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Abstract

In this work we present a parallel-in-time solver of the Navier-Stokes equation
for low Reynolds numbers. The solver uses an all-at-once Newton-Krylov method
and the combination of Augmented Lagrangian and LSC preconditioning leading
to embarrassingly parallel pressure solves. For the solution of the unsteady velocity
system we compare multigrid waveform relaxation and space-time multigrid. For
low and moderate Reynolds numbers this solver can improve the strong scalability
compared to a time stepping solver. This method is also applied to a Carreau fluid
showing the possible application in the area of transient simulation of polymer
melts.

1 Introduction

Modern high performance computing (HPC) systems rely more on parallelization than
ever before. While clock frequencies barely increase anymore, higher performance is
achieved by increasing processor core counts, utilizing wider SIMD vectorization, and
using more processors and nodes. Furthermore, driven by Al workloads, there is a
shift towards GPU based hardware accelerators employing SIMT parallelism that need
multiple thousands of threads running at once to achieve high performance.

Traditionally, transient PDE simulations rely on time stepping schemes and par-
allelize in space by either domain decomposition, data-parallel multigrid methods or
combinations thereof. However, in many cases the parallelization in space does not
provide enough parallelism to make use of all compute resources of current HPC sys-
tems. This may be due to small spatial problems or dominating coarse grid solves in
multigrid methods. Even though, solving a single time step is usually fast in these cases,
the overall time to simulate the problem can get large when many time steps need to be
solved for accuracy reasons.

To overcome these challenge parallel-in-time (PinT) methods gain popularity. For
a broad overview on PinT methods, we refer to the review papers by Gander [|17] and



Ong and Schroder [26]]. The most prominent PinT method, Parareal [[22], was applied
to solve the Navier-Stokes equation by Trindade [32]] and Fischer et al. [14]]. The
performance of this application [5]] and the influence of the Reynolds number [31]] have
been extensively studied. Falgout et al. [[12] applied multigrid reduction in time to fluid
flow problems. Other viable strategies for the parallel in time solution of flow problems
are the usage of stage parallel time integrators or preconditioners [27] or exponential
time integrators [21]]. Benedusi et al. [1]] have applied a multigrid method to a global-
in-time discretization of a time-periodic, incompressible Navier-Stokes problem.

We follow the approach of Lohmann and Turek [23] and use an augmented La-
grangian (AL) preconditioner applied to an all-at-one discretization. We briefly dis-
cuss, how the time discretization can be modified, so that the pressure problems of
the Schur complement preconditioner have a Kronecker product structure allowing for
embarrassingly parallel pressure solves at each time step. For the velocity problem we
evaluate the use of space-time multigrid (STMG) [[16] and multigrid waveform relax-
ation (WRMG) [25]20] based methods and analyze the scaling behavior of the overall
solver. As application, we consider Newtonian and non-Newtonian fluid models in the
regime of low Reynold numbers.

Similar methods were analyzed by Danieli et al. [6]], where a PCD preconditioner
was applied to global-in-time system without the augmented Lagrangian modification
and by Jackaman and MacLachlan [19] that solves the global saddle point system by a
Vanka based multigrid method.

2 Equation and Discretization

For a given kinematic viscosity parameter v = %, we solve the unsteady incompressible
Navier-Stokes equations

6,u+(u-V)u—HAu+Vp=f,
P
V-u=0

for the velocity field u € [H'(0,T; H*>(Q))]? and the kinematic pressure field p €
L*(0,T; H'(Q)). The derivation assumes that the deviatoric stress 7 = 2ue depends
linearly upon the shear rate tensor &(Vu) = % (Vu + (Vu)T) by a constant viscosity
u. This assumption is not valid for more complex fluids like polymer melts. We also
consider Carreau fluids [3|] where the effective viscosity ueg depends on the shear rate

v = +2e(u) : €(u) according to
n-1
2

Heff (V) = Hoo + (M0 — Hoo) (1 + (/17)2)7

and a set of material parameters p, e, A and n. Due to the shear-rate dependent
viscosity the divergence of the rate tensor does not simplify to a Laplacian and the
system of equation reads

Byt + (- V)~ %v Qe (Pew) +Vp = f,

V-u=0.



For the remainder of this article we set p = 1 and always consider the viscosity
parameters Uo, [ and the pressure p to be kinematic quantities.

The discretization is done separately in time and space by a tensor product approach.
Therefore, both discretizations can be chosen independently, but the spatial mesh has
to be fixed in time. For the spatial discretization we use the LBB-stable Q, — P, finite
element pair on a quadrilateral triangulation 7j,. The velocity field is approximated by
the continuous and piecewise biquadratic finite element space

Vi =A{vn € C(Q) : vn|k € Q2(K) VK € Tp}
while discontinuous, linear elements
Wi = {wy, € L*(Q) : wy|x € P1(K) VK € T}

are used for the pressure variable. Other discretizations may be used, but special
smoothers are required for the Augmented Lagrangian approach [2} |13} 34].
This leads to the semi-discrete problem

M, 0rup (1) + Sp(wy (2)un(t) + Bypp (1) = £,(1) )

B;uh (r)=0
with the velocity and pressure vectors u, € R™ and p, € R"*. n, = dimV}, and
n, = dim Wy, are the number of degrees of freedom (DoF) of the velocity and pressure
space respectively. M, and S;, € R™».»*".1 are the velocity mass matrix and the stiffness
matrix. By, € R™.»*"p.1 ig the discrete pressure gradient. Here, we ignore the boundary
conditions, so that the discrete divergence operator is given by BT. As there is no
time derivative of the pressure in the continuity equation, this is a differential-algebraic
system of equations.

2.1 Time discretization

Similar to [16]], we consider a discontinuous Galerkin (DG) time discretization of the
initial value problem
Opu(1) + au(r) = f(1)

u(0) = ug @

involving a linear scalar ordinary differential equation (ODE).

We choose a time mesh 0 = 7p < #; < -+ < g with K € N time steps and an
associated mesh size T which is assumed to be constant throughout this article for a
more comprehensible notation. The ansatz space of the DG(p) method is defined by

Vep={ve L*0,T) vl ePp(Ty) Vi=1,...,K}

where the functions are polynomials of degree p on each time interval 7; = (¢;_1,1;).
Using the notation of the jump [u,]l; = uc|z,, () — u<|5;(#;) and u|g (t0) = u(0),
we can define the DG(p) approximation of equation (2).



Definition 1. The DG(p) approximation u, € V; , to the solution of the ODE ()
satisfies

K
) [ 0t 00:00) + e - (0t + Lty vl 1)
i=1 i

K
:Z/ fv(Ddt Voo € Vyp.
i=1 YTi

Choosing a basis {¥p, ...,¥,} of P, ([0, 1]) and using linear transformations F; :
[0, 1] — T; leads to the coefficient matrices Mpg, Apg, Cpg € RP+X(P+1) defined
by

!
(MDG)k,l=/ ¥, (Cpcliy =-Pr(0)% (1) and
0

!
(ApGlk, = / Y1 0:¥) + i (0)¥1(0).
0

The right-hand side coefficients on each time interval 7; are given by (f;)x = le f(F;o
7).

Choosing an L2—orthonormal basis and exact quadrature yields Mpg = I,, how-
ever, this does not hold for time dependent data and nonlinear problems. Instead, we
choose the right Gauf3-Radau quadrature that includes the right boundary of the refer-
ence interval (0, 1) as quadrature node. Under this quadrature with nodes g; and weights
w; the nodal basis satistying ¥;(¢g;) = y1/w;d;; fori,j =0,...,pis L?-orthonormal.
The Gauf3-Radau quadrature is of order 2p + 1 which is enough to maintain the expected
convergence order p + 1 of the L?-error. Because this discretization is equivalent to
Radau-ITA Runge-Kutta methods [18]], we can expect super-convergence in the time
points ¢; of order 2p + 1.

We define the temporal mass and stiffness matrices M, A, € R¥K>*sK by

Apc
CpG Apc
M, =Mps®Ix and A; =
" Cpe Apc
with the number of stages per time step s = p + 1.
Applying this discretization to the semi-discrete problem (I)) yields the global-in-

time block system
AK BK ug fK
= 3
5 el =[] ®

using the right-hand side vector fx = [f],... ,fZ]T, the velocity vector ug and the
pressure vector px that contain the DoFs of all time steps. In case of a constant spatial
stiffness operator the block matrices read

1
Agx =—-A. M, +M.®S;, and B[(ZInK(X)Bh
T
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where ng = sK is the total number of temporal DoFs. Note, that we use the identity
matrix I,,, € RE¥*K in the definition of Bx. When the temporal mass matrix M, of a
given discretization is not an identity matrix, the required structure of Bx can often be
achieved by a transformation of variables.

Example (Crank-Nicolson discretization). A Crank-Nicolson (CN) discretization re-
sults in the temporal mass and system matrices given by
S 1 D
A= .. and M, = 3 o e RKXK
T o1 B
and the corresponding global vectors are

u, (1) Pr.i £ (t0) +E (1) +27 Ly, (19)
up () Pn.2 1 £, (11) +H (12)
ug = ) , Pk =] . and fx = 3

wy, (%) Prx £, (txc— 1)+ (1)

using the auxiliary pressure variables Py, ; = 0.5(pn(fi=1) + pn(#;)). This substitution
leads to the desired structure of equation (3) with Bx = Ix ® Bj,. The new pressure
can also be used as second order approximation in the midpoint of the time step

Pri = Pn (0.5(ti-1 +1;)).

3 Solver description

To solve the global nonlinear system (3) simultaneously for all time steps by employing a
Schur-complement approach, we linearize the system by means of a global-in-time New-
ton’s method. If the Newton’s method does not converge due to bad initial guesses, the
alternating Picard-Newton iteration [28] often performs better. This method switches
between a Picard and Newton linearization in each nonlinear step.

3.1 Augmented Lagrangian Block-Preconditioning

For the linear solver we adopt Lohmann’s approach [23]. Let us consider the linearized
problem
el
Pk| |[gk

which has a non-vanishing right-hand side in the continuity equation, because inter-
mediate solutions might not satisfy the continuity equation. A common approach for
solving the (Navier-)Stokes equation is the use of augmented Lagrangian precondition-
ing where the residual of the continuity equation is added as a penalty term to the
momentum equation [15}[2]. We apply this idea directly to the global block system, so
that the modified system reads

Ax Bk
By 0

Ak +7BKW71B; Bk
BT 0

_ [tk + yBxkWlgk
8K

Ug

Px “




with a symmetric positive (semi-)definite matrix W. Here, we choose a block-diagonal
extension of the pressure mass matrix W = I,,, ® M, ;. Due to the use of discontinuous
pressure spaces and the Kronecker structure of W, the inverse W~! is easy to compute
and the modified top left block

Ak.y = Ax +yBkW'B], = Ag + 1L, ® (BiM,),B])
of equation (@) retains its original sparsity pattern.
Using a suitable approximation of the Schur complement Sk , = BIT<AI_(1 yB k and
the decomposition

Ak, Bi|_| Lux 0 |[Ak, Bx
B; 0 BI-EAI_<1,y I"[%K 0 _SKJ’
—_—

P

we can solve the system (@) by applying an FGRMES method with the triangular
block-preconditioner P~!. The Shermann-Morrison-Woodburry identity leads to

-1 1

Sx., = (B;A,}{YBK) = (B;A,;’BK) FyWT =S +yWl (5)

where Sk is the Schur complement matrix of Ak [2, 23]. Using the inverse pressure

mass matrix as an approximation to the inverse of the original Schur complement
S¢' ~ vL,, ® M, 5, we define the block matrix

A B -

P= [ ’6’7 _SSZ with S;L, = (v + y)Ly ® M, 5, (6)

that we use as preconditioner in an FGMRES iteration to solve the modified system (@).
For the remainder we will call Sz Uzawa preconditioner to make the distinction to the
least squares commutator preconditioner more clear, even though in the literature the
AL method often indicates the usage of this block-preconditioner.

In the application of this preconditioner the inverse of the pressure mass matrix has
to be applied to every time stage. Afterwards, a velocity problem in space-time has to
be solved via an approximate multigrid solver, typically we execute a single V-cycle.

3.1.1 Least squares commutator

Another frequently used approximation of the Schur complement is given by the least
squares commutator (LSC) preconditioner [11]], also known under the name BFBT [[10].
The application of this preconditioner to the global-in-time system (3]) was considered
in [24]. Following [23]], applying this preconditioner directly to the modified Schur
complement Sk ,, yields

Sisci= BxV 'Bx) "BV Ak , VT IBk(BLV 'Bg)™!

=D, (Lo ® (BIM))) Ak (L © (M5B )) DE,



with a block diagonal extension of the velocity mass matrix V = I,, ® M,, 5. This,
together with the block-diagonal structure of matrices Bx and B, implies that the pres-
sure Laplace matrix reads Dk ,, = I, ® (BZM;,lhBh). The linear systems associated
with Dk ,, decompose into independent subproblems for each time stage. Alternatively,
we can interpret this as a single spatial system with multiple right-hand sides and apply
block-Krylov methods and use batched linear algebra kernel.

Analytically, by applying the LSC preconditioner only onto Sk and using the
decomposition (5) the LSC preconditioner can also be written as

Sibc =Dk, (L ® (BIM))) Ax (L @ (M7 B1) ) DR, + YW

Although the identity S;¢~ | = S;¢c

because they behave differently when the action of D1_<1 is approximated by inexact
i P
solves.

holds, we distinguish between both versions,

3.2 Multigrid methods for the velocity problems

In this section we introduce the iterative solvers for the pressure and velocity sub-
problems. The pressure solver is a standard spatial multigrid method with a Jacobi
preconditioned FGMRES smoother. The velocity systems containing Ak ,, are solved
by the space-time multigrid method or multigrid waveform relaxation. However, we
need to use specialized smoothers and transfer operators to handle the modification by
the augmented Lagrangian, as the penalty matrix B KW’]B; is singular and hinders
the rapid convergence of the multigrid when v is large.

We briefly reiterate how the modified system may be solved in a stationary or
time stepping simulation [[13| 34]. The multigrid method uses an additive Schwarz
smoother using a star-patch decomposition [30]. For a given triangulation 7;, we define
the decomposition V;, = 3}V, ; into local FE-spaces Vj, j = {v, € V}, : supp(vy) C
star(x;)}. Each local space V}, ; consists of FE-functions whose support is a subset
of the patch star(x;) = Ugeq; xjek K. So for every mesh node x; the union of all
adjacent mesh elements defines a star-patch and the subspaces V}, ; are the span of basis
functions whose support is a subset of each patch.

Using the restriction operator Rj,; : Vi, — Vj,; that only selects the interior DoFs
of a patch star(x;), we define the additive Schwarz preconditioner

S=) Ri (Rh,iAh,yR;J)_l Rii.

This means, that we do a parallel correction of each patch by solving a local system.
The operator S is then used as preconditioner of an FGMRES relaxation.

A similar modification is done to the transfer operator where the prolongated so-
lution is corrected on each coarse grid cell. We define subspaces Vh, j=Avn €V
supp(vy) C K;} C Vj, for each coarse mesh element K; € 7y and the correspond-
ing restriction operators Ry ; : Vi — Vj,_; onto those patches. The AL-Prolongation
13’;1 : Vg — Vj, uses the natural prolongation P’;I of the FE-space and then, executes a



correction on each subspace by solving a restricted system. Algebraically, this operation
is defined by

o ~ ~ ~ -1
Pl =Pl -y (R,Tl, i (Rh,.,-Ah,YR,Tl, j.) Rh,‘,-) B,M;, ! B/ P}
J
As usual, the restriction RhH = (P';I)T is the transposed prolongation.

3.2.1 Space-time multigrid

The STMG method [[16]] uses semi-coarsening in time and line smoothing in space. The
primary level hierarchy is constructed by refinement in time only. For DG discretiza-
tions, the prolongation operators are given by the natural injection P7_: Vo 4 — V7 4
between the nested spaces Vor 4 C Vr,. The restriction is the adjoint operator
R2" = (P;T)T. As the same spatial grids are used on each level, the global trans-
fers are given by
P =Pl oL, and R2;" =R ®1,,
The smoother is a damped block Jacobi iteration
ug - ug + wS(Ak) " (fx — Axuk) with S(Ag) = (Ix ® 1, ® L,,,) 0 Ag

using the Hadamard product (A o B);; = a;;b;; and the matrix 1y € RNXN consisting
only of ones. S(Ag) is a block-diagonal approximation of Ax where each block
corresponds to one time step and the coupling between time steps is ignored. Each
block of Ak is approximated by a single multigrid V-cycle in space that uses the
specialized smoothing and transfer operators. The damping parameter w can be chosen
as 0.5, but for small K a choice of w closer to 1 can lead to faster convergence [4]. We
determine the damping parameter by the means of an FGMRES(1) solver using S(Ak)
as preconditioner. When using a diagonal temporal mass matrix M, it is also possible
to use S(Ag) = (I, ® 1,,,) o Ak where each block corresponds a single stage of a
multistage time discretization instead of a complete time step. However, the STMG
method does not converge for a Crank-Nicolson discretization, because the matrix M,
is not (block-)diagonal and the smoother does not capture all the contributions of the
spatial stiffness matrices:

SM;®8S;) = (InK oM;)®S, #M.®8S;,.

3.2.2 Multigrid waveform relaxation

The multigrid waveform relaxation method [20], initially called Multigrid dynamic
iteration in [25]], uses semi-coarsening in space and line smoothing in time. Accordingly,
the transfer operators are given by

h P H 3
Py =1, ®P) and R} =1, ® R}/

using the modified spatial transfers. The Jacobi waveform relaxation smoother is defined
by

ug - ug + wS(Ax) ! (fx — Agug) with S(Ag) = (1, ®1,,,) 0 Ak



where for each spatial DoF a forward sweep in time is done. This corresponds to solving
an ODE for each spatial DoF. Instead of a Jacobi waveform smoother, we perform a
Schwarz waveform relaxation using the star-patch decomposition. So for each patch a
small ODE system is solved [[23]]. Algebraically this can be written as

Sa(A) = 3 Ry, (Re Ay RE ) Recs

using the time extended restriction operators R ; = I, ® Rj,;. While the forward
solve in time is not easily parallelizable, the subproblems associated with the local
patches can be solved independently. Overall, this results in less frequent inter-process
communication and improved parallel scalability, even when parallelization is done
only in space.

4 Numerical experiments

In the numerical tests, we use an inexact Newton’s method and Eisenstat-Walker forc-
ing [9] with @ = 2 and y = 0.9 as the adaptive stopping criterion for the linear Oseen
solver. The Newton method aborts successfully, when the unmodified non-linear resid-
ual rg with vy = 0 is improved by a factor tol,.; = le — 6 or until Trx < le — 9.
The inner solver is an FGMRES(4) iteration using the block-preconditioner P and the
previously described Schur complement approximations. For a given test case, time
discretization, and time step size, we always simulate the same number of time step,
and only vary the number of simultaneously calculated time steps K. To solve the same
time interval for each K we execute an outer macro time stepping loop. The reported
number of iterations are always averaged across all macro time windows.

4.1 Flow around a cylinder benchmark

To evaluate the presented solver, we first consider the unsteady flow around a cylinder
benchmark [29]]. In this test case, the domain is a rectangular channel with a cylindrical
obstacle while a parabolic inflow is prescribed at the left boundary (see Figure[T)). The
domain is triangulated with 64 quadrilateral elements on mesh level 0. Each finer mesh
level i + 1 is generated by a uniform refinement of the previous mesh level i. The
simulated time interval is (0, 8) and a uniform time step size 7 is used. The spatial
multigrid uses the mesh on level O as the coarse level whereas in the time multigrid
methods the time mesh is always coarsened until a single time step is left. All multigrid
methods use a V-cycle.
The inflow is defined as

x1(0.41 — x1) (1)

(1
u(t,x) = sin (gm) Umax 40412 0

with umax = 1.5 The viscosity v = 0.001 results in the maximum Reynolds number of
Re = 100. We also use the modified problem with u,,,, = 0.3 and Re = 20. While the
case with Re = 100 exhibits vortex shedding, the case with Re = 20 remains laminar,
but still incorporates transient effects.
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Figure 1: Domain: flow around a cylinder
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(2) WRMG, CN (b) STMG, DG(1)

Figure 2: Re = 20, Number of linear iterations: average over the time domain, Level 3,
T=1/64

Figure [2] shows the number of linear iterations for different Schur complement
preconditioning strategies and AL parameters y and a varying number of simultaneously
computed time steps K for a Reynolds number of Re = 20. The different variants of the
LSC1 preconditioner, denoted by LSC1-1 and LSC1-5, use one or five multigrid steps
to solve the pressure Laplacian, illustrating the influence of the pressure solver accuracy.
For a sequential solver and K = 1 all preconditioning strategies are viable. However,
as K increases, the methods with a small values of iy require more iterations and fail to
converge on long time frames. This shows the necessity of AL stabilization even when
the LSC preconditioner is used. There is only a minor difference between the waveform
relaxation and the space-time multigrid method. The Uzawa preconditioner works for
v = 1000, but the solver fails to converge for even larger y due to ill-conditioning of the
system. Thus, v must be chosen carefully, but it is unclear how to predict the optimal
choice of y and whether a viable choice even exists for different discretizations and
problems.

The LSC2 preconditioning variant exhibits a stable convergence behavior with
respect to K for y = 1 and y = 100. In the case of y = 1, the number of Newton
iterations increases from 1.88 (K = 1) to 4 (K = 512). Since each nonlinear iteration

10
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Figure 3: Number of linear iterations: avg. over time domain, LSC-Al preconditioner,
v =100

takes an average of ~ 4 inner linear iterations to reach the desired tolerance, the total
number of linear iteration increases from 7.1 to 20.5. The increase of nonlinear iterations
can be explained by the less accurate initial guesses because a constant extrapolation
of the last calculated time step is used. This is a good initial approximation for the
next time step but not for subsequent ones. Using a coarse grid approximation in a full
multigrid algorithm may improve this behavior [S].

The LSC1 formulation, which uses one pressure multigrid iteration, fails to converge
for large K. However, it performs as well as the LSC2 variant when the subproblems
are solved to a higher accuracy using multiple multigrid steps. Nevertheless, the LSC2
variant is preferable as it only needs one multigrid iteration. Figure |3| shows that
different time step and mesh sizes only slightly affect the number of iterations.

Table|l|shows the number of iterations for the benchmark for um,x = 1.5 using the
LSC2-1 preconditioner. The alternating Picard-Newton method requires only 2 to 2.5
iteration in a time-stepping scheme. However, this number increases to ~ 8§ when time
frame of length 1 is solved simultaneously. Furthermore, the number of inner linear
iterations increases more than tenfold showing that also the convergence of the linear
solver worsens. Increasing the number of time steps K further leads to the failure of all
methods.

The failure is caused by the velocity systems that cannot be solved with a global-in-
time multigrid, because the reactive term is not compensated by the mass matrix from
the time derivative. For instance, the space-time multigrid method fails on the coarse
meshes, as the inner spatial multigrid method diverges due to the large time step and
the strong convective and reactive terms. Although WRMG does not solve on a coarse
time mesh, convection dominated problems cannot be efficiently solved by this method
either (c.f. [7]]).
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71 K 1 4 16 64 128 256 512

256 ST 200 244 313 494 6.00 850 -
256 WR 2115 228 324 484 588 8.00 -
64 ST 242 313 497 838 - - -
64 WR 246 338 500 8.13 - - -

(a) nonlinear iterations
71 K 1 4 16 64 128 256 512

256 ST 5.1 12.5 16.6 272 41.1 1034 -
256 WR 8.1 9.0 155 30.7 534 1446 -
64 ST 7.0 124 235 903 - - -
64 WR 10.7 16.8 315 1254 - - -

(b) linear iterations

Table 1: Average number of iterations: Re=100, Alternating Picard Newton, LSC2-1,
level 3

4.2 Carreau test case

The second test case uses the same spatial domain, the time interval (0, 4), the inflow
condition 041 ) i1
X1V, — X1
u(t,x) = (0.2 + 0.1 cos(nt)) 10412 (0) @)

and a Carreau fluid with pg = 0.01, g = 0, 4 = 1 and n = 0.31. This test case is
diffusion dominated, yet it exhibits nonlinear behavior due to the rheology and strong
transient effects. We start with the solution of the stationary problem at ¢t = 0 and
simulate two periods. For long time frames, Newton’s method fails to converge, so
globalization strategies are necessary. Here, we choose the alternating Picard-Newton
iteration which has been shown to converge globally and quadratically for the Navier-
Stokes equations [28].

The Uzawa preconditioner (6) uses the scaling factor v = uo. For the choice of
y = 1, the results are slightly worse than in the Newtonian test case, but for y = 100
the overall solver behavior resembles that of the Newtonian fluid (see Table E]) Again,
the LSC1 preconditioner needs a more exact solver for the pressure Laplacian and the
Uzawa preconditioner needs higher AL parameters y. The increase of the total number
of linear iterations is caused by the increase of nonlinear iterations. For example the
LSC2-1 preconditioner shows an increase from 8.5 to 26 linear iterations per macro
time step and the number of nonlinear iterations increases from 2.125 to 6. The number
of linear iterations per nonlinear iteration remains between 3.9 and 4.5 for all considered
values of K.
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K 1 4 16 64 256 512

LSC1-1,y =100 242 56.8 - - - -
LSC1-5,y =100 80 145 21.8 30.0 32.0 32.0
LSC2-1,y=100 80 167 225 315 320 320
Uzawa, y =1000 1.3 17.7 258 36.0 38.0 36.0

(a) STMG
K 1 4 16 64 256 512

LSC1-1,y =100 30.3 445 - - - -
LSC1-5,y =100 8.7 10.8 169  27.1 26.0 26.0
LSC2-1,y =100 84 109 169 273 26.0 26.0
Uzawa, y = 1000 11.8 140 199 303 315 320

(b) WRMG

Table 2: Carreau test case: Number of linear iterations, 7 = 1/128, level 3

4.3 Strong scaling

To demonstrate the potential speedup of these methods we now consider a strong scaling
test executed on the LiDO3 cluster. The cluster has 316 nodes, each equipped with
two Intel Xeon E5-2640v4 CPUs and 64GB of DDR4 memory, interconnected by a
QDR-40 Infiniband network. The test case uses a Newtonian fluid and Re = 20 on the
spatial refinement level 4 consisting of 16384 mesh elements.

Figure [] presents the solver time normalized by the average number of linear
iterations. The solver time per iteration is similar for Carreau fluids, because both test
cases lead to structurally identical matrices. Multiplying these times by the average
number of linear iterations yields a good estimate of the total solver time.

Due to the increased efficiency of the batched pressure solves, multigrid waveform
relaxation profits from solving multiple time steps at once, even on a single node.
However, the WRMG method with K = 1 should not be taken as a benchmark for
a sequential solver, because the star-patch smoother for a single time step can be
implemented more efficiently by computing the inverse of each local patch matrix
and assembling a single preconditioning matrix. A comparison against a reasonable
sequential solver is shown in Figure [3

Solving more time steps at once initially improves the speedup, as it decreases
the latency induced communication overhead. Nonetheless, solving more than 64 time
steps has less significant effects, as the overhead is mostly hidden. Comparing the lowest
solver times, we see a speedup factor of 17.85 when comparing K = 1 on 16 nodes with
K = 1024 on 64 nodes. Both of these data points have a low parallel efficiency, but the
WRMG shows nearly ideal strong scaling much longer than a sequential method with
K = 1. However, for the parallel efficiency we have to consider a better suited time
stepping implementation, and we have to take into account the increase of the number
of iterations.

The space-time multigrid method has a higher initial overhead compared to a true
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Figure 4: Solver time [s] per iteration

time stepping implementation, but shows good scaling behavior (see Figure[db). In this
test we use spatial parallelization on each node and time parallelization between nodes.
When K is increased we also increase the level depth of the time multigrid scheme.
Each time level uses as many resources as possible, so that every process on each level
handles 2 time steps if enough processes are available. Here, we need at least two time
steps per process, because the coarsening is done on the fine level.

The scaling is not perfect due to the increasing level depth and the global reduction
operations that do not scale perfectly. Both factors lead to a logarithmic factor, resulting
in the expected strong scaling behavior of O(%) when using one process per
time step. Therefore, the parallel efficiency decreases as more time steps are used.
Nevertheless, the method achieves a 16.6x speedup per iteration. The total wall time
decreases from 1550 seconds for the sequential method on one node to 124.6 seconds on
128 nodes. These times could be equally improved by using more spatial parallelization.

To compare the two methods with a sequential time stepping, we use the backward
Euler discretization. Figure [5]shows the wall time of these tests. The WRMG has less
overhead than STMG. On the other hand the overhead compared to sequential time
stepping is significant. The graph shows that, as long as it scales, spatial parallelization
is the fastest method. In summary, multigrid waveform relaxation reduces the overall
wall time by solving multiple time steps simultaneously and utilizing more parallel
resources. Space-time multigrid methods achieve even better scaling but suffer from a
higher overhead.

S Conclusion
We have presented a global-in-time solution strategy for the Navier-Stokes equation for

low Reynolds numbers. This strategy uses a global-in-time linearization and augmented
Lagrangian preconditioning which can be combined with an LSC preconditioner. With
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a carefully chosen time discretization, the resulting pressure problems are embarrass-
ingly parallel and can utilize batched linear algebra and block-Krylov methods. The
velocity problems need to be solved in space and time. For doings so, multigrid wave-
form relaxation and space-time multigrid methods are viable strategies as long as the
convection and reaction terms are not dominant.

This method is also well-suited to Carreau fluids. Parallel scaling tests show a
wall time reduction by a factor of 12.5, but the parallel efficiency is only 9.7% when
comparing these data points. Due to the need for specialized smoothing strategies for
the augmented Lagrangian problem, the multigrid waveform relaxation can only achieve
a small improvement compared to the time stepping method and is outperformed by
the space-time multigrid method, when more resources are used. Therefore, it is only
viable in a very small regime. A time parallel implementation of the Schwarz waveform
relaxation smoother using cyclic reduction [33]] can improve this behavior. Currently
it is unclear, how this would compare to the space-time multigrid method.
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