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Motivation

Objective: Develop an Isogeometric
Analysis based fully coupled monolithic FSI
simulation framework that in the sense of
robustness/stability is particularly well
suited for biomechanical applications.

We would like to use a method that has the
following advantages:

Figure : c©[12]

• Stable in biomechanical applications (ρF/ρS ≈ 1)
• Fully coupled ALE variational formulation solves the difficulty of

common variational description; Facilitates consistent Galerkin
discretization of the FSI problem

• High continuity and regularity spaces; Complex geometries →
Isogeometric Analysis
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Compressible solid problem

Elastodynamics (Lagrangian perspective):

Jρ
∂v

∂t
−∇X · P = Jρb in ΩX × I,

∂u

∂t
− v = 0 in ΩX × I,

u(·, 0) = ů,v(·, 0) = v̊ in ΩX ,

u = uD on ΓD,X × I,
P n0 = g0 on ΓN,X × I.

• St. Venant–Kirchhoff material

P := λ tr (E)F + 2µFE

• Neo–Hookean material

P := µ(F − F−T ) + λ log(detF )F
−T

• Green–St. Venant strain tensor

E :=
1

2

(
∇Xu+ (∇Xu)

T
+ (∇Xu)

T ∇Xu
)

ϕ(X, t) = x

ΩX Ωx

Ωχ

ϕ̃(X, t) = χ ϕ̂(χ, t) = x

ũ, ṽ, F̃ , J̃ û, v̂, F̂ , Ĵ

u,v,F , J

ϕ : ΩX × [0, T ] −→ Ωx × [0, T ]

(X, t) 7−→ ϕ(X, t) = (x, t)

ϕ(X, t) = X + u(X, t)

v(X, t) =
∂u

∂t

∣∣∣
X

F := F (X,u) :=
∂ϕ

∂X
= ∇Xϕ(X) = I+∇X u

J := det(F )
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Incompressible fluid problem

Incompressible Newtonian flow (Eulerian perspective):

ρ

(
∂v

∂t

∣∣∣
x

+ (v · ∇)v

)
= ∇ · σ + ρb in ΩFx (t), t ∈ I,

∇ · v = 0 in ΩFx (t), t ∈ I,

p(·, 0) = p̊,v(·, 0) = v̊ in ΩFx (0),

v = vD on ΓFD,x(t), t ∈ I,

σ · n = g on ΓFN,x(t), t ∈ I.

σ := −pI + µ(∇v + (∇v)T )

ϕ(X, t) = x

ΩFX

ϕ̃
(X
, t) =

χ
ϕ̂

(χ
, t

) =
x

ΩSX

ΩFx

ΩSx

ΩFχ

ΩSχ

ΓFD,χ

ΓF
N,χ

ΓSN,χ

ΓSD,χ

Γ
S
N
,X

Γ
S
D,X

Γ
F
N,X Γ

F
D,
X

ΓFN,x
ΓFD,x

ΓSN,x
ΓSD,x

ΓIχ

ΓIX ΓIx

ˆA(χ
, t

) ≡
ϕ̂
(χ
, t

)

FSI coupling conditions:

• Geometric coupling: Fluid- and solid-domain never detach or overlap
• Continuity of velocity:

vF = vS on ΓIx(t)

• Continuity of normal stresses:

σF · nFx = −σS · nSx on ΓIx(t)

Strategy for combination into one conservation equation: Rewrite fluid
equations in a “structure-appropriate” framework (ALE)
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Governing equations

Ĵρ
F
(
∂vF

∂t

∣∣∣
χ

+∇χvF
(
F̂
−1

(v
F − ∂tÂ)

))

−∇χ ·
(
Ĵ
(
−pFI + µ

F
(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )

T
))
F̂
−T
)

= Ĵρ
F
b
F in Ω

F
χ × (0, T ],

∇χ ·
(
ĴF̂
−1
v
F
)

= 0 in Ω
F
χ × [0, T ],

p
F

(·, 0) = p̊
F
,u
F

(·, 0) = ů
F
,v
F

(·, 0) = v̊
S in Ω

F
χ ,

u
F

= u
F
D,v

F
= v
F
D on Γ

F
D,χ × (0, T ],(

Ĵσ
F
F̂
−T
)
n
F
0 = g

F
0 on Γ

F
N,χ × (0, T ].

Ĵρ
S ∂v

S

∂t

∣∣∣
χ
−∇χ · P̂

S
= Ĵρ

S
b
S in Ω

S
χ × (0, T ],

∂uS

∂t
− vS = 0 in Ω

S
χ × (0, T ],

u
S

(·, 0) = ů
S
,v
S

(·, 0) = v̊
S in Ω

S
χ,

u
S

= u
S
D on Γ

S
D,χ × (0, T ],

P̂
S
n
S
0 = g

S
0 on Γ

S
N,χ × (0, T ].

∇χ ·
(
αuĴ

−1∇χuF
)

= 0 in Ω
F
χ × (0, T ],

u
F

= u
S
,v
F

= v
S
,
(
Ĵσ
F
F̂
−T
)
n0 = P̂

S
n0 on Γ

I
χ × (0, T ].
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Variational formulation

• Displacement trial and test spaces in the fluid domain:

T Fu := {uF ∈H1(ΩFχ ) : uF = uS on ΓIχ,u
F = uFD on ΓFD,χ}

WF
u := {φu,F ∈H1

0(ΩFχ ) : φu,F = φu,S on ΓIχ}

• Velocity trial and test spaces in the fluid domain:

T Fv := {vF ∈H1(ΩFχ ) : vF = vS on ΓIχ,v
F = vFD on ΓFD,χ}

WF
v := {φv,F ∈H1

0(ΩFχ ) : φv,F = φv,S on ΓIχ}

• Pressure trial and test space in the fluid domain:

LF := L2(ΩFχ )/R

• Displacement trial and test space in the solid domain:

T Su := {uS ∈H1(ΩSχ) : uS = uSD on ΓSD,χ}, WS
u := H1

0(ΩSχ)

• Velocity trial and test space in the solid domain:

T Sv := H1(ΩSχ), WS
v := H1

0(ΩSχ)

• Pressure trial and test spaces in the solid domain:

LS := L2(ΩSχ)/R
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Variational formulation

Let T := {T Fv × T Sv × T Fu × T Su × LF × LS}, let U =
{vF ,vS ,uF ,uS , pF , pS}, and let Φ = {φv,F ,φv,S ,φu,F ,φu,S , φp,F , φp,S}.
Find U ∈ T × I such that:

F1(U ; Φ) = 0 ∀φv,F ∈WF
v

F2(U ; Φ) = 0 ∀φp,F ∈ LF

F3(U ; Φ) = 0 ∀φv,S ∈WS
v

F4(U ; Φ) = 0 ∀φu,S ∈WS
u

F5(U ; Φ) = 0 ∀φp,S ∈ LS

F6(U ; Φ) = 0 ∀φu,F ∈WF
u

F1(U ; Φ) :=∫ T

0

∫
ΩFχ

ĴρF
(
∂vF

∂t

∣∣∣
χ

+∇χvF
(
F̂
−1

(vF − ∂tÂ)
))
· φv dΩFχ dt

+

∫ T

0

∫
ΩFχ

Ĵ
(
−pFI + µF

(
∇χvF F̂

−1
+ F̂

−T
(∇χvF )T

))
F̂
−T

: ∇χφv dΩFχ dt

−
∫ T

0

∫
ΩFχ

ĴρFfF · φv dΩFχ dt−
∫ T

0

∫
ΓF
N,χ

gF0 · φv dΓFN,χ dt.
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Variational formulation

F2(U ; Φ) :=

∫ T

0

∫
ΩFχ

∇χ ·
(
ĴF̂
−1
vF
)
· φp dΩFχ dt.

F3(U ; Φ) :=

∫ T

0

∫
ΩSχ

ĴρS
∂vS

∂t

∣∣∣
χ
· φv,S dΩSχ dt+

∫ T

0

∫
ΩSχ

P̂
S

: ∇χφv,S dΩSχ dt

−
∫ T

0

∫
ΩSχ

ĴρSbS · φv,S dΩSχ dt−
∫ T

0

∫
ΓS
N,χ

gS0 · φv,S dΓSN,χ dt.

F4(U ; Φ) :=

∫ T

0

∫
ΩSχ

(
∂uS

∂t

∣∣∣
χ
− vS

)
· φu,S dΩSχ dt.

F5(U ; Φ) :=

∫ T

0

∫
ΩSχ

pS · φp,S dΩSχ dt.

F6(U ; Φ) :=

∫ T

0

∫
ΩFχ

αuĴ
−1∇χuF : ∇χφu dΩFχ dt.
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Discrete Isogeometric approximation spaces

Approximation of velocity and pressure functions with LBB-stable
Taylor-Hood like non-uniform rational B-spline space pairs V̂TH

h /Q̂THh

V̂TH
h ≡ V̂TH

h (p,α) = N p+1,p+1
α,α = N p+1,p+1

α,α ×N p+1,p+1
α,α

Q̂THh ≡ Q̂THh (p,α) = N p,p
α,α

1

0.5

1, 1, 1

0, 0, 0 0.5

Ω̂ (Knot domain)Ω̃ (Reference domain)

−1

e0

e2

1

e1

e3

−1

Ω (Physical domain)

NURBS control point

F

1, 1, 1

Corresponding spaces VTH
h and QTHh in the physical domain Ω obtained

via component-wise mapping using parametrization F : Ω̂→ Ω

VTH
h = {vh = v̂h◦F−1, v̂h ∈ V̂TH

h }, QTHh = {qh = q̂h◦F−1, q̂h ∈ Q̂THh }
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Solution algorithm and discrete problem

• Discrete spaces:

T h
:= {

(
T Fv ∩V

TH
h

)
×
(
T Sv ∩V

TH
h

)
×
(
T Fu ∩V

TH
h

)
×
(
T Su ∩V

TH
h

)
×
(
LF ∩QTHh

)
×
(
LS ∩QTHh

)
}

Wh
:= {

(
WF
v ∩V

TH
h

)
×
(
WS
v ∩V

TH
h

)
×
(
WF
u ∩V

TH
h

)
×
(
WS
u ∩V

TH
h

)
×
(
LF ∩QTHh

)
×
(
LS ∩QTHh

)
}

• Time discretization.: Shifted Crank-Nicolson (θ = 1
2 +O(∆t))

while t ≤ T do
Solve the nonlinear monolithic FSI problem:
Find Uh ∈ T h, s.t. ∀Φh ∈Wh it holds

F(Uh; Φh) =
∑
i

Fi(Uh; Φh) = 0 Semilinear form

In each Newton iteration,

Find δUh =
{
δvh,F , δvh,S , δuh,F , δuh,S , δph,F , δph,S

}
∈ T h, s.t.

F ′(Uh,k; δUh,Φh) = −F(Uh,k; Φh), ∀Φh ∈Wh

Uh,k+1 = Uh,k + ω δUh,

end
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FSI tests

4 Stefan Turek, Jaroslav Hron, Mudassar Razzaq, Hilmar Wobker, and Michael Schäfer

2.4 Domain definition

The problem domain, which is based on the 2D version of the well-known CFD
benchmark in [7], is illustrated in Figures 1.

C

r

l

h
A

Fig. 1 Computational domain and details of the structure part

The geometry parameters are given as follows (all values in meters):

• The domain has length L = 2.5 and height H = 0.41.
• The circle center is positioned at C = (0.2,0.2) (measured from the left bottom

corner of the channel) and the radius is r = 0.05.
• The elastic structure bar has length l = 0.35 and height h= 0.02, the right bottom

corner is positioned at (0.6,0.19), and the left end is fully attached to the fixed
cylinder.

• The control point is A(t), attached to the structure and moving in time with
A(0) = (0.6,0.2).

The setting is intentionally non-symmetric (see [7]) to prevent the dependence of
the onset of any possible oscillation on the precision of the computation.

2.5 Boundary conditions

The following boundary conditions are prescribed:

• A parabolic velocity profile is prescribed at the left channel inflow

v f (0,y) = 1.5Ū
y(H− y)

(H/2)2 = 1.5Ū
4.0

0.1681
y(0.41− y), (10)

such that the mean inflow velocity is Ū and the maximum of the inflow velocity
profile is 1.5Ū .

• The outflow condition can be chosen by the user, for example stress free or do
nothing conditions. The outflow condition effectively prescribes some reference
value for the pressure variable p. While this value could be arbitrarily set in the

Parameter Description Unit FSI 1 FSI 2 FSI 3

ρS Solid density [ kgm3 ] 1000 10000 1000
νS Solid Poisson’s ratio 0.4 0.4 0.4

µS Solid Lamé constant [ kgms2 ] 0.5× 106 0.5× 106 2× 106

ρF Fluid density [ kgm3 ] 1000 1000 1000

νF Fluid kinematic viscosity [m
2

s ] 0.001 0.001 0.001
Ū Average inflow velocity [ms ] 0.2 1 2

β = ρS

ρF
Fluid-solid density ratio 1 10 1

Re = Ūd
νF

Reynold’s number 20 100 200
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FSI 2

Taylor–Hood NURBS spaces V̂TH
h = N 3,3

0,0 , Q̂
TH
h = N 2,2

0,0 on multi-patch mesh

∆t level ndof u1(A)[×10−3] [f] u2(A)[×10−3] [f] FD [f] FL [f]

1× 10−2 1 25209 −15.22± 13.34[3.85] 1.23± 82.1[1.92] 211.43± 77.41[3.84] 1.1± 237.6[1.92]
2 111573 −15.14± 13.28[3.85] 1.21± 82.1[1.92] 214.53± 78.80[3.84] 1.3± 236.0[1.92]
3 468621 −15.22± 13.33[3.85] 1.27± 82.4[1.92] 217.48± 80.30[3.84] 1.2± 236.9[1.93]

5× 10−3 1 25209 −15.23± 13.13[3.85] 1.23± 82.4[1.92] 210.70± 77.66[3.84] 0.9± 243.0[1.93]
2 111573 −15.21± 13.10[3.86] 1.20± 82.5[1.92] 213.91± 79.13[3.85] 1.2± 241.9[1.93]
3 468621 −15.29± 13.15[3.86] 1.26± 82.8[1.92] 216.80± 80.63[3.85] 0.9± 242.8[1.93]

Turek/Hron[1] 5× 10−4 4 + 0 304128 −14.85± 12.70[3.86] 1.30± 81.6[1.93] 215.06± 77.65[3.86] 0.6± 237.8[1.93]
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FSI 2
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FSI 2
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FSI 3

∆t ndof u1(A)[×10−3] [f] u2(A)[×10−3] [f] FD [f] FL [f]

Present 1.0e−3 25209 −3.26± 3.08[10.90] 1.48± 37.21[5.46] 457.6± 31.59[10.88] 1.29± 169.74[5.43]
111573 −2.85± 2.69[10.92] 1.38± 34.78[5.47] 458.1± 27.65[10.90] 2.06± 158.95[5.44]
468621 −2.92± 2.76[10.93] 1.45± 35.25[5.47] 459.5± 28.32[10.97] 2.15± 159.57[5.51]

Present 5.0e−4 111573 −2.89± 2.72[10.88] 1.49± 34.99[5.44] 458.6± 27.19[10.86] 2.43± 159.59[5.42]

1) Schäfer 1.0e−3 941158 −2.91± 2.77[11.63] 1.47± 35.26[4.98] 459.9± 27.92 1.84± 157.70
2b) Rannacher 5.0e−4 72696 −2.84± 2.67[10.84] 1.28± 34.61[5.42] 452.4± 26.19 2.36± 152.70
3) Turek/Hron[4] 2.5e−4 304128 −2.88± 2.72[10.93] 1.47± 34.99[5.46] 460.5± 27.74 2.50± 153.91
4) Münsch/Breuer[7] 2.0e−5 324480 −4.54± 4.34[10.12] 1.50± 42.50[5.05] 467.5± 39.50 16.2± 188.70
5) Krafczyk/Rank 5.1e−5 2480814 −2.88± 2.71[11.00] 1.48± 35.10[5.50] 463.0± 31.30 1.81± 154.00
6) Wall 5.0e−4 27147 −2.00± 1.89[10.60] 1.45± 29.00[5.30] 434.0± 17.50 2.53± 88.60
7) Bletzinger 5.0e−4 271740 −3.04± 2.87[10.99] 1.55± 36.63[5.51] 474.9± 28.12 3.86± 165.90
Gallinger[8] 474.9± 28.10 3.90± 165.90
Sandboge[9] −2.83± 2.78[10.8] 1.35± 34.75[5.4] 458.5± 24.00 2.50± 147.50
Breuer[10] 464.5± 40.50 6.00± 166.00
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FSI 3
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FSI 3
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FSI 3
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Conclusions and outlook

Isogeometric Analysis ⊕ fully coupled monolithic
ALE-FSI model

• robust numerical method
• successful (benchmarks)

Extension to

• 3D
• Complex geometries from biomechanical

contexts
• Local refinement (Hierarchical B-splines,

T-splines, etc.)

Work already done:

• ALE “Binary-fluid”–Structure Interaction
based on the Cahn–Hilliard phase field model

Figure : c©[5]
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Appendix, FSI 1

ndof u1(A)[×10−5] (%-Err) u2(A)[×10−4] (%-Err) FD (%-Err) FL (%-Err)

Present 5067 2.240935(1.30) 8.455798(3.01) 14.28377(0.073) 0.774193(1.368)
25209 2.261569(0.39) 8.201354(0.09) 14.28930(0.035) 0.765377(0.214)

111573 2.266417(0.18) 8.196860(0.15) 14.29256(0.012) 0.764979(0.161)
468621 2.268144(0.10) 8.194405(0.18) 14.29334(0.006) 0.764847(0.144)

1919997 2.268989(0.07) 8.191383(0.21) 14.29367(0.004) 0.764798(0.138)

1) Schäfer 322338 14.2890 0.76900
2b) Rannacher 351720 2.2695 8.1556 14.2603 0.76388
3) Turek/Hron[4] 19320832 2.270493 8.208773 14.29426 0.76374
5) Krafczyk/Rank 14155776 2.2160 8.2010 14.3815 0.75170
6) Wall 164262 2.2680 8.2310 14.2940 0.76487
7) Bletzinger 217500 2.2640 8.2800 14.3510 0.76351
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Appendix, Mesh motion models

• Harmonic mesh motion model

−∇χ · (σmesh) = 0 in ΩFχ ,

uF = uS on ΓIχ,

uF = 0 on ∂ΩFχ \ ΓIχ,

σmesh = D∇χu.

• Linear elastic mesh motion model

−∇χ · (σmesh) = 0 in ΩFχ ,

uF = uS on ΓIχ,

uF = 0 on ∂ΩFχ \ ΓIχ,

σmesh = 2αµε+ αλ tr (ε) I.

• Biharmonic mesh motion model

∇4
χu = ∇2

χ∇2
χu = ∆2

χu = 0 in ΩFχ ,

uF = uS , ∂nu
F = ∂nu

S on ΓIχ,

uF = 0, ∂nu
F = 0 on ∂ΩFχ \ ΓIχ.
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Appendix, FSI 1
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Appendix, FSI 3

−0.006

−0.005

−0.004

−0.003

−0.002

−0.001

0

9 9.1 9.2 9.3 9.4 9.5

u
1

t

Ref
∆t = 0.001

∆t = 0.0005

−0.04

−0.03

−0.02

−0.01

0

0.01

0.02

0.03

0.04

9 9.1 9.2 9.3 9.4 9.5

u
2

t

Ref
∆t = 0.001

∆t = 0.0005

430

440

450

460

470

480

490

9 9.1 9.2 9.3 9.4 9.5

F
D

t

Ref
∆t = 0.001

∆t = 0.0005

−150

−100

−50

0

50

100

150

200

9 9.1 9.2 9.3 9.4 9.5

F
L

t

Ref
∆t = 0.001

∆t = 0.0005

24 / 19



Appendix, Newton linearization (PDE level)

Linear form (for fixed Uk):

F(Uk; Φ) =
∑
i

Fi(Uk; Φ)

F1(Uk; Φ) :=(
ρF Ĵn,θ

(
vk,F − v0,F

)
,φv,F

)
ΩFχ

+
(

∆tθρF Ĵ∇χvk,F F̂
−1
vk,F ,φv,F

)
ΩFχ

+

(
∆t(1− θ) ρF Ĵ0∇χv0,F

(
F̂

0
)−1

v0,F ,φv,F
)

ΩFχ

−
(
ρF Ĵ∇χvk,F F̂

−1 ·
(
uk,F − u0,F

)
,φv,F

)
ΩFχ

+

(
∆tθĴµF

(
∇χvk,F F̂

−1
+ F̂

−T ·
(
∇χvk,F

)T)
F̂
−T

,∇χφv,F
)

ΩFχ

+

(
∆t(1− θ) Ĵ0 µF

(
∇χv0,F

(
F̂

0
)−1

+ (F̂
0
)−T · (∇χv0,F )T

)(
F̂

0
)−T

,∇χφv,F
)

ΩFχ

+
(

∆tĴ
(
−pk,FI

)
F̂
−T

,∇χφv,F
)

ΩFχ
−
(
ρF ∆tĴn,θbF ,φv,F

)
ΩFχ
−
(

∆tgF0 ,φ
v,F
)

ΓF
N,χ
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Appendix, Newton linearization (PDE level)

F2(Uk; Φ) :=

(
ĴF̂
−1

:
(
∇χvk,F

)T
, φp,F

)
ΩFχ

F3(Uk; Φ) :=
(
ĴρS

(
vk,S − v0,S

)
,φv,S

)
ΩSχ

+
(

∆tθ P̂
(
uk,S

)
,∇χφv,S

)
ΩSχ

+
(

∆t(1− θ) P̂
(
u0,S

)
,∇χφv,S

)
ΩSχ

−
(

∆tθ Ĵn,θρSbS ,φv,S
)

ΩSχ
−
(

∆tgS0 ,φ
v,S
)

ΓS
N,χ

F4(Uk; Φ) :=
(
uk,S − u0,S ,φu,S

)
ΩSχ
−
(

∆tθ vk,S ,φu,S
)

ΩSχ
−
(

∆t(1− θ)v0,S ,φu,S
)

ΩSχ

F5(Uk; Φ) :=
(
pk,S , φp,S

)
ΩSχ

F6(Uk; Φ) :=
(
αuĴ

−1∇χuk,F ,∇χφu
)

ΩFχ

Ĵn,θ := θĴn + (1− θ)Ĵn−1 = θĴ(uk) + (1− θ)Ĵ(u0)

26 / 19



Appendix, Newton linearization (PDE level)

Bilinear form J = F ′(Uk; ·, ·) from linearization of F around U = Uk:

F ′(Uk; δU ,Φ) =
∑
i

F ′i(Uk; δU ,Φ)

F ′1(U
k
; δU ,Φ) :=∫

ΩFχ

(
ρ
F
θĴ tr

(
F̂
−1∇χδuF

)(
v
k,F − v0,F

)
+ ρ
F
Ĵ
n,θ

δv
F
)
· φv,F dΩ

F
χ

+

∫
ΩFχ

(
∆tθρ

F
(
Ĵ tr

(
F̂
−1∇χδuF

)
∇χvk,F F̂

−1
v
k,F

+ Ĵ∇χvk,F
(
−F̂−1∇χδuF F̂

−1
)
v
k,F
)

+ ∆tθρ
F
Ĵ
(
∇χδvF F̂

−1
v
k,F

+∇χvk,F F̂
−1
δv
F
)

− ρF Ĵ tr
(
F̂
−1∇χδuF

)
∇χvk,F F̂

−1 ·
(
u
k,F − u0,F

)
− ρF Ĵ

(
∇χvk,F

(
−F̂−1∇χδuF F̂

−1
)(
u
k,F − u0,F

)
+∇χvk,F F̂

−1
δu
F
)

− ρF Ĵ∇χδvF F̂
−1 ·

(
u
k,F − u0,F

))
· φv,F dΩ

F
χ
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Appendix, Newton linearization (PDE level)

G(δu) :=

(
∂δu2/∂y −∂δu2/∂x
−∂δu1/∂y ∂δu1/∂x

)
F ′2(Uk; δU ,Φ) :=∫

ΩFχ

(
σFuvG(δu)

+ µF
(
∇χvk,F

(
−F̂−1∇χδuF F̂

−1
)

+
(
−F̂−T · (∇χδuF )T F̂

−T)
(∇χvk,F )T

)
ĴF̂
−T

+ µF
(
∇χδvF F̂

−1
+ F̂

−T
(∇χδvF )T

)
ĴF̂
−T

− (pFI)G(δu)− (δpFI)ĴF̂
−T −

(
δpFI

)
ĴF̂
−T
)

: ∇χφv,F dΩFχ

F ′3(Uk; δU ,Φ) :=∫
ΩFχ

(
Ĵ tr

(
F̂
−1∇χδuF

)
tr
(
∇χvk,F F̂

−1
)

+ Ĵ tr
(
∇χvk,F

(
−F̂−1∇χδuF F̂

−1
))

+ Ĵ tr
(
∇χδvF F̂

−1
))
· φp,F dΩFχ

F ′4(Uk; δU ,Φ) :=∫
ΩFχ

(
−αuĴ−1tr

(
F̂
−1∇χδuF

)
∇χuk,F + αuĴ

−1∇χδuF
)
· ∇χφu,F dΩFχ
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Appendix, Newton linearization (PDE level)

F ′5(Uk; δU ,Φ) :=

∫
ΩSχ

ρS δv · φv,S dΩSχ

F ′6(Uk; δU ,Φ) :=

∫
ΩSχ

∆tθλS tr

(
1

2

(
(∇χδu)T F̂ + F̂

T∇χδu
))
F̂ : ∇χφv,S dΩSχ

F ′7(Uk; δU ,Φ) :=

∫
ΩSχ

δu · φu,S dΩSχ −
∫

ΩSχ

∆tθ δv · φu,S dΩSχ
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