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Motivation for Isogeometric Analysis (IGA)

e Industrial FEM simulation workflow: Model design with CAD
software — Model transformation — Analysis — Postprocessing

o Standard modeling technology in CAD: Non-uniform rational
B-splines (NURBS)

Figure: NURBS geometries taken from [9, 10, 11]

e Increasingly more complex engineering designs (Submarine:
> 1.000.000 parts)
o Design to Analysis workflow: 80% modeling/20% analysis time ratio
o CAD-CAE bottleneck: Efficient creation of 'simulation-specific’
geometry



Motivation for IGA

e FEM mesh only an approximation of CAD geometry

QOO

e Shell buckling analysis very sensitive to geometric imperfections

e Boundary layer phenomena sensitive to precise geometry
configurations

e Sliding contact between bodies cannot be accurately represented
without precise geometric descriptions

o Tighter integration of modeling-analysis process (Design
optimization)

e Limited number of C>° FE applicable to complex geometries already
in 2D



Overview

Galerkin based IGA in a nutshell
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Galerkin based IGA in a nutshell

e CAD and Analysis use the same geometric model (NURBS,
T-splines, etc.)

e Isoparametric concept: Use the same class of functions used in CAD
(B-splines, NURBS, etc.) for the PDE solution space

e Generalization of standard FEA: NURBS spaces include the
piecewise polynomial spaces used in FEA

o Possibility for C! and higher order continuity

e Higher-order accuracy on the degree-of-freedom basis

e Compact support

e Two- and three-dimensional geometric flexibility

Q (Reference domain) Q (Knot domain) Q (Physical domain)

111

— 2 €3

-1 1 05

el el

0,0.0 05 L11

Figure: Domains involved in Isogeometric Analysis.



B-splines/NURBS in a nutshell

Define ordered knot vector = := {{1, &2, . .., Em=ntp+1}, Where p is the
polynomial degree, n is the number of B-spline basis functions and
repetitions of knots &; are allowed: & < & < --- < §&,,.

= is an open knot vector, i.e., first and last knots have multiplicities
p+1 E={a,...,a,&+2, -, &mp-1,b,...,b}.
N—— S——
p+1 p+1

i-th univariate B-spline function is a piecewise polynomial function,
recursively defined by the Cox-de Boor recursion formula

Bio(6) = {1, 6 <E<bim

0, otherwise

Bi,(€) = gilj_&&Bi,pl(é) 4 mm@l@, p> 0.



B-splines/NURBS in a nutshell

e B-spline basis functions are linearly independent and form a partition
of unity: Y- | B; ,(§) =1 VE€E

e Each B-spline basis function is non-negative over entire domain:
B;p(€) >0, V¢

e Local support property: B; ,(§) = 0, if £ outside the interval
(&, &irp+1)

e On each segment, we have p+1 basis functions with positive values

o At knot &; the basis functions have o := p — r; continuous
derivatives, where r; denotes the multiplicity of knot &;

B-spline basis functions

B2 Bis T Baa
08 By B3 Bs o Boz By 7
o 06} N 1
X o4l \ i
0.2 | \¢ \\ |
0 //”/ L A L L
0 0.2 0.4 0.6 0.8 1

9

Figure: B-spline basis functions of degree p = 2 for open knot vector
= :={0,0,0,0.2,0.4,0.4,0.6,0.8,1,1, 1}. .



B-splines/NURBS in a nutshell

Derivative of i-th B-spline basis function obtained combining lower order
ones:

d .
df P (f) €z+p 61

Augment B-splines B; , with with weights w; to obtain univariate
NURBS basis functions (rational B-splines):

P B
B;p-1(§) — Erimr1 = §i+1Bz+17P—1(£)~

Rip(€) = B2 Wi = Y Byl

First derivative of R; ,,(€) is easily obtained via the quotient rule as:

. BLOWE - BuOW(E)
dngi,p(g) = W; WZ(E) )

where B] (§) = d%Bi,p(f) and W/(&) =321, Bi ,(§w;
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B-splines/NURBS in a nutshell

Space of B-splines/NURBS of degree p and regularity « determined by
knot vector = and spanned by the basis functions B; ,/R; ,:

St = SR(E, p) = span{B; p }iy
NE =NE(E,p,w) :=span{R; ,} 7,

Extension to higher dimensions

Consider d knot vectors Zg, 1 < 8 < d and an open parametric domain
(aq,ba)? € R%. The knot vectors =4 partition the parametric domain
(aq,bq)? into d-dimensional open knot spans, or elements, and thus yield
a mesh Q being defined as

Q=Q(E1,...,Ea) ={Q =®%_1(&ip . &i1,8) | Q#0, 1<i<mg}
Tensor product B-spline and NURBS basis functions:
Bil,...,id = Bi1,1®"'®Bid,da ilzla"'vnlv idzlw"and

Ril,.wid ::Ri1,1®"'®Rid,da t1=1,...,n1, tg=1,...,n4
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B-splines/NURBS in a nutshell

BYH(E,m) = Bip(€)Bjq(n)

OBl (Em)  d OB} (&, d
P 0 (@) B, P = B (Biato))

RE(6, ) = Dl uals
ORI (En) _ " B; ,(§)Bj.q(MW(£,n) — Bip(§) B (MWe(€,m)
o€ " W2(&,n)
OR!(&m) " Bip(§)Bj (MW (E,n) = Bip(§)Bjg()Wy (€ n)
on " W2(&,m)
Wé(fa 77) = Z Z Bz{,p(g)Bj7Q(n)wi7jv Wé (gv 77) = Z Z Bi,P(E)B;'7q(77)wi,j
i=1j=1 i=1j=1
W(En) =YY Bip()Bjq(nwi
i=1 j=1



B-splines/NURBS in a nutshell

Tensor product B-spline and NURBS spaces

P1,.-sPd — QP1,---,Pd .— QP11 Pd — . I L2 TRy 7]
Sali...),ad - Sozlz...:Oéd(Q) T Sal ® ® Sad - Spa‘n{Bll~~»74d} N

i1=1,...,iq=1

ey — yeens R _ N,...,n
NEL RS = NE2(Q) 1= NE®- - @NES = spani{Riy..o, iz

o i1=1,...,iq=1

Spaces fully characterized by mesh Q, degrees p1,...,pq of basis
functions and their continuities o, ..., aq.

Representation in the physical domain 2

NURBS geometrical map F : ) — Q

ni nd
F=> > Ri(%) - Riy(&)Pi,, i
i1=1 ig=1

Space V of NURBS basis functions on €, as push-forward of space N

P1y--Pd .— ))P1 .. Pd . . —1n1,...,nq
VBB = VPl @ ... @ VB = span{R;,. ;, o F "} :

d 11=1,...,4g=1

v
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B-splines/NURBS in a nutshell

! .bent” Sobolev space of order m € N

v € L*(Q) such that
v € H™(Q),VQ € Q, and
H™ = Vk(v‘Ql) = V’“(v‘@) on 0Q1 N IQ,
VEk € N with 0 < k£ < min{mg, g,, m — 1}
VQ1, Q2 with 0Q1 N OQ2 #

with norm
m

2
0]l = D vl

=0

and seminorms

03 =) [ofiig, 0<i<m
QeQ

LContinuity may vary throughout the domain
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Approximation with NURBS in the physical domain

Fundamental error estimate for the elliptic boundary value problem in
classical FEA:

[|u— uhHm < ChP|lul,, B=min(p+1—m,r—m)

Mesh K in the physical space: K = F(Q) := {F(£)|€ € Q}.

Theorem ([13])
Let k and | be integer indices with 0 < k <1 < p+ 1, we have

> lo =Ty vl ) < Cotape Y hx ’“’ZWFH” e
KeKy, KeKy, 1=0

Yo € H(Q)

Remark [13]

The NURBS space V}, on the physical domain 2 delivers the optimal rate
of convergence, as for the classical finite element spaces of degree p.

K)»
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Approximation with NURBS in the physical domain

Example: Poisson problem on a quarter ring
-V -(puVu)=f inQ
findu:Q—R: u=g¢g onlp
uVu-n=h only

0.01
0.001 - s
0.0001 /
o le-05 o /
§ 1e-06
|
= Ch?
- 1e-07 cpt ———— 4
/ o
1e-08 che ——— ]
P2 ——
p3 —e—
1e-09 P 1
et i
0.01 0.1 025 0
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Overview

IGA of the Navier—Stokes—Cahn—Hilliard equations with application to
incompressible two-phase flows
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Application to two-phase flow problems

Objective: simulate two-phase flow
problems with large density and viscosity
ratios using the Cahn—Hilliard phase field
model.

We would like to use a method that has the
following advantages:

Figure: ©[7, 8]

o Complex geometries — Isogeometric Analysis

Systematic physical approach to address interface dynamics (fluid
free energy model)

Natural handling of topological transitions

Implicit fluid-fluid interface representation

Modeling of interfacial forces as volume forces
Reinitialization-free
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Two-phase flow model based on fluid free energy

Classical approach:

e Force balance boundary condition o
fluid 1

T
[-pI + 1 (Vo + (Vo)")]|. - n=okn
e Internal force b.c. as volumetric surface tension force y

L.

fo=0rnd(T,x)

v

Phase field methods are based on models of fluid free energy

Simplest free energy density model for isothermal fluids yielding two
phases is

F@) = a5|Vel +6Y(s) a>0,8>0

o Order parameter ¢ € [—1, 1] measure of phase
o 5|Ve|*: interfacial (surface) free energy density
e 1(¢): homogeneous free energy density
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Principle: Energy minimization

() =T((14 @) log(1+ @) + (1 — ¢)log(1 — ¢)) + To(1 — ¢?)

3.0

2.9

Equilibrium interface profiles minimize fluid
free energy (Ginzburg-Landau free energy) =
functional

&)= [ san= [ ZalveP+pupanl

25
=10 0.5 0.0 0.5 1.0

Variational derivative of £(¢) w.r.t. ¢ yields chemical potential
o0&
n=5o= —aV2p + By (¢)
¥
Equilibrium interface profiles satisfy
B () — aV?p =1 = const.
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Cahn—Hilliard system

Idea: Generalize problem to a mass diffusion equation in a binary system
applying the principle of conservation of mass with a local diffusion mass
flux

m(e)Vn,
m(@) D(¢* —1)?

Mass conservation for ¢ requires

de Op
E—FV J = E—i—V (vp)+V-J=0

Advective Cahn—Hilliard (CH) equation

% 10 Vo=V (m(e)Vn) = V- (m(p)V (Ve + B¥(9)))
Vn-n=0, (nofluxb.c.)

Vi-n=——= cos(d)(1 —¢?) (contact angle b.c.)
6\/_




State of equilibrium, surface tension

Equilibrium interface profile given by solution of equation

n(p) = —aVip + By (p)?

Solution characterized by

e two stable minima at p =~ +1
standing for the two phases
e 1D transition region given by

¢(x) = tanh (W)

—alp + Bp(p* —1) =0

plz) = mnh( =5 )
L0 ——

0.5

£ 00
5

=10 0.5 0.0 0.5 10

Surface tension of the interface of an isothermal fluid syétem in
equilibrium is equal to integral of free energy density through interface:

LG
o=« —

2p(p) = L —1)%(p +1)2

)2 dx:%‘/ﬁ\/@
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Mixed formulation

For general v:

© oxVop

o € < y/a/B (equilibrium interface thickness)
Introduce auxiliary interface thickness £ = y/a /8 and set

3 o

b= e

«

3
=557

e Direct formulation of CH: 4th order spatial derivatives — C'-FE
e High continuity spaces — Isogeometric Analysis
e Alternative: Mixed formulation

Mixed formulation of Advective Cahn—Hilliard equation

%ﬂfw.w—v-(m(mvm =0,
dy ()

2
T __O
+aVp

n—23




Minimization of Ginzburg-Landau free energy

)) ) ;
EON 2 Y X
)
X« : o b e A ) 2 e
" el S allay : o -

e Volume fraction of the first fluid in the mixture: ¥ = ffj“//l

e p=20-1

e Volume averaged density and viscosity:
pleo(z,y)) = pr(L+¢)/2+ p2(1 =) /2,
m(e(z,y) = pa(l+¢)/2+ pa(l —¢)/2
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Governing equations

Navier—Stokes—Cahn—Hilliard system:

o(%) (‘1 e V>v) — V- (o) (Vo + (F0)T)) = =p + ple)g + 1V in O

ot

V.-v=0 in Qp,

% 40 Vo=V () Vn) =0 in Qr,

—ﬁMJrav%:o in Qr,

dp
o(2,0) = po(z), v(x,0)=wvo(z) in

gi gZ 0 V=vp on (8QT)D,
(—pI + u(p) (V'v + (Vo) T)) on (0Qr)N

Time discretization: one-step #-scheme (implicit)
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Operator splitting solution algorithm

while t < T do

end

@ Solve nonlinear Advective Cahn—Hilliard system:
Find (¢(x,t), n(x,t)) € S x S x (0,T), s.t. Vg,v € V it holds:

Feu((e,m); (g,v)) =0 Semilinear form
In each Newton iteration,
Find (0p,dn) € S x S x (0,T), s.t.
Fen((",nM); (8, 6m), (a,0)) = =Fen((¥*,n"); (a,v))  VagveV
(@ TL 0 ) = (©*,0") + w (8, 6m)

@® Solve nonlinear two-phase Navier—Stokes system:
Find v(x,t) € S x (0,T) and p(x,t) € Q% (0,T), s.t. V(w,q) € V x Q it holds

Fns(u; (w,q)) =0 Semilinear form with u = (v, p)
In each Newton iteration,
Find dv(x,t) € S X (0,T) and dp(x,t) € Q x (0,T), s.t.
Fs (s 6u, (w,q)) = —Fns(u®s (w,q))  V(w,q) €V xQ

uFt = uF + wou

26
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Discrete Isogeometric approximation spaces

Approximation of velocity and pressure functions with LBB-stable
Taylor-Hood like non-uniform rational B-spline space pairs V;{H/Q{H

VZ:H = VgH(p,a) = NPitlpatl _ Arpitlpat+l o /\/’191-5-1,192-5-17

1,02 aq,002 Q1,02
TH = QTH(p, ) = NP2
h = (P, ai,as
Q (Reference domain) Q (Knot domain) Q (Physical domain)
111 ¥ - °
~ €2 €3 PR

1 1 0.5

el el

0,0.0 05 L1l
NURBS control point

Corresponding spaces VI and QT* in the physical domain €2 obtained

via component-wise mapping using parametrization F : O—0

VI —{v:voF e VL) W ={q:qoF € Qi"}
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Discrete problems

e Variational mixed formulation of CH problem

HY(Q) NV
Ho(Q) N V,H
Flnd( ;") €SP x §hx (0,T), s.t
jCH('v(QO M), (" 0") = Fen( (¢, ") Vet ol e VP

e Variational formulation of NS problem

=H'(Q)NVIH
ol

=Ho(Q) N VEH
= (Q)/RGQEH
uh—( ;")

Find v" € 8" x (0,T) and p" € Q" x (0,T), s.t
Y (wh, ¢") € V" x Qh
jNS('; uhv (wha qh)) = fNS('; (wha qh))




Rising bubble

u=v=0
u=0 u=0 Ab=/ 1dax,
Qg
Q
fluid 1 V},:/ v.y de/Ayp,
Qo
9 Yb:/ z.yde/Ap,
Qo
: Py 2m\/Ap/7
T ¢: - = 77
0 P, b,
o © T tog(lleitly/lleall )
og(llei—1ll¢y/lleillr.
y s EOC(, = gl“” 20
0£5u:v:0 og(hi—1/hs)
x

— | ——

_ Xl —ail
Z‘i\lzl |qt,ref|

llell1 s llell2

1/2
Z£V=1 |qt,ref - (It|2 maxXg ‘qt,ref - (It|
=N s lelloe = —————

Zi\le Qt,refP maxt |Qt,ref|

Test case 1 P2 M1 M2 9 o Re  Eo p1/p2 p1/p2

1 1000 100 10 1 098 245 495 9 10 10
2 1000 1 10 0.1 098 196 495 12488 1000 100
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Rising bubble, case 1, deformation over time

- 2,2 1,1
Phase field, IGA (J\fo’0 x Noo) TP2D reference, Level Set, Q2 P; FE
> >
) Z t=00 t=10 t=20 t=3.0
L4y .y o0 14 1=05 =15 (=25
t=2
13 13
1.2 12
11 t=3.0 11
1 1
t=25
09 + 4 09 |
o8 =20 S o8t
N\
07 b t=15 | 07 -
0.6 - t=1.0 R 0.6 |
05 05 -
04 0.4
03 03 |
0.2 . . . . . . . . . 0.2
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
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Rising bubble, case 1, quantities over time

0.25 . . . . . 12 .
h=
< 11 h=
02 b / h=
/ A h=
g oBr g 0
3 <
T M
3 £ os
£ oaf H
07 ,
0.05 | =000, At =8¢ —3
020, At — 06 ]
010, At
005, At -
0 . ! . 05 . . . . .
0 05 1 15 2 25 3 0 05 1 15 2 25 3
t t

circularity
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Rising bubble, case 1

T e )

24 0.040 0.008 009425 2.1281 0.2384 1.2000 1.0665
275 0.020 0.008 0.9151 1.9280 0.2423 0.9520 1.0778
276 0.010 0.004 0.9044 1.9240 0.2422 0.9120 1.0792
277 0.005 0.004 09013 1.9200 0.2420 0.9200 1.0794
ref 0.9013 1.9041 0.2417 0.9213 1.0813

Table: Minimum circularity and maximum rise velocity with corresponding
incidence times and final center of mass position for test case 1.



Rising bubble, case 1, influence of i and ¢
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Rising bubble, case 1, convergence orders

¢ h | EOC; EOCE™ | EOC, EOCE*7 | EOC,, EOCHfLT

Y, 25| 17049 20024 | 1.6818 1.9263 | 1.4755  1.6026
2-6 | 14633 25718 | 15127 25136 | 1.5047 22132
27 | 0.5312 0.5706 0.8730

V, 25| 1.3263 13883 | 1.3518 1.3969 | 1.2714  1.2100
2-6 | 20064 23780 | 1.8934 23116 | 1.4112  2.0974
27 | 1.1755 1.0575 0.9790

¢ 2-5 | 1.4927 1.5363 1.5095 1.5463 1.5051 1.1128
2=6 | 20446 23055 | 2.0443 22597 | 1.9111  1.6609
2-7 | 2.1778 2.0334 1.6871

e Order of convergence between 1 and ~ 2 in all norms

e Order of convergence even exceeds 2 when compared to own result
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Rising bubble, case 2, deformation over time

2.0 T T T T T T T T T T T T

0.0 - - - - - - "
02 04 06 08 02 04 06 08 02 04 06 08 02 04 06 08

r

0.0 - - - - - — "
02 04 06 08 02 04 06 08 02 04 06 08 02 04 06 0.

%
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Rising bubble, case 2, final time shapes

2.0

> 1.0F

0.5+

0.0 L L L L L L L L L L L L L L L L
00 02 04 06 08 10 00 02 04 06 08 1.0 00 02 04 06 08 10 00 02 04 06 08 1.0
- . . .

alaluiainln

CFX

Present

TP2D

)

t=3.0

FreeLife

d d

MooNMD

Comsol

£

Fluent

x

x

TP2D FreeLIFE MooNMD




Rising bubble, case 2, quantities over time

rise velocity

.020, At =

ref (TP2D) ———
3

circularity

0.6

05

0.4

3

center of mass

ref (TP2D)
h=277¢=0.020, At = 4 _—
h=2"¢ , At = 2¢
h=27"7£=0005 At=1le—-3 ——

ref (TP2D) ——
0.020, A 4

1

15
t

2 25 3
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Rising bubble, case 2, convergence orders

g h | EOC; EOCY™ | EOC, EOCY™ | EOC,, EOCE™?

Yy, 27° 2.0024 1.9263 1.6026
276 114620 25718 | 1.5072 25136 | 1.4755  2.2132
27 | 1.5358 1.5600 1.5947

V, 275 1.3883 1.3969 1.2100
276113060 2.3780 | 1.3710 2.3116 | 1.2714  2.0974
2-7 | 1.5620 1.5643 1.4112

¢ 270 1.5363 1.5463 1.1128
276 | 1.4147 23055 | 1.4478 22597 | 1.5051  1.6609
27 | 1.8389 1.8880 1.9111

o Time interval confined to [0, 2]
e Order of convergence between 1 and ~ 2 in all norms
e Order of convergence even exceeds 2 when compared to own result
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Rayleigh—Taylor instability

Figure: Evolution of a single
wavelength initial condition for
different ref. levels at ¢t ~ 0.8
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Rayleigh—Taylor instability

35 ‘
Present
Tryggvason )
3L Guermond O i

05 L L L L

Figure: The y-coordinate of the tip of the rising and falling fluid versus time. . ,u



Conclusions and outlook

Isogeometric Analysis & phase field based two-phase flow model
e robust numerical method
e successful (benchmarks)

Extension to

o Complex geometries

Multiphysics (ALE- FSI, Non-Newtonian fluids, ..)

Local refinement (Hierarchical B-splines, T-splines, etc.)
Multigrid

Alternative Navier-Stokes—Cahn—Hilliard models (Abels, Boyer, ..)

41 /41



Appendix, Newton linearization (PDE level)

Linear form (for fixed ¥, n*):

Fen((€*,1%);0) :/Qw’“tﬁ 0AL ((v-V)eF ¢+ mVn* - Vq) de
*/ﬂ«p"q* (1 =0)At((v-V)e" q+mVn"-Vq) dz,
+/nkvdw—/6w’(4pk)vdw—/aVka~Vvdw.

Q Q Q

Bilinear form Jcn = Féu (9%, n%); -, -) from linearization of Fcy around
(@m) = (", "):

Tch :/ dpq+ OAL((v-V)dpq+mVén - Vq) de
Q

—|—/5nvdw—/B1/J"(<pk)5cpvdw—/aV§<p~Vvd:c
Q Q Q
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Appendix, Newton linearization (PDE level)

Linear form (for fixed u*):

Fus(u; ) =3R(u")

Bilinear form Jns = Fys(u”; du, (w, q)) from linearization of Fys
around u = u":

INs z/ﬂp(go)w~5v dw—f—/ﬁu(ap)Vw (Vv + (Vév)") da

+/ p(p)w - 6v - Vor dw—i—/ plo)w - v* - Vév dz
Q Q

—/V~w6pda:+/qv-6'ud:n
Q Q

3Residual of the Navier—Stokes system
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Static bubble

o ) = [—1,1]? with bubble centered at origin
e Finite element L?—projection of bubble profile:

/(f—th)wd:czo, Yw € W,
Q

= Pbubble(T) =

+1,
-1

for x € )4
for x € Qs

surface tension

Pressure field expected to satisfy the Laplace-Young law

Pi =DPo+o/r
c=1,r=1/4
Ne b€ 3 P 180 = (D)I/(2) Ipi—pol/(2) I —palle o —vnll,2
256 2-4 0.0400 4.05234 -0.00431 0.01416 1.01416 0.539996 2.27e-04
1024 275 0.0200 3.99563 -0.00233 0.00051 0.99949 0.379967 6.67e-05
4096 2-6 0.0125 4.00642 -0.00139 0.00195 1.00195 0.296332 6.77e-05
16384 27 0.007125 4.00067 -0.00074 0.00035 1.00035 0.222107 1.28e-04

44 /41



Static bubble, pressure and spurious velocities
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Appendix, Rising bubble, case 2, influence of h

14 +

13 -

12

11

09 ~

0.8

0.7 +

0.6 - R

Figure: Shapes of the rising bubble at final time ¢ = 3 for different h.
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Appendix, Dimensionless numbers

Dimensionless numbers in the rising bubble setup:

e Reynolds number Re = p10L/ 11

e E&tvos (or Bond) number Fo = Bo = ApgL?/o
o Characteristic velocity o = /g

e Characteristic length L = 2r
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Appendix

B-spline basis functions B; 2,U = {0,

B-spline basis functions B, U = {0,0,0,0.5,1,1,1}

1 1 z
08 08 B —
< 06 Byy —— o 0.6 22 q
=z o g By
T o4 Bra T o4 1
02 \\ 0.2 q
o A R o — . Al
0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 06 07 08 09 1
& &
(a) S (b) 82
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B-spline basis functions B; 2, U = {0,0,0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,1,1,1}
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Appendix

(a) Standard cubic finite element basis functions with equally spaced nodes

KOS

(b) Cubic B-spline basis functions with equally spaced knots

Figure: C° FEA cubics vs C% B-spline cubics. Bandwidth: 2p + 1 in both cases.
Courtesy of Hughes et al.
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Appendix, Ostwald ripening

Ostwald ripening is an observed phenomenon in solid solutions or liquid
sols that describes the change of an inhomogeneous structure over time,
i.e., small crystals or sol particles dissolve, and redeposit onto larger
crystals or sol particles [6].

o -

Figure: Images taken from [6]
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