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- a potato in a microwave oven i

Description of the heating process via the heat equation:

Oru—Au=f in 9:=(0,T)xQ
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- a potato in a microwave oven i

Description of the heating process via the heat equation:

Oru—Au=f in 9:=(0,T)xQ

What is the optimal microwave field?
— Find best RHS f such that u ~ z (given temp.)!
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-of a potato in a microwave oven

Minimisation with the heat equation as side condition:
1 .
Hu,f)i=llu—zlB+ SlIFE —  min!

with Oru—Au="f in 9:=(0,T)xQ
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Iski method for crystal growth

Melting of Introduction Beginning of Crystal Formed crystal
polysilicon, oftheseed the crystal pulling  with a residue
doping crystal growth of melted silicon

_ =

Turbulence on the interface = Structural defects
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model problem

Distributed Control for the nonstationary Navier-Stokes equation
of tracking-type fora givenzon Q = Q x (0, T):

1 a
J(u,f) = §||u—z||%,—|— §||f||%) —  min!

subject to

up —vAu+ (uV)u+ Vp f inQ
-V-u = 0 in@

+ BC, constraints, ...

Introduction
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Difficulty 1: Very high number of degrees of freedom

u, f:
100x100x100 cells

100 timesteps
e e,

=ttt
t=0 t=1

o Distributed control = f ,lives” in the domain
o 4D, fully coupled, lin. FEM ~ 500.000.000 DOFs ~ 4GB
o here prototypically: 2D +time = 3D

Difficulty 2: fine meshes = bad condition
o Eqgn. contains —A + convection
o conventional solvers degenerate

Consequence: Conventional optimisation not applicable

Introduction
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- solution methods

Idea1: Use methods from optimal control
Lagrange approachon @ =(0,T) x Q = KKT system

up—vAu+ (uV)u+Vp="f

At —VAX = (uV)A+ (Vo) " AN+ VE=u—2z
af +A=0
u(0)=uwy, XT)=0

+ incompressibility, BC, constraints, ...
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0 completely coupled
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Idea2: Eliminate variables, apply Newton.
ur—vAu+..=1F

A —VAXN+ ... =Uu—2z
af +A=0

Method 1: With A = A(u(f)), apply Newton solver to

F(f):=af + A =0
Method 2: With x = (u, A, p, £), apply Newton solver to

ut—l/Au—i—...—i—é)\ |
G(x) == At —VAN+ .. —u+z =0

incompressibility, BC, constraints, ...

Solution Methods
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fos1:=fo+F,  F(f,)f = —F(f,)

Ingredients:
F(f):=af +X\=0 F'(f)F = of + X
u —vAu+...=1f Uy —vAU+...=f
At —VAAN+ ... =u—2z ’ XN —VAN+ ... =T

nonlinear simulation linear simulation

black box black box

+ CG for linear equation

Solution Methods
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fos1:=fo+F,  F(f,)f = —F(f,)

"AX — b"
Ingredients:
F(f):=af +X\=0 F'(f)F = of + X
u —vAu+...=1f Uy —vAU+...=f
At —VAAN+ ... =u—2z ’ XN —VAN+ ... =T

nonlinear simulation linear simulation

black box black box

+ CG for linear equation

Solution Methods
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-ton approach in x = (u, éeécﬂﬁ@eumversftat

Xn41 = Xp + X, G'(xp)x = —G(xp)

Ingredients:

ur —vAu+ ...+ %)\

G(x):=|-A—vAX+..—u+z 20
U —vAT+ ..+ L)
G(x)x:=|-A—VvAX+..—1T

+ preconditioned BiCGStab, GMRES,... for linear equation.

Solution Methods
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-ton approach in x = (u, éeécﬂﬁ@eumversftat

Xn41 = Xp + X, G'(xp)x = —G(xp)

”AX — b”

Ingredients:

ur —vAu+ ...+ %)\

G(x):=|-A—vAX+..—u+z 20
U —vAT+ ..+ L)
G(x)x:=|-A—VvAX+..—1T

+ preconditioned BiCGStab, GMRES,... for linear equation.
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solver methodology

Expensive parts:
o F'(f,)f = —F(f,) = space-time linear system in f.
o G'(x,)x = —G(x,) = space-time linear system in x.

Solve using multigrid on a space-time hierarchy:

a

\;
.

y
[£3
)

On each level: CG, BiCGStab, GMRES,...

<
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Flow-around-cylinder  (based on DFG benchmark BENCH2)

i

2 Mesh

- condition

~ Stokes, Target

o Problem/Init. Cond.: Navier—Stokes, Re = 100, t € [0, 0.35]
o Target flow z: Stationary Stokes flow
o Coarse mesh: Standard DFG benchmark

Examples
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Discretisation:
o Q/P{'scin space, IE in time
o Coarse mesh: 520 elements, 20 timesteps, x8 per level

SLv. | #int. #DOF(f) #DOF(x)
2 20 87 360 237120
3 40 682 240 1863 680
4 80 | 5391360 | 14776320
5| 160 | 42864640 | 117 678 080

Solver configuration (method 1+2):

o Residual reduction Newton 106
o Residual reduction space-time MG 1072

Examples
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Newton-solver in the control space was:

for1 = fo — Fl(fn)_lF(fn)a F(f) =af + A

CG solver for F'(f,) "%

SLv. #int Topt Tem | NL YLIN | =
2 20 20:33 0:40 | 5 32 | 31.1
3 40|  4:12:29 6:38 | 5 35 | 38.1
4

80 | 36:54:08 52:19 5 43 | 42.3

MG solver for F’(f,) "

SLv. #int Topt Tem | NL SLIN | 72
2 20 coarse mesh
3 40 5:40:00 6:38 ‘ 4 8 ‘ 51.3
4 80 46:03:22 52:19 5 9| 52.7
| 5 160 | 297:26:50 6:13:18 | 5 8]47.8 |

Examples
[ o]
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Newton-solver in the primal/dual space was:

o 1 . y: — VAy + ...
== G G0n). 60)= (YT
BiCGStab solver for G'(x,)~1:
SLv. #int Topt Tem | NL YLIN | =
2 20 9:05 0:40 5 25 | 13.8
3 40 1:53:48 6:38 6 31| 17.2
4 80 12:09:20 52:19 6 34 | 13.9
MG-solver for G'(x,)~1:
SLv. #int Topt Tem | NL YLIN | 7=
2 20 coarse mesh
3 40 2:22:30 6:38 6 9215
4 80 16:41:27 52:19 6 10 | 191

Examples
(o] J




Newton-solver in the primal/dual space was:

o 1 . y: — VAy + ...
== G G0n). 60)= (YT
BiCGStab solver for G'(x,)~1:
SLv. #int Topt Tem | NL YLIN | =
2 20 9:05 0:40 5 251 13.8
3 40 1:53:48 6:38 6 311 17.2
4 80 12:09:20 52:19 6 34 | 13.9
MG-solver for G'(x,)~1:
SLv. #int Topt Tem | NL YLIN | 7=
2 20 coarse mesh
3 40 2:22:30 6:38 6 91215
4 80 16:41:27 52:19 6 10 | 19.1

Examples
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Newton-solver in the primal/dual space was:

o 1 . y: — VAy + ...
== G G0n). 60)= (YT
BiCGStab solver for G'(x,)~1:
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o Newtonin f: for1=fo+ f, F'(f))u = —F(f,)
o Newtonin x: Xnt1 = Xn + X, G'(xn)x = —G(xp)

Newton in f Newton in x
alg. complexity low...medium high

— black-box applicable
—F(u), —G(x) simulation (nl.) MatVec

— stopping criteria? robustness?
apply F'(u), G'(x) | simulation (lin.) MatVec

— stopping criteria? robustness?
preconditioner 0 expensive

—not necessary? — inexact /

— paralleliseable /

Space-time MG v v

Summary
0
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Two solution methods analysed:
o Newtoninf <+« Newtonin (u, X\, p,¢)
o Space-time MG for linear subproblems

Main achievements:
o "Optimal” complexity
o Topt/Tsim ~20—50 — for’optimal’ sim.
o Newtonin (u, A, p,£) usually more efficient than in £

Extensions: Combination of the methods? (Reduced-SQP)

Summary
(o] )
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_nstruction of precondition(d.&dlzsrlgrﬂniSggeumvefsitat

Xnew = X + C7H(=G(xy) — G'(x)X)

Discrete counterparts of G’(x,) and C (e.g., Block Jacobi):

Ain M A
M. A M. A
Gl(xn) = o Ax 23 e C, = 22
Mz Az - As3

= (! =solve coupled Nav.St. (A;!) in each timestep
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