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Motivation

Objective: Develop an Isogeometric ,
Analysis based fully coupled monolithic FSI /
simulation framework that in the sense of
robustness/stability is particularly well
suited for biomechanical applications.

We would like to use a method that has the
following advantages:

/
Figure : ©[12]

o Stable in biomechanical applications (p” /p® ~ 1)

e Fully coupled ALE variational formulation solves the difficulty of
common variational description; Facilitates consistent Galerkin
discretization of the FSI problem

e High continuity and regularity spaces; Complex geometries —
Isogeometric Analysis
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Compressible solid problem

Elastodynamics (Lagrangian perspective): w(X,;)jx

ov ) — A
JpEfVX-P:pr in Qx x I, @
ou
— —v=0 in Qx x I,
5 v in Qx

u(-,0) =u,v(-,0) =2 in Qx,
P(X.1)=x Plut) =
u=up onlpx xI, @0 F,J o

o, F,J

Pny =g, on 'y x x I.

@: Qx x[0,T] — Qu x [0,T]

® St. Venant—Kirchhoff material (X,1) — @(X,t) = (a,t)
P:=\tr(E)F + 2uFE P(X,t) =X +u(X,t)
ou
® Neo—Hookean material v(X,t) = o | x
P:=pu(F — F 7))+ Alog(det F)F~T ¢
F:=F(X,u):= X = Vxe(X)=I+Vxu
® Green—St. Venant strain tensor J := det(F)

E = (qu+(vxu)T+(qu)Tqu)

N | =
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Incompressible fluid problem

Incompressible Newtonian flow (Eulerian perspective):

p(al‘ +(v-V)v> =V-o+pb inQL@),tel,
x

ot
V-v=0 in Q7 (t),t €I,
p(-,0) =p,v(0) = in 07 (0),
v=vp on F‘g’w(t),tel
o-n=g on I‘ﬁym(t),tel

o = —pl + pu(Vo + (Vo)7T)

FSI coupling conditions:
® Geometric coupling: Fluid- and solid-domain never detach or overlap
e Continuity of velocity:
v? =05 onIZ(t)
@ Continuity of normal stresses:

o” nl =—0%5-nS onTL()

Strategy for combination into one conservation equation: Rewrite fluid
equations in a “structure-appropriate” framework (ALE)
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Governing equations

0 (] e (5 )
p X+VX'U (F (v —BtA))

ot
Uy - (j (—p]:I-I—;,L]: (vaFF + BT (Vyv”) T)) F*T) - in Q7 x (0,71,
Vx * ( lv]:) = in Q£ % [0,T7,
7 (0) =57, u (0) =a” 0T (,0) =5 in QF,
uF—uD,v —vg on ngx x (0,77,
(jafi;‘_T) nl =g on Fﬁ,x x (0, 7).
jp‘sag—;S X—VX-PS: Jp°b°  in QS x (0,7,
S
%71;3:0 in Q5 x (0,77,
uS(-,0) =@, v5(-,0) = &° in Q3
u’ = ug on F'lsj’x x (0,71,
p° n(‘JS = g(‘JS on F]‘?,,X x (0,T].
Vs - (auj 1V f) -0 in Q7 x (0,71,

u
uw’ = w5, v =05, (jaFF_T) ng = p° no on F,I( x (0, T].
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Variational formulation

® Displacement trial and test spaces in the fluid domain:
TS ={u” e ' (Qf):u" =u’onTL,u” =uf,on T} }
WJ: {qbufer’_to(ﬂ]:) ¢u]~' ¢u50n FI}
® Velocity trial and test spaces in the fluid domain:
F={vf € ’Hl(Q}-) cv? =0 on FI vF =wvf on Fg,x}
Wy = {o"7 e Hy () : 97 = "% on T1}
® Pressure trial and test space in the fluid domain:
£ = £2(Qf)/R
® Displacement trial and test space in the solid domain:
TS i (uS e MU0 ud —uf on TS0 WS = MY
® Velocity trial and test space in the solid domain:
S S S S
TS =HUQR), WS = HOR)
® Pressure trial and test spaces in the solid domain:

L8 = L£*05)/R

6
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Variational formulation

Let T:={TJ X TS x T x TS x LT x L5}, let U =
{v7, 05, u” u p” p5}, and let & = {9, ¢S, ¢, ¢S, g PS5}
Find U € T x I such that:

F(U;®) =0 Vo¥~ e Wl
Fo(U; @) =0 VoP7T e’
F(U; @) =0 VoS e WS
Fi(U; ) =0 Vop*S e WS
Fs(U; @) =0 V¢PS e L
Fe(U; ®)=0 Vo™ e Wl
Fi(U; ®) :=
T F o .
/ / Jp* (8L + V" (F Yo - 8tA))> - df dt
o Jof ot Ix

T A — A — A —
+/ / J(fprJr;f (vvaF 'L F T(vaf)T))F T Vxo dQZ dt
0 Jaf

T T
—/ / JpT f7 v dQf dt — / / gl - ¢¥dry , dt.
o JaoF 0 r{,)x
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Variational formulation

T

Fo(U; @) ::/ / vx~(JF’1vf>~¢PdQ§dt.
0 Q;'—

. — r 7 sa”s v.S 40 T S v.S 40
Fs(U; ®) = R W’ LS S dt + P° vy 9vS A0S dt
0 Jag X 0 Qf(
—/T/ jpsbs~¢”’sd(2§dt—/T/ g5 - *Sdry,  dt.
o Jag 0 r;?,yx ’

T auS
Fa(U: ®) ;=/ / (7 —vs)-(b"’sdﬂidt.
o Jas \ 9t Ix
T
Fs(U; ®) ;:/ / p® - ¢S daf dt.
0 Q;SC

T
Fo(U; ®) ;:/ / o 'V uT : Vy o™ dQ dt.
0 QF
x
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Discrete Isogeometric approximation spaces

Approximation of velocity and pressure functions with LBB-stable
Taylor-Hood like non-uniform rational B-spline space pairs V;{H/Q{H

CTH _ XrTH 1,p+1 _ 1,p+1 1,p+1
V," =V, (p,a)z./\/g,‘; Pt —Né’"& Pt xNg’J; Pt

W= Qi (p, ) = NI

Q (Reference domain) Q (Knot domain) Q (Physical domain)
- .

111 F
~ €2 3 =

1 1 0.5

el el

0,0.0 05 L1l
NURBS control point

Corresponding spaces VI and QT* in the physical domain €2 obtained
via component-wise mapping using parametrization F : Q — )

VTH = fv, = 90F 1, %), € VIHY, QTH = (g, = GnoF ', G, € OTH)
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Solution algorithm and discrete problem

e Discrete spaces:
Th = { (7'f mvf”) x (72 mv{H) x (Tf meH) x (7;;9 mvf”)
x (cf mQZH) x (LS mQZH)}
W= { (W] n Vi) x (anvf*’) x (Wlnvi) x (mevf”)
x (£7 Q™) x (£5nei™ )y
o Time discretization.: Shifted Crank-Nicolson (§ = 1 + O(At))

2

while t < T do
Solve the nonlinear monolithic FSI problem:
Find U™ € T", s.t. V®" € W" it holds

FU"; &") = Z]‘—i(Uh; &) =0 Semilinear form
i

In each Newton iteration,
Find sU" = {é’vh’}-,évh’s,Euh’]:,5uh’s,5ph"F,6ph’s} eTh, st
FlUhksuh, @h) = —FUMF @), veh e wh
Uttt =yt 4w sut,

end
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FSI tests

H ()— ‘i
!
(0.0)
L
C A
e 3" 4
|
Parameter  Description Unit  FSI1 FSI 2 FSI 3
S Solid density [% 1000 10000 1000
ve Solid Poisson'’s ratio 0.4 0.4 0.4
s Solid Lamé constant [X9] 05x105 0.5x10° 2x10°
o Fluid density [T’;T‘Z] 1000 1000 1000
vr Fluid kinematic viscosity [%2] 0.001 0.001 0.001
U Average inflow velocity — [%] 0.2 1 2
B = S—i Fluid-solid density ratio 1 10 1
Re=Ud Reynold’s number 20 100 200
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FSI 2

Taylor-Hood NURBS spaces VTH

00’QTH

NOQO on multi-patch mesh

uy (A)[x107% [f]

uz(A)[x1077] [f]

Fp [f]

Fr [f]

1x1072

—15.22 £ 13.34[3.85
—15.14 £ 13.28[3.85
—15.22 + 13.33[3.85

1.23 +82.1[1.92]
1.21 +82.1[1.92]
1.27 + 82.4[1.92]

211.43 + 77.41(3.84]
214.53 + 78.80[3.84]
217.48 + 80.30(3.84]

1.1+ 237.6[1.92]
1.3 = 236.0[1.92]
1.2  236.9[1.93]

5x107°

—15.23 £ 13.13[3.85
—15.21 £ 13.10[3.86
—15.29 4 13.15[3.86]

1.23 + 82.4[1.92]
1.20 + 82.5[1.92]
1.26 + 82.8[1.92]

210.70 + 77.66(3.84]
213.91 + 79.13[3.85]
216.80 + 80.63(3.85]

0.9 + 243.0[1.93]
1.2+ 241.9[1.93]
0.9 + 242.8[1.93]

Turek/Hron[1]

5x 1074

level ndof
1 25209
2 111573
3 468621
1 25209
2 111573
3 468621
4+0 304128

—14.85 + 12.70[3.86)

1.30 + 81.6[1.93]

215.06 + 77.65[3.86]

0.6 + 237.8[1.93]
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u;

Fp

0
0.08
—0.005 0.06
0.04

—0.01
0.02
—0.015 g 0
—0.02

—0.02
—0.04
—0.025 —0.06
—0.08

—0.03

34 342 34.4 34.6 348 35 34 34.2 34.4 34.6 348 35
t t
250

300
200
280
260
240

220

Fy
=

200

180

160

140
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FSI 2

0.1
0 Ref ------ At =0.005 ] Ref ------
At =001 —— At =001 ——
At = 0.005
~0.005 005 |
—0.01
= 0015 = or
~0.02
—0.05 |
~0.025
—0.03 —0.1
34 342 344 34.6 34.8 35 34 312 344 346 34.8 35
t t
320 - , T ; 250
Ref ------ At = 0.005
300 At =001 200
280 150
260 100
240 50
S0
200 =50
180 100
150
160 Ref -
200 At =0.01
140
At =0.005
. . . . 250 . . . :
34 342 344 34.6 348 35 34 342 344 34.6 348 35
t t
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FSI 3

At ndof wi(A)[x107°] [f]  wa(A)[x107°] [f]  Fp [f] P [f]
Present 1.0e—3 25200 —3.26+3.08[10.90] 1.48+37.21[5.46] 457.6+31.59[10.88] 1.29 = 169.74[5.43]
111573 —2.85+2.69[10.92] 1.38 +34.78[5.47]  458.1 = 27.65[10.90]  2.06 + 158.95[5.44]
468621 —2.92+2.76[10.93] 1.45+35.25(5.47) 450.5+28.32(10.97]  2.15 + 159.57[5.51]
Present 5.0e—4 111573 —2.89+2.72[10.88] 1.49+34.99[5.44] 458.6+27.19[10.86] 2.43 + 159.59[5.42]
1) Schifer 1.0e—3 941158 —291+2.77(11.63] 1.47+35.26(4.98] 459.9 + 27.92 1.84+ 157.70
2b) Rannacher 5.0e—d4 72696 —2.84+267[10.84] 1.28+34.61[5.42] 452.4+26.19 2.36 + 152.70
3) Turek/Hron[4] 250—4 304128 —2.88+2.72[10.93] 1.47+34.99[5.46] 460.5 +27.74 2.50 + 153.91
4) Miinsch/Breuer[7]  2.0e—5 324480 —4.54+4.34[10.12] 1.50 +42.50[5.05] 467.5 % 39.50 16.2 + 188.70
5) Krafczyk/Rank  5.le—5 2480814 —2.88+2.71[11.00] 1.48 % 35.10[5.50] 463.0 = 31.30 1.81 + 154.00
6) Wall 5.0e—d4 27147 —2.00+ 1.89[10.60] 1.45 +29.00(5.30] 434.0 + 17.50 2.53 + 88.60
7) Bletzinger 5.0e—d4 271740 —3.04+2.87[10.99] 1.55+36.63[5.51] 474.9+28.12 3.86 + 165.90
Gallinger(8] 474.9 + 28.10 3.90 + 165.90
Sandboge[9] —2.83+2.78[10.8]  1.35+3475(5.4] 4585+ 24.00 2.50 + 147.50
Breuer[10] 464.5 + 40.50 6.00 + 166.00

15/19



FSI 3
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u;

Fp

0 0.04
~0.001 0.03
0.02
~0.002 0
0.01
0.003
s 0
~0.004
—0.01
~0.005
—0.02
0.006 1 —0.03 -
Ref ~----- L1 L2 — 13
—0.007 —0.04
9 9.1 9.2 9.3 9.4 95 9 9.1 9.2 9.3 9.4 95
t t
490 200
180 150
a0 100
460 0
S
150
50
440
~100
430
~150
Ref ------ L1 L2 — 13—
120 . f n h . . . .
9.1 92 9.3 9.4 95 9 9.1 92 93 94 95
t t
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Conclusions and outlook

Isogeometric Analysis & fully coupled monolithic
ALE-FSI model

e robust numerical method
e successful (benchmarks)

Extension to
e 3D
e Complex geometries from biomechanical
contexts
o Local refinement (Hierarchical B-splines,
T-splines, etc.)
Work already done:

o ALE “Binary-fluid"—Structure Interaction
based on the Cahn—Hilliard phase field model

Figure : ©[5]

e
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Appendix, FSI 1

ndof u; (A)[x107°] (%-Err)  uz(A)[x1074] (%-Err) Fp (%-Err) Fr, (%-Err)
Present 5067 2.240935(1.30) 8.455798(3.01) 14.28377(0.073)  0.774193(1.368)
25209  2.261569(0.39) 8.201354(0.09) 14.28930(0.035)  0.765377(0.214)
111573 2.266417(0.18) 8.196860(0.15) 14.29256(0.012)  0.764979(0.161)
468621 2.268144(0.10) 8.194405(0.18) 14.29334(0.006)  0.764847(0.144)
1919997  2.268989(0.07) 8.191383(0.21) 14.29367(0.004)  0.764798(0.138)
1) Schafer 322338 14.2890 0.76900
2b) Rannacher 351720 2.2695 8.1556 14.2603 0.76388
3) Turek/Hron[4] 19320832 2.270493 8.208773 14.29426 0.76374
5) Krafczyk/Rank 14155776  2.2160 8.2010 14.3815 0.75170
6) Wall 164262 2.2680 8.2310 14.2940 0.76487
7) Bletzinger 217500  2.2640 8.2800 14.3510 0.76351
Vel Magniiude dis Magnifude prs dis Magnifude
0.00+00 02 41601 008+00 0.0005 82004 008400 50 100 150402 0.06400 00005 82004
! } ) ! —  — — !
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Appendix, Mesh motion models

® Harmonic mesh motion model

_VX . (o'mesh) =0 in Q-;(:»
u? =u’ on Fi,
u” =0 on 90 \TZ,

Omesh = DV xu.

® Linear elastic mesh motion model

_VX . (o'mesh) =0 in Q-;(:,
u” =u’ on Fi,
ul =0 on 90 \TZ,

Omesh = 206 + ay tr(e) I.
® Biharmonic mesh motion model
4, 22, A2, . AF
Viu=ViViu=Au=0 in 3,

u” =u®, 0pu” = 9,u’ on Fi,

ul = 0,6,-;11/T =0 on 8Q§ \ F,IC.
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Appendix, FSI 1

25 %107 1 0.0008 g
2x107° Bl
0.0006 1
15x 107 1
s 300001 J
1x107% 1
0.0002 1
Lo Lo
5 x 10-6 un— | 1 —
o 2 2
13— 0 3 ]
L4 — —
0 . . . ! . . . !
0 5 10 15 20 2% 0 5 10 15 20 2%
t t
20 . . - - 0.8 . - - -
0.7 1
15 4 0.6 1
05 1
£ 10 4 < 04 4
0.3 1
5 Lo J 0.2 Lo ]
i — [
L2 L2
[Ep— 0.1 ER—
L4 —
0 0
0 5 10 15 20 2% 0 5 10 15 20 2%
t ¢
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Appendix, FSI 3

At = 0.0005 Ref - At = 0.0005
0 0.04 F At =0.001 —
0.03
~0.001 1
0.02
~0.002 001
© —0.003 N 0
—0.01
~0.004 1
—0.02
~0.005 1
0.005 oo
~0.006 —0.04
9 9.1 9.2 9.3 9.4 9.5 9 9.1 9.2 93 9.4 9.5
t t
j c T At=00005 200 j f- " A= 00005
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Appendix, Newton linearization (PDE level)

Linear form (for fixed U"):
=> RU%®

]:l(Uk, ®) :=
F jn.0 ( ,UO,]-') 7¢U,F>Q}_ n (Atep}'jvka,}'ﬁflvk,]—"d)v,F)Q}_
X X

1
At(1 - 9) prov 0O F (F ) vO,]—"(bv,]—')
QF
x

(v
(o

(pf -1 ( k,F _ uo,f) 7¢v,}'>9)]z
T
(007 (7t (5) 7 o) (7))

+ (At ( ks FI) P ,qub”’]:)ﬂ}_ - (p]: Atj""’bf,cb”’f)
x



Appendix, Newton linearization (PDE level)

Fo(U*; @) = (jﬁ‘_l : (vak’f)T7¢p’]:)

(1 (o5-0).009),
+ (At ( ) Vy S) s (At(l 9P (uoﬁ) ,qu&”"s)
-(

At0 J8 pSbS | ¥ S)Q (Atg s S)r
x

54
F3(U; @) :=
g
N,x
k.a) . (kS .08 4uS - kS 4u,S _ _ 0,8 ,u,S
f4(U,q>)._(u S, b >Q§’2 (Atev ¢ >9§ (At(l 9) %S, ¢ >Qi
Fs(U*: @) = (p*5, ")
g
Fo(U*; @) 1= (aud ' Vxuh”, Tyg®)
x

Jmf = 00" 4+ (1 —0)J" 1 = 0J(uk) + (1 — 0)J(u®)
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Appendix, Newton linearization (PDE level)

Bilinear form J = F/(U*;,-) from linearization of F around U = U*:

F(U*6U,®) =) F(U"6U,®)

FlU*; U, ®) :=

/Q)JC’ (p}-e.ftr (Filvxéu}-) (vk’]: - vO’F) —+ p]:j"’gév]:) c T dQZZ

+/Q§ (Atepf (jtr (ir—lvxéuf) LS RN (_ﬁ_lvxéufﬁ‘_l) vk']:)

+ Atop” J (vxavfir”

o vak’fﬁ‘715vf)
—pT Jtr (ﬁ'ilvxéu}_) vak’}_ﬁ‘il . (uk’}_ — uo’}_)
_ pfj (vak’]: (7IA7'71VX5u]:1:"71) (uk’]: — 'LLO’]:) + vak’]:l:"il&uf)

—pT IVt FTT (uk’F - uO’F)> S (14
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Appendix, Newton linearization (PDE level)

[ Obuz/dy  —Obuz/0x
G(ou) := (fa(ml /oy OSuy /0w
FyU*;8U, @) =

[ (e7ctu

x

17 (Vx™T (B OxuT F) 4 (< (Vo) TE ) (Vx0T JET
+ 17 (Voo™ B 4 B (Voo )T) JETT
— W DG(6u) — (pT DJFT - (5pf I) jF‘T) L Vx¢® T dQf
FyU*; 68U, ®) :=
/Q . (jtr (P xou”) i (Vaoh P F )
t+ Jtr (Vo (<F 7 Vyou” F) ) + e (vxavfir‘l)) L¢P AL
FiU*: U, ®) :=

/ (faujfltr <F71VXJUF> VyuhF 4 aujflvxéu}_) V™ dﬂi
QF
x
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Appendix, Newton linearization (PDE level)

FLU* 6U, ®) ::/ p° dv - ¢¥ S A5
Qs
x

1 - ~ .
F4(UF; U, ®) = /QS AtOAS tr (5 ((Vxéu)TF + FTVX&U,)) F i V¢S dos
x

FL(UF; 6U, ®) :=/ 6u~¢>"’3d9i—/ AtO sv - ¢S QS
a5 Qg
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