7) )
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v The famlly of conforming FEM Q/Q./P, r > 2 for (A, u, p) with stabilization

D

> Inf-sup conditions is satisfied

> Discontinuous pressure

> Practical w.r.t. monolithic approach
> Element-wise mass conservation

v" Highly consistent and symmetric stabilization

3On) = 30 W, [IVMLVG1AR, Gy, o=, for v, = oot

ec&y
> Coercivity in a strong norm for the microstructure eq.
> Reduces the regularity requirement for velocity
> Efficient and robust w.r.t. multigrid solver
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Coercivity in a stronger norm
1 .
I = (Mo + 5 (92 + 50,0

2

Theorem:
Let fu € (L*(Q))* and fr € L*(Q), the approximate thixo-viscoplastic problem
has a unique solution (@, pr) = (An, un,pr) € Wi x Qi with the following a
priori best approximation
IA = Anll? < (24+2C0) (inf A =& I+ Cou ook |u— vnli
.. 1
+ iof 9Ixt (A =&y A = &)

2 5 . 2 5 . 2
u—uplf <C inf |\ — + (24 2C inf |u—9v
| rl1 < wA of IA—=&nlT + ( “’")vhevhl Rl1

+C inf —a|?
| wp if |p— anl} ;
[ Remark: \

* Regularization: Higher order FEM counterbalance the regularization coarseness

lw—unli =Ok™) = h< Ok 7)
* Coercivity in a stronger norm: The optimal order and regularity is recovered

\ IA = Anfo = O(h™+2) )
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'solutions

v" Dependency of discrtization error on regularization
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Robust solver with respect to regularization ! l9
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Let {p;,i=1,2,...,dimW;} and {¢;, i =1,...,dimQ} denote the basis of spaces
W and Qp, respectively. The solution U= (\,u,p)=(u,p) e W, xQp,

dimW,, dimQp,

U= awpi+ Y, pithi
i=1 i=1

The residuals of discrete TVP problem R (i) € R¥aWr+dinQx
RU) = (Ra(N, u), Ru(X, 4, p), Rp(u)) = (Rg (@, p), Rp(u))

(Algorithm 1: Adaptive discrete Newton \

Result: U = U — w;6U', w; € (0,1]
ro = [RU)], &5
while r; > r.;

do l
(i) Calculate convergence rate 1 = M;
(ii) Step-length size update 6;5_1 = g(rl)sf;
(UlreT e )R (U —e— e
(iii) Calculate FD Jacobian (T (Ul)]z.j ~ (Rl Z’Jr)+?_’(u S ));
l l
(iv) Solve via MG JUHoU! = R(UY);

Global and blackbox !

Robustness and efficiency: Monolithic Geometric MG




ric MG Solver technische universitat

dortmund

Multi-level algorithm T =R " \
(K) oK)
OU =Ly +Cy; " (R— Tkl 1), LS 11 8Uy=8Uy—1+Cy (R—TUy—1), 1 < v
= MG(k —1, O,Iz_l('R — jkéu,,l)) MG(k, Uy, R) =U,, _'_12_122

* Transfer between FE spaces \ / [ 70 ] N’“ (o5
i, 1—MI:1<II~: 1k) My, \/ .

IZ—l,k = M; ' Mj_, T - Mk M1
 Coarse grid solver

Ri_1= (Ik Lk Rk (MG (@1,0Uy,R)=T 'R )

Jk 1_(Ik lk) ~7ku'Ikk 1
« LMPSC

ou

k KeTh )
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Axial flow experiment and numerical simulations
in the Couette device

1.2

Axial flow device

-~ Crushed Glass-Numerical calculation
1.1 -1 [— Round Glass-Numerical Calculation

i i
| |
o Crushed Glass-Experiment : :
1 1| . Round Glass- Experiment : :
2 ; Rotating
0.9 - I I Cylinder
: 8 : Normal
3 il : g : L Stress
TI. 0.7 - 8 ; = Sensor
=, L £ |
0-6 n : | h y
| ¢! _- Stationary
sl : | : outer wall
0-4 - & |
| |
0.3{ Solid like | " Fluid like
| |
002 T Al I I I I
0.001 0.01 0.1 1 10 100

Shear rate (1/s)
v" The material can transit from the solid like to liquid like regions as the

shear rate is increased

Solid / Liquid & liquid / solid type-transitions investigation w.r.t.
thixotropy !
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* Torque calculation f \
350 T T T

—Newtonian Pres.

[ * Newtonian Ref."
250 —Bingham Pres.

| *"Bingham Ref.”

rout 100

Wout =0 1073 1072 101 10° 101 102
Rotational speed

350

300 +Newtonian'
"—Thixotropic
O 250 | —Bingham

Win = lrads™! Y200F
S 150}
|_
100
. 50t
M= — S(X — XO)T,,JndS ol

1072 101 10° 10? 102
Rotational speed
v~ Torque calculation for Non-thixotropic flow

v Thixotropic flow is encompassed between Newtonian flow and Bingham plastic flow, as predicted
by the Houska’s model, allowing for transitions’ type study
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* Microstructure solutions in a Couette device w.r.t breakdown parameter
1.0 1 1 1 ] —8
I — =0.5 -
Structure : My
I 1 ts
| Boundary of S
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* Cut-line positionsc; c € [0, 27r] in a Couette device w.r.t breakdown parameter

12 T T T 60

Velocity ' —Mp=0.5 Shear rate ! ! —M=0.5
1.0 —Mb=2.0_ 5.0 1 1 —Mb=2.0_
' 1 1
1 1
0.8 4.0 ' |
1 1
0.6 3.0 ! — Boundary of the
' solid zone
0.4 0.6 A 2.0F
0.2 1.0F
0.0 - : ‘ 0.0 ' : :
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
1.0 T T T 10.0 T 1 1
Structure ! —M,;=0.5 Viscosity l —M,=0.5
1 —M=2.0 : —M;=2.0
0.8F 1 . . | -
1 1
! 1
0.6 : - : :
. Boundary of the ~—__Boundary of the
0.4} ! solid zone | solid zone
: !
1 1 1
0.2 o -
1 1 :
1 1 1
0-0 . L L L L 1 1 L
0.0 0.2 0.4 0.6 0.8 1.0 0.6 0.8 1.0

v" Shear Localization & shear banding transition types w.r.t breakdown parameter
v Transition point for shear-rate and structure parameter match with velocity
v~ Structure parameter predicts the shape and extent of rigid zones
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* 2D-FEM simulation results for thixo-viscoplastic flow- validation of 1D tool
* Specifying the “unidirectional profiles as boundary Data” in 2D for contraction domain

s A

LI LI

Ll L
1111 T
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* Interplay of thixotropy and plasticity
ﬂ Material microstructure \
0.40 0.45 0.5 0.55 0.6 0.65 0.7 0.75 0!8 0.|85 0.9 0.95 1.0

* Flow distribution

Y
J
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* Material microstructure w.r.t. breakdown
0.25 0.30 0.35 0.40 0.45 050 0.55 0.60 0.65 0.70 0.75 0.80 0.85 090 095 1.0
———1 L | | L —

* Inherent thixotropy speed-up the breakdown

v Appearance of more breakdown layers
v" Applications: restart pressure in pipelines can be optimised
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Monolithic geometric multigrid FEM solver for thixo-viscoplastic flows is

developed based on

v Quasi-Newtonian modelling approach

v Higher order stabilized FEM to
* enhance weak norm for microstructure
* counterbalance regularization impact

v" Monolitic Newton-multigrid solver using

* global adaptive discrete Newton’s method

* geometric multigrid with LMPSC

To analyze thixo-viscoplastic Couette and contraction flows

- v,
| NaheedBegum | Oberseminar, 05 December 2022~ ®
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Resization n Fesfion
HPC features: Numerical features:
+ Moderately parallel « Higher order FEM in space &
+ GPU computing (semi-) Implicit FD/FEM in time
« Open source Hardware « Semi-(un)structured meshes with
. dy ic adaptive grid def )
L = Numerics « Fictitious Bot:ndary (FBM) methods
3 + Newton-Multigrid-type solvers
Deutsche = LT
. Non-Newtonian flow module: ow module aspects:
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