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Problems with moving boundaries/interfaces, e.g.
tumor growth models
rising bubble phenomena
moving objects

= mesh adaption or unfitted meshes

Different types of moving boundaries/interfaces:
expansion
movement

deformation
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Sharp interface formulation
XFEM, unfitted Nitsche FEM, CutFEM
small cut cells may cause ill conditioning
severe time step restrictions or instability
Surrogate interface formulation
shifted boundary method
extrapolation of boundary conditions to mesh
complex closest-point projection algorithms
Diffuse interface formulation
immersed boundary, phase field methods

construction of approximate delta functions
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Sharp interface problem

2_1: +V[F(u) — KV =0 inQy (),

u=ur onI(t),
u=ug in4(0)

mu(x,t) eR, x e R de{2,3},t>0,
m Q. (t) is enclosed by I'(t) and embedded in 2 C R?
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Level set function

Interface I'(t) = {x € Q: ¢(x,t) = 0} determined by ¢(x,t) such that
= ¢ >0in Qp(t),
o <0in Q\Q4 (1),
®ng = :F% extended unit outward normal

9¢ P
E+v-v¢_0 in Q
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Volume-of-fluid equation

Mg—fs)Jrv-VH(qﬁ):o in O

» implies conservation of volume | (¢)| for V-v =0
m exact solutions of the linear transport equation satisfy the nonlinear one
m approximate solutions require corrections to enforce conservation

m monolithic conservative level set method does not require any postprocessing
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Fictitious domain formulation

Arbitrary Lagrangian-Eulerian weak form

i/ wudx — / Vw - [f(ur) — kVu]dx
dt Ja, @) Q4 (1)

+ / wlf(ur) - ng — vpur — kKOpulds =0, Yw € V(Qi(t))
L(t)

d
T /ﬂ H(¢)wudx — /QVH(qb)w - [f(ur) — kVuldx + s(w, u)
—i—/ wlf(ur) - ny — vpur — KOpulds =0, Yw € V(Q)
(1)
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Fictitious domain formulation

sp(w,u) = /Q'mw(u — ug)dx

= weak imposition of u = ugq in Q\Q, (¢)

sn(w,u) = / YoVw - (Vu — go)dx
Q

= harmonic extension into Q\Q (t)
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Diffuse interface problem

%/QHE(Gb)wudx = /QHE(Q{’)Vw [f(u) — kVu]dx + /Q“mw(u — ug)dx

+/ wG (P, u,ur)de|Voldx =0, Yw e V(Q)
Q

) / 1 .22
wo =3 (1+ei (), a=mo=1ffoo ()

Jan-Phillip Bicker Diffuse interface problem 0/38




Monolithic conservative level set method

95:(¢)
/Qwde — /QV'w - [vSe(¢) — AM(Vo — q)|dx

I Se(p)wv -nds =0, Yw e V(Q)
o0

/ wy/|Vé|? + o2qdx = / wVedx, Yw e V(Q)
Q Q
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d
— | H:(¢n)wpupdx — He(én)Vwy, - [f(un) — £Vup]dx + / Yo,nwh (up — uq,p)dx
de Qp Qp Qp

+/Q wpG(én, un, ur)d:(on)|Vop|dx =0,  Vwy, € V(Q)
dg wpSe(¢p)dx — Vwy - [ViSe(on) — M(Von — qp)ldx
t Qp Qp

+ Sc(on)wpvy -nds =0, Ywy, € V()
o0,

wp /| Vor|? + o?qpdx = / wpVordx, Ywp € V(Q)
Qp

Qp
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Finite element discretization

Finite element functions

Ny Ny Ny
X, 1) =Y ui(t)ei(x),  on(xt) =Y di(Dpi(x),  an(xt) =D qi(t)pi(x)
=1 =1 =1

a
k) _ Jo, 3o p;dx

q; )
! th VIVER|? + o%pjdx

k=1,....d
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To be defined: continuous extensions U, 9,U, V for calculating

G(¢n, up,ur) = £(U) — k0,U, vy = —Vap,

Main steps:
closest-point search
gradient reconstruction

extrapolation
Requirements: simplicity, efficiency, accuracy
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Interface pointer

ng = —qu(xQ) & ni(xq)
Exact distance function ¢
Xr = xqQ + ¢(x@)ng
Numerical approximation ¢y,
x(§) = xq + &sign(gn(xg))ng, (€R

Qbh(xf‘) =0atxr= )A{(gp)

= simple line search
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Search algorithm
Set & =0

For 7 > 1: Find next intersection
x(&), & > &—1 of x(&) with boundary of a
mesh cell boundary

If ¢(%x(&))p(x(&-1)) < 0 for i = m exit loop

Solve linear/quadratic equation to find root

gF € [fm—l;gm] of (b(k(é))

Set xr = )A((fr)
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Unit outward normal vector

qn(xr)

anGar)] ~ )

nr =

Three point interpolation stencil:
Sop(xr) = {xp — 0.5eTr,xp,xp + 0.5e7r}

Xp =X —énr, ’T[‘J_n[‘

Approximate normal derivative

r(xr) — up(xr — enr)
€

0U (xr) = —

ng
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Extrapolation of interface data

For P; or Q; elements:

‘Normal derivatives: constant extrapolation
U (xq) = 0,U(xr)

Solution values: linear extrapolation /

U(xq) = ur(xr) + VU(xr) - (xq — xr)

Similarity to shifted boundary methods x

ng
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Ghost penalties

uo,n(xQ) = He(én(xq))un(xQ) + (1 — He(dn(xq)))U(xq), a0 =O(h™")

ga.n(xQ) = He(on(xQ))Vun(xq) + (1 — He(dn(%Q))) VU (xr), 7a.n = O(h)

Implicit treatment: fixed point iteration
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evolution of I',(t) driven by interfacial phenomena
normal velocity v, = V|, given by mathematical model

extension V vyields a globally defined velocity field vy,

Example: Evolution driven by concentration gradients

V(xr) = po,C(xr),
vi(xq) = V(xr)ng

Efficient alternative to PDE-based methods
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Damping function
D.(¢) = H:(¢p +me) — Ho(¢p — me), m > 2
Localized ghost penalties:

uqp = He(dn)up + (1 — He(én))De(én)U,
gon = H:(¢n)Vup + (1 — Ho(¢n))De(pn) VU

Localized extension velocity:
v = D(¢n)Van

= efficient narrow band implementation
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Elliptic test

fixed domain

Dirichlet ghost
penalties and
Neumann ghost
penalties

damped and full
ghost penalties
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Parabolic test

expanding
domain, exact
level set

Dirichlet ghost
penalties

damped and full
ghost penalties

Hyperbolic test

fixed domain

Dirichlet ghost
penalties

damped and full
ghost penalties

Test problems and results

Level set advection

expanding
domain,
monolithic
conservative
level set method

Dirichlet ghost
penalties

damped and full
ghost penalties



Elliptic test

Fixed embedded boundary
I ={(z,y) €R*: (z —0.5)* + (y — 0.5)> = 0.0625} = IQ,, Q= (0,1)2

ur(z,y,t) = (x — 0.5)% — (y — 0.5)* = u(z,y, 1)

Au=0 inQy,

u=upr onlT

u Dirichlet ghost penalties with v p = h™!
= Neumann ghost penalties with yo v = h
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% full DGP  EOC damped DGP EOC full NGP EOC damped NGP EOC
16 1.47e-03 1.54e-03 9.54e-04 9.54e-04

32  3.07e-04 2.26 3.48e-04 2.15 2.14e-04 2.16 2.14e-04 2.16
64 6.38e-05 2.27 7.56e-05 220 4.73e-05 2.18 4.73e-05 2.18
128  1.39e-05 2.20 1.68e-05 2.17 1.08e-05 2.14 1.08e-05 2.14
256 3.17e-06 2.13 3.87e-06 212 2.52e-06 2.10 2.52e-06 2.10
512 7.03e-07 2.17 9.17e-07 2.08 5.44e-07 221 5.42e-07 221
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Elliptic test

(a) up, damped DGP (b) He(¢)uyp, damped DGP
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Elliptic test

(a) up, damped NGP (b) He(¢)up, damped NGP
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Moving embedded boundary

I(t) = {(z,y) € R?: (x — 0.5)% + (y — 0.5)% = (0.25 + 0.15¢t)*} = 004 (t)

Parabolic test

ou .
E—AU:O in Q4 (1),

u=ur on I['(t),
u=ug in Q4(0)

Dirichlet ghost penalties with yo p = h™!
Crank-Nicolson scheme with At = 1024h - 10~°
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% full DGP EOC damped DGP EOC
16  3.82e-03 3.82e-03

32 6.72¢-04 251 6.72e-04 2.51
64 1.57e-04 2.10 1.57e-04 2.10
128 3.86e-05 2.02 3.86e-05 2.02
256 9.33e-06 2.05 9.33e-06 2.05

Test problems and results



Parabolic test

(a) up, damped DGP (b) He(¢)uyp, damped DGP
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Hyperbolic test

Fixed embedded boundary
T = {(z,y) € R?*: (z — 0.75)* + (y — 0.5)? = 0.0225} = I+

ur(x,y,t) = up(x,y,t) = (x — 0.5)* 4+ (y — 0.5)% = u(z,y,t)
v(z,y) = (0.5 —y,z — 0.5)T

ou .
§+V~(vu)=0 in Qg ,

u=ur on i,

u=1wug inQy
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Hyperbolic test

m Extended upwind flux

uﬂ,h(m » Y 7t)+uh(x » Y 7t)
Go(t) = Vg @ —

- Vo

|uﬂ,h(mQ7 YaQ, t) - Uh(l'Q, YaQ, t)

2 2

Vo = v(zq,yq) nq
m Dirichlet ghost penalties with yvo,p = ™! and U(zq, yq,t) replaced by

3 _ U(an yQ7t) if v($F7yF) ‘nr < O’
Ulzq.yo:t) = {uh<xQ,yQ,t> if v(or, yr) -1 > 0.

m Heun's method with At = 0.2h
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Hyperbolic test

le full DGP EOC damped DGP EOC
16 1.99e-03 1.99e-03

32 1.04e-03 0.94 1.04e-03 0.94
64 5.27e-04 0.98 5.27e-04 0.98
128 2.79e-04 0.92 2.79e-04 0.92
256 1.63e-04 0.77 1.63e-04 0.77
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Hyperbolic test

(a) up, damped DGP (b) He(¢)up, damped DGP
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Level set advection - Extension velocities

Constant extrapolation
Q=(-1.9,21)% T ={(z,y) eR*: /a2 +¢y2 =1}

Vo(z,y) =y(1+y)
Va2 +yi 4y
Viz,y) =y—F—=—=—
(@) =0
Comparison to the elliptic extension method

Vw-VV =0 inQ,
V=V onT
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Level set advection - Extension velocities

(a) constant extrapolation

(b) elliptic extension

”/’ \ \“ \ g
,'/ \ Vy'\ \‘/\
7 \ b "
/ \ // { .
/ / Ay / i \I\ N,
7/ N L <
/ 7 ! 8
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Level set advection - Full simulation

Parabolic test with normal velocity v,, = 0.15 approximated by
V(xra yr, t) = —0158n(1)(.'171", Z/F)

0— , 1
On®(zr,yr) = M = _E¢h($P7yP)

Damped extension velocity

V(IQa YQ, t) = _Da(an YaQ, t)V(:CQa yQ7t)qh(:I"Qa vat)
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Level set advection - Full simulation

(a) He(p)un (b) —on
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Conclusions

m approximation of surface integrals by volume integrals
m fast closest-point search algorithm
m new way to define and calculate compact-support extensions

m narrow-band integration of terms involving extended fluxes, ghost penalties and
velocity fields

m theoretical studies of proposed approach
m new approximate delta functions with compact support

m application to interface problems and PDE systems
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