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Motivation

Definition

Elasto-capillarity: Ability of capillary forces
or surface tensions to deform elastic solids
through a complex interplay between the
energy of the surfaces and the elastic strain
energy in the solid.

Objective: Develop a robust computational multiphysics model
capable of capturing the complex physics behind the intriguing
phenomena of Binary-Fluid—Structure Interaction (BFSI aka
Elasto-capillarity).

Idea:

Combine a sharp interface monolithic
ALE-FSI method with a diffuse interface
two-phase flow method and use IGA
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Two-phase flow, Navier-Stokes—Cahn—Hilliard system

ov T
o) (Go 4@ 9)0) = V- (ule) (Vo + (F0)7) ) = =T+ ol

—6eV- (Ve V) in Qr,

V-v=0 in Qp,

aa—f+'v-V<pr-(m(go)Vn) =0 in Qp,

n—&a*MJF(}ev%:o in Qr,

dyp
@(m70) :@O(m)7 v(m,O) =v0(m) in Q»
v=vp on (0Qr)p,
1

Vo n=—— N1 —¢?), Vn-n=0 07N,
p-n 6\/5605()( ©%) n-m on (9Qr)N
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Fluid—Structure Interaction, Compressible solid

F:

(X, t)=a
qu J

| | @
[
\ /X[)fm
quJ a0, F,J

@: Qx x[0,T] — Qg x [0,T]
(X, t) — (X, 1) = (=,1)

W(X,t) = X +u(X,t)

Elastodynamics (Lagrangian perspective):

Jpg—tfvx P=Jpb inQx x1I,
ou
ot

'lL(,O) = 10"71)('70)

u=up onlp x xI,

—v=0 in Qx x I,

v in Qx,

Png =g, on 'y x x I.

® St. Venant—Kirchhoff material
P :=\tr(E)F +2uFE

® Neo—-Hookean material

ou
v(X,t) = B o _r
ot P :=u(F — F ")+ \log(det F)F
¢ W
=F(X,u):= ax = = Vx@(X) = I+Vx u Hyperelastic material: P(X F) = —F(X F)
Green—St. Venant strain tensor:
J = det(F)

E:=1/2 (qu+ (Vxu)® + (Vxu)? qu>4/21



Fluid—Structure Interaction, Incompressible fluid

Incompressible Newtonian flow (Eulerian perspective):

p(a”‘ +('u~V)'u> —V.o+pb inQF(t),tel,

ot
V-v=0 in QL (t),tel,
p(-,0) =p,v(,0) = in Q7 (0),
v=vp on Fﬁ,m(t),tel,
oc-n=g onl"]]\:,'w(t),tEI.

o = —pI + pu(Vo + (Vo)7T)

FSI coupling conditions:
® Geometric coupling: Fluid- and solid-domains never detach or overlap
® Continuity of velocity: v7 = vS on I'(t)
® Continuity of normal stresses: o7 -n = —o° -nS on I'L(t)

Strategy for combination into one conservation equation: Rewrite fluid
equations in a “structure-appropriate” framework (ALE)
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Binary-Fluid—Structure Interaction, Governing
equations

s (O 1 1 .
J <E LV (F " - 8tA)) Vs - (JF m(ga)vxn>) 0 in Q7 x I,
- d
F (n7&6_1 V) L sev,, - (JF" chp)> 0 in Q7 x I,
dep
i (27 4 ve” (F7' 07 - 0.4))
ot Ix x 't

—Vy - (—c}s F V0@ F Ve
o

—Vx (j (—p}_I + 17 (9) (VX’U]:F71 + FﬁT(va]:)T)) F

vx-(jﬁ’lvf =0 inQF x I
. g Ov° N N
S S S, 8 S
Jp WX_VX'P = Jp°b in Q3 x I,
o S
%—v‘s:o in QS x I,
Ve (0ud 'xuT) =0 in Qf x I

+ initial and boundary conditions (e.g. nonlinear contact angle b.c. etc.).
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BFSI, Function spaces

T :={T"7 x TS x TWF x T%S x £ x £5}
W = (W¥T x W¥S x WT x WS x £F x £5}
® Displacement trial and test spaces in the fluid domain:
T = {u” e’H,l(Q;:Hu =uS on FI F =uf on FDX}
wul = (" e H{ (LTS ) | ¢™T = ™S on TT}
® Velocity trial and test spaces in the fluid domain:
77 = {oF e H' (Q]) |vT =v® on TL, 07 =vf on T }
W = {977 e H QL TH ) |97 = ¢S on T}

® Phase field functions search space in the fluid domain: Hl(Qi)
® Displacement trial and test space in the solid domain:

TS = {u’ e H' Q) |uS =uf on 5}, WS = H(Q5: TS )
® Velocity trial and test space in the solid domain:
TS = {5 e H Q) [vT =vf on TP}, WS =H{QFTD )

® Pressure function search spaces: L™ := L2(Q})/R, m € {F,S}
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BFSI, Operator splitting solution algorithm

while ¢ < T do
@ Solve the nonlinear Cahn—Hilliard phase field problem:
Find o(x,t), n(x,t) € S x (0,T), s.t. Y¢?,¢" €V it holds:
Feullp,m); (9%,97)) =0 Semilinear form

In each Newton iteration k,

Find dp,dn € S x (0,T), s.t.
Fen((#",1"); (5, 6n), (67, ™)) =
(L ) = (0, 0%) + w (8, 6m)

_-FCH(((pkznk); (¢<P7¢77)) V¢‘P7¢77 eV

@® Solve the nonlinear monolithic (two-phase) FSI problem:
Find U(x,t) € T x (0,T), s.t. V® € W it holds

Fesi(U; @) = > Frs,(U; @) =0
i

Semilinear form

In each Newton iteration k,
Find 6U (z,t) € T x (0,T), s.t.
Fis(U;6U, @) = —Fesi (U"; @),
UM = U* + w U,

Ve c W
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BFSI, Variational formulation

LFen((w,m); (97, 97)) =
. [ Op 71 A j(JF!
(J ( ot ‘X + Vxe <F (v - at-A))) 7¢¢>Q§ +J (JF M)V, de)w)ﬂi
+ (j (’7 - 65_1%) wﬁ")Qr = (Joe (JF'Vx0) Vxe")

+ “contact angle b.c.”.

F
QX

Fesi(U; @) = Y Fra1,i(U; @)
i

F .S F .S F S
U::{U 7v 7u 7u 7p 7p }7

® = (¢, 0", T S, o 9P

Yoy)x = ('7')52()()1 and |||y = ||'||L2(X) ,
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BFSI, Variational formulation

'F ~
Fraa (U3 #) = (J7 (o) (| +Tx0” (F71 07 - 00A)) ) 607
X Q)JZ

+ (j <7p}_I + ,u,]:(ap) (vx'u}_j’—ﬁl + FﬁT(VXU]:)T)) ji‘fT’ Vx¢v,]-'>9}_
X

+(0sF Vxp 0 B Vi, V™) = (JT (087,677 L - (gofﬁ”’f)rﬁ :
x x 3 X

Frsi2(U; @) i= (Vo (JF107) 677
x

x’ d,v,S) as * (PS’ VXd)v’S)

— (30565, 675)__ ~ (98,0™%)

L g OvS
Fes13(U; @) := ( JpS ——
Fs1,3(U; @) ( P o

S
QX

S S
Qx FN,x

ou’
Frs1,a(U; @) := (7& N v5,¢“’s)ns .
x

Fresi,5(U; @) = (ps’¢p’s>ﬂs :
x

Frsio(Us @) == (o] ' Vxu”, Uxg™) .
x
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BFSI, Discrete Isogeometric approximation spaces

Approximation of velocity and pressure functions with LBB-stable
Taylor-Hood like non-uniform rational B-spline space pairs VI# /QTH

CTH _ XrTH _ +1,p+1 _ 1,p+1 1,p+1
V," =V, (p,a)—./\/g)a 2 —ij’t Pt xNgf; Pt

AT =01 (p,a) = NEE,

€ (Reference domain) Q) (Knot domain) € (Physical domain)

1
FR 3 ed F

1 1 0.5

00,0 05 11,1
NURBS control point

Corresponding spaces VEH and Q%H in the physical domain €2 obtained
via component-wise mapping using parametrization F : Q — Q

VEH = {Vh = \AthFil,\A/h € V%H},QgH = {qh = (jhOFilﬂjh S QA{H}
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BFSI, Discrete problems

® Variational formulation of CH problem

Sp=H Q) NVTH

Vi, = H(Q) nV,TH

Find ¢opn,nn € Sp x (0,T), s.t.

Fen((@ns mn); ( fv Z)) =0 V¢f:¢z € Vh

® Variational formulation of monolithic FSI problem

Let f € {v,u},m € {F,S}

T = {(TP™ VI x (LmnQfH)}

Wi, = {(W!mnVEH) x (LmnQiH)}

Find Uy, = {v],v5,ui ,uy,pl,p3} € T x (0,T), st.
Vo, ={dy7, ¢y oy o oh T 0h ) e Wi
Fest(Un; 1) =0

* Time discretization: Shifted Crank-Nicolson (§ = 1 + O(4t))
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Model validation/Numerical experiments and results

® FeatFlow's Two-phase flow & FSI (Turek+Hron) benchmarks

it
t=30 t=30 t=30 t=30
L5
S
05
Present TP2D FreeLife MooNMD

700 02 04 06 08 10 00 02 04 06 05 10 00 02 04 06 05 10 00 02 04 06 05 10
x x x x

® Converged Two-phase flow & FSI results of high accuracy!

13/21



Model validation, RB, case 1, quantities over time

center of mass

Ab = / 1d£l:,
Q2

V= / v.y da/A, (rise velocity),
Qo

Y, = / x.y dz/Ap (center of mass),
Q22

Po _ 2my/Ap/T

=% P,

(circularity)

0.6

rise velocity

circularity

0.2

0.15

0.1
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Model validation, RB, case 1, convergence orders

1/2
_ Zivzl |Qt,ref - tItl _ vazl \th,ref - Qt|2 _ maxy \Qt,ref - Qt|
el = ==x———— llele = | == ———— el = ——F———7—
e |t ref] e lat,ref] max |qy,ref|

log(llei—1ll¢.y/lleillcy)

EOC(.) = log(hifl/hi)

¢ h | EOC; EOCE™ | EOC, EOCE™ | EOC,, EOQCEfLT

Y, 27517049 2.0024 | 16818 19263 | 1.4755  1.6026
276 | 14633 25718 | 1.5127 25136 | 1.5047 22132
2-7 | 0.5312 0.5706 0.8730

Vi, 275113263 13883 | 1.3518 1.3969 | 1.2714  1.2100
2-6 | 20064 23780 | 1.8934 2.3116 | 1.4112  2.0974
2-7 | 1.1755 1.0575 0.9790

¢ 275114927 15363 | 1.5095 15463 | 1.5051  1.1128
2-6 | 2.0446 2.3055 2.0443 2.2597 1.9111 1.6609
27 | 2.1778 2.0334 1.6871

Order of convergence between 1 and ~ 2 in all norms
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Model validation, FSI, case 2

Converged displacement (u), Drag (Fp), Lift (FL) profiles for h — 0:

0.08
—0.005 0.06
0.04
—0.01
0.02
5 0015 g 0
—0.02
—0.02
—0.04
—0.025 ~0.06
—0.08
—0.03 . . . . . . . .
34 342 344 346 348 35 34 342 344 346 348 35
t t
300
280
260
240
= 220
200
180
160
140

34 34.2 344 34.6 34.8 35 4 34.2 34.4 34.6 348 35 16/21



Model validation, FSI, case 2

Converged displacement (u), Drag (Fp), Lift (FL) profiles for At — 0:

. - . . 01 . . . .
0 Ref - At=0005 Ref -
At =001
At=0.005
~0.005 e
~0.01
S 0015 s 0
~0.02
~0.05
0.025
~0.03 . . . . “01 . . . .
34 342 344 346 348 35 34 342 344 346 348 35
t t
320
Ref —----- At =0.005 ——
300 At=00
280 ’
260
240
< 220
200
180
160
140

34 34.2 344 34.6 34.8 35 4 34.2 34.4 34.6 34.8 35 17/21



Model validation, BFSI, Wetting

Young-Dupré equation (Static —
wetting law of a flat rigid solid):

VsA =7Ls +cosOr yra

' . . . . Phase 3

Neumann's law (3 immiscible fluids): s s
«
m2t12 + 71313 + 2323 =0 X0 Phase1
Y12 Phase 2

Wetting behavior of soft solids: Ambient fluid (Phase 3)
Deformation of elastic solid as the
result of the competition betlween 13/ quid (Phase 1) Wetting rdge
surface forces and bulk elastic ¥
stresses. 7

Soft solid (Phase 2
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Model validation, BFSI, Wetting of soft solids

Laplace-Young law: dp = ypa/r,  ~ |6p — dPapprox|/|0p| ~ 0.35%
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Model validation, BFSI, Wetting of soft solids

35685, N/=14706), At = 105, ¢ = 10

Experiment

. i i

100 150 1 D 0
]
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I
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k Simulation < 0bime

]

100 125 150 175 200

250 213 300

350

o fum
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10

i Simition 3 bims ——

Simulation t — 21.0ms.

Jur]

100 125 150 20 25 250 300 325
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Summary

® Robust computational physics model for BFSI

A

® |dea: Sharp interface monolithic ALE-FSI method & Diffuse
interface two-phase flow method

® “Quasi”-monolithic computational model + Isogeometric Analysis
(Geometry, Analysis) — Robust BFSI system with
® highly accurate numerical results for two-phase flow and single-phase
FSI
® “acceptable” numerical results for BFSI (work in progress..)
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