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ted-Transport AlgorithmDmitri Kuzmin and Stefan TurekInstitute of Applied Mathemati
s (LS III), University of DortmundVogelpothsweg 87, D-44227, Dortmund, GermanyAbstra
t. A new approa
h to 
ux 
orre
tion for �nite elements is presented. Thelow-order transport operator is 
onstru
ted from the dis
rete high-order operator byelimination of negative o�-diagonal entries, so as to enfor
e the M-matrix property.The 
orresponding antidi�usive terms 
an be de
omposed into a sum of internodal
uxes (rather than element 
ontributions). Thereby essentially one-dimensional 
ux
orre
tion tools 
an be applied on unstru
tured meshes. The proposed algorithmguarantees mass 
onservation and makes it possible to design both expli
it andimpli
it FEM-FCT s
hemes based on a uni�ed limiting pro
edure.1 Introdu
tionA variety of CFD appli
ations involve transport of quantities whi
h must be
onserved and remain positive. A

ording to the Godunov theorem, linearmonotoni
ity preserving methods are at most �rst-order a

urate, so thatthe results are 
orrupted by ex
essive numeri
al di�usion. At the same time,high-order methods tend to produ
e spurious overshoots and undershoots inregions with steep gradients. The Flux-Corre
ted-Transport (FCT) algorithmover
omes these diÆ
ulties by adaptively swit
hing between high- and low-order dis
retizations. Building on the FEM-FCT methodology introdu
ed byL�ohner et al. [5℄, we will derive an alternative formulation appli
able to bothexpli
it and impli
it time-stepping [3℄,[4℄.2 State of the ArtThe 
on
ept of 
ux 
orre
tion 
an be tra
ed ba
k to the 
elebrated SHASTAs
heme of Boris and Book [1℄. The 
rux of this algorithm 
onsists in adding
ompensating antidi�usion to a monotone low-order solution, so as to ob-tain high-order a

ura
y on smooth solutions and pre
lude the arising ofnonphysi
al os
illations in proximity to sho
ks and dis
ontinuities. Unlikeother high-resolution s
hemes, the FCT approa
h 
arries over to multidimen-sional problems [6℄ and �nite element dis
retizations on unstru
tured meshes[5℄. However, the 
lassi
al FEM-FCT pro
edure is inherently expli
it, whi
hmakes it extremely ineÆ
ient for 
omputing steady-state solutions or solvingproblems with strongly varying velo
ities and/or mesh sizes.



2 Dmitri Kuzmin and Stefan Turek3 Positivity CriterionIn order to derive a family of FEM-FCT s
hemes for arbitrary time-stepping,we need to introdu
e a rigorous positivity 
riterion. A parti
ularly usefulmathemati
al tool is provided by the 
on
ept of an M-matrix whi
h is 
loselyrelated to the dis
rete maximum prin
iple for 
onservation laws.De�nition. A nonsingular dis
rete operator A 2 Rn�n is 
alled an M-matrixif aij � 0 for i 6= j and all the entries of A�1 are nonnegative.If A is stri
tly diagonally dominant and aii > 0, while aij � 0 for i 6= j, thenA is an M-matrix. Note that for M-matri
es Ax � 0 implies that x � 0.Assume that the numeri
al s
heme 
an be represented in abstra
t matrixoperator form as Lun+1 = Run: (1)Then it is obvious that the positivity of un is inherited by un+1 as long as Lis an M-matrix and all entries of R are nonnegative.4 Low-Order S
hemeAn important ingredient of the FCT algorithm is the positivity-preservinglow-order s
heme. It 
an be 
onstru
ted by adding arti�
ial di�usion to ahigh-order dis
retization. Consider the 
onve
tion-di�usion equation�u�t +r � (vu) = r � (�ru) (2)dis
retized in spa
e by the Galerkin method. The semi-dis
rete problem readsMC dudt = KHu; (3)where MC is the 
onsistent mass matrix, and KH denotes the high-ordertransport operator. Let the low-order 
ounterpart of this s
heme be given byML dudt = (KH +D)u = KLu; (4)where ML stands for the row-sum lumped mass matrix, while D representsa tensor of arti�
ial dissipation de�ned asdii = �Xk 6=i dik ; dij = dji = maxf0;�kHij ;�kHji g; 8 i < j: (5)It is designed so as to eliminate all negative o�-diagonal 
oeÆ
ients of thehigh-order operator while maintaining mass 
onservation.After the dis
retization in time by the standard �-s
heme, we obtain adis
rete s
heme of form (1), whi
h preserves positivity if the time step is



Expli
it and impli
it FEM-FCT s
hemes 3small enough. In parti
ular, solutions to in
ompressible 
ow problems arelo
al extremum diminishing and positivity preserving provided that�t � 11� � mini f�mi=kLii j kLii < 0g: (6)The fully impli
it ba
kward Euler method is un
onditionally positive.It 
an be readily veri�ed that the 
lassi
al upwind s
heme is re
overedfor the pure 
onve
tion equation in 1D. At the same time, the proposedte
hnique is appli
able to arbitrary meshes and multidimensional problems.In addition, the resulting s
heme is less di�usive than upwind for problemswith di�usion. In fa
t, the operators KH and KL are identi
al in di�usiondominated 
ases, sin
e the 
oeÆ
ients are non-negative from the outset.5 Flux-based FEM-FCT formulationThe ba
kward Euler and the Crank-Ni
olson s
hemes are un
onditionally sta-ble and 
an be used as a high-order method in 
onjun
tion with the Galerkinspatial dis
retization. At the same time, the forward Euler s
heme needs tobe stabilized by a proper amount of streamline di�usion. In this paper, weuse the Lax{Wendro� method, whereby this stabilization 
orresponds to these
ond-order time derivative in the Taylor series expansion.The high-order transport operator 
an be transformed into a low-orderone as explained above. The resulting methods are related by the formula(ML � ��tKL)uH = (ML + (1� �)�tKL)un + F (uH ; un); (7)where the antidi�usion responsible for high spatial a

ura
y is given byF (uH ; un) = �(MC �ML)�uH ��t(KL�KH)[�uH +(1� �)un℄ +�tSun:Here S stands for the streamline di�usion operator whi
h is present only inthe fully expli
it s
heme. Similar to the matri
esMC�ML andKL�KH , it issymmetri
 and features zero row/
olumn sums. This enables us to de
omposethe antidi�usive terms into a sum of 
uxes [4℄fij = �mij(�uHj ��uHi )��t dij [�(uHj � uHi ) + (1� �)(unj � uni )℄+ �t sij(unj � uni ); fji = �fij ; i < j: (8)These raw antidi�usive 
uxes o�set the errors indu
ed by mass lumping,`upwinding', and �rst-order time dis
retization (for the expli
it s
heme). Co-eÆ
ients mij ; dij , and sij denote the entries of the 
onsistent mass matrix,arti�
ial di�usion and streamline di�usion operators, respe
tively.Hen
e, the 
ux-
orre
ted version of (7) 
an be written in the formmiun+1i � ��tXj kLijun+1j = mi~ui +Xj 6=i �ijfij ; �ji = �ij ; (9)
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orre
tion fa
tors (to be de�ned below), while ~u repre-sents the positivity-preserving solution to the expli
it subproblemmi~ui = miuni + (1� �)�tXj kLijunj : (10)In essen
e, ~u 
orresponds to an intermediate solution 
omputed at the timeinstant tn+1�� by the expli
it low-order s
heme.The newly introdu
ed family of FCT s
hemes distinguishes itself in thatit is appli
able to expli
it and impli
it time dis
retizations alike. The fullyexpli
it s
heme is 
onsistent with the standard FCT methodology. Note thatimpli
it s
hemes require solving two non-symmetri
 linear systems per timestep: one for the high-order solution uH and one for the �nal solution un+1.Nevertheless, impli
it methods are typi
ally more eÆ
ient than expli
it onesbe
ause larger time steps are admissible.6 Limiting StrategyIt is obvious that the su

ess of the FCT algorithm depends on the positivityof the provisional solution ~u and on the 
hoi
e of 
orre
tion fa
tors �ij . For~u to be positive, the time step must satisfy 
ondition (6) unless the s
hemeis fully impli
it. The left-hand side of our s
hemes 
ontains a monotone low-order operator and poses no hazard to positivity. Therefore, it is suÆ
ient torequire that the operator of the right-hand side be non-negative. This 
an bea

omplished by tuning the 
orre
tion fa
tors as proposed by Zalesak [6℄.It is worthwhile to start the limiting pro
ess with 
an
elling all antidi�u-sive 
uxes dire
ted down the gradient of ~u:fij := 0; if fij(~ui � ~uj) < 0: (11)This optional test should be applied before the 
ux 
orre
tion step. It preventsthe smoothing of the low-order solution whi
h 
an lead to the arising ofspurious ripples even though the positivity is preserved [2℄.Let us 
onsider the maximum and minimum solution values at the sten
ilSi whi
h 
onsists of the node i and its nearest neighbors:umaxmini = maxmin ~uj ; j 2 Si: (12)In 
ontrast with the standard FCT theory, these extrema no longer representbounds for the �nal solution. Nevertheless, all antidi�usive 
uxes whi
h tryto a

entuate a lo
al maximum or minimum must be 
ompletely 
an
eled:�ij = 0; if ~ui = umaxi ; fij > 0 or ~ui = umini ; fij < 0: (13)If this applies to all 
uxes into the node i, we are done. Otherwise, the remain-ing 
uxes have to be limited so as to 
omply with the positivity 
onstraint.



Expli
it and impli
it FEM-FCT s
hemes 5The right-hand side of our s
heme (9) admits the following representation:RHS = mi~ui +Xj 6=i �ijfij = mi~ui + 
iQi; 
i = Pj 6=i �ijfijQi ; (14)where the multiplier Qi is 
hosen to beQi =8>><>>:Q+i = umaxi � ~ui; if Pj 6=i �ijfij > 0;Q�i = umini � ~ui; if Pj 6=i �ijfij < 0;1; if Pj 6=i �ijfij = 0: (15)By virtue of (13), we have Qi 6= 0, so that no division by zero takes pla
e.Furthermore, the 
oeÆ
ient 
i is always non-negative. Let the lo
al extremumumaxmini be attained at a node k adja
ent to the node i. This yieldsRHS = mi~ui + 
i(~uk � ~ui) = (mi � 
i)~ui + 
i~uk; 
i � 0: (16)It follows that the entries of the right-hand side operator are non-negativeprovided that mi � 
i. It remains to show that Zalesak's limiter does enfor
ethis 
onstraint. Auxiliary quantities P�i and R�i are de�ned asP�i = 1miXj 6=i maxmin f0; fijg; R�i = �minf1; Q�i =P�i g; if P�i 6= 0;0; if P�i = 0: (17)A suÆ
iently safe 
hoi
e of 
orre
tion fa
tors is given by�ij = �minfR+i ; R�j g; if fij � 0;minfR+j ; R�i g; if fij < 0: (18)This limiter is independent of the number of spatial dimensions and 
an beeasily implemented as a `bla
k-box' routine whi
h 
omputes the 
orre
tionfa
tors given an array of antidi�usive 
uxes for ea
h pair of nodes.The 
ondition (13) is automati
ally satis�ed, sin
e Q�i = 0 spells R�i = 0and �ij = 0. Hen
e, any enhan
ement of lo
al extrema is neutralized by thelimiter. Furthermore, the following estimate holds:Xj 6=i �ijfij �Xj 6=i �ij maxf0; fijg � miR+i P+i � miQ+i : (19)In mu
h the same way, it 
an be veri�ed thatXj 6=i �ijfij �Xj 6=i �ij minf0; fijg � miR�i P�i � miQ�i : (20)This proves that mi � 
i is satis�ed. The above interpretation of Zalesak'slimiter demonstrates that it 
an be utilized in an impli
it framework.
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t Corre
tionMany pra
ti
al appli
ations are des
ribed by nonlinear 
onservation laws.The simplest iterative treatment of nonlinearities is o�ered by the �xed pointdefe
t 
orre
tion method. If we 
onsider an abstra
t nonlinear system of theform A(u)u = b, then the basi
 nonlinear iteration 
an be formulated asu(l+1) = u(l) � [C(u(l))℄�1(A(u(l))u(l) � b); (21)where l is the iteration 
ounter, and C is a suitably 
hosen `pre
onditioner'whi
h is typi
ally `inverted' by some iterative pro
edure. TakingC(u(l)) =ML � ��tKL(u(l))yields the following iterative FEM-FCT algorithm for nonlinear problems(ML���tKL(u(l)))u(l+1) = (ML+(1��)�tKL(un))un+F (u(l); un): (22)The last term is 
omposed from the (limited) antidi�usive 
uxes. Flux 
or-re
tion 
an be performed after ea
h outer iteration or just on
e after thehigh-order solution has 
onverged. Even if the problem at hand is linear, itmight be expedient to equip impli
it s
hemes with an outer defe
t 
orre
tionloop. Approximating the original matrix by a well-behaved pre
onditioneraids the 
onvergen
e of iterative methods and results in a very robust solver.8 Summary of the AlgorithmThe proposed FEM-FCT pro
edure 
an be implemented as follows:1. Dis
retize the governing equation by a high-order method.2. Perform mass lumping and eliminate negative o�-diagonal entries of thetransport operator to 
onstru
t the asso
iated low-order s
heme.3. For � < 1, examine the diagonal entries of the low-order operator andadapt the time step so as to 
omply with the positivity 
ondition.4. Advan
e the solution in time by the high-order s
heme to obtain uH .5. Assemble the raw antidi�usive 
uxes fij for ea
h pair of nodes.6. Compute the positivity-preserving auxiliary solution ~u = uL(tn+1��).7. Can
el all antidi�usive 
uxes dire
ted down the gradient of ~u.8. Apply Zalesak's limiter to 
al
ulate the 
orre
tion fa
tors �ij .9. Add the 
ontribution of limited antidi�usive 
uxes �ijfij to the right-hand side of the low-order s
heme.10. For � = 0, s
ale the right-hand side by the diagonal matrix M�1L . Other-wise, solve the linear system for the end-of-step solution un+1.In the nonlinear version of the algorithm, uH is repla
ed by u(l), so that justone linear system per outer iteration (22) has to be solved. In addition, onlythe low-order matrix C(u(l)) needs to be assembled and stored.



Expli
it and impli
it FEM-FCT s
hemes 79 Iterative SolutionExpli
it s
hemes do not require any advan
ed linear algebra tools, sin
e the
onsistent mass matrix 
an be eÆ
iently `inverted' e.g. by just a few Ja
obi-like iterations using the lumped mass matrix as a pre
onditioner [5℄. Similarly,for relatively small time steps the nonsymmetri
 linear systems generated byimpli
it s
hemes 
an be solved by multigrid or BiCGSTAB methods withbasi
 
omponents like Ja
obi, Gau�-Seidel or SOR. However, the large timesteps a�orded by the un
onditionally positive ba
kward Euler/FCT methodmay 
ause a severe deterioration of the matrix for the high-order system,so that iterative te
hniques may fail to 
onverge. This 
an be re
ti�ed byresorting to defe
t 
orre
tion and using ILU de
omposition with appropriaterenumbering as a smoother/pre
onditioner.10 Steady-State ProblemsThe fully impli
it FEM/FCT s
heme is un
onditionally positive but only�rst-order a

urate in time, whi
h makes it quite di�usive at large time steps.At the same time, it appears to be very attra
tive for 
omputing solutions tosteady-state 
onve
tion-di�usion equations by `time-mar
hing'. In this 
ase,the time step is merely an arti�
ial parameter, whereas the a

ura
y of the
onverged solution depends entirely on the spatial dis
retization. To redu
ethe 
omputational 
ost, the time steps should be 
hosen as large as possible.This makes expli
it s
hemes non-
ompetitive, sin
e they are subje
t to arestri
tive CFL-like 
ondition. Moreover, the numeri
al solutions produ
ede.g. by the expli
it Lax{Wendro� method are a�e
ted by streamline di�usiondepending on the arti�
ial (typi
ally lo
al) time step.In pra
ti
e, it is expedient to use the 
onverged low-order solution asa `predi
tor' for the time-dependent FEM-FCT algorithm. In this 
ase, the
ost of 
ux 
orre
tion is minimized, sin
e the initial guess should be 
loseenough to the steady-state limit. Furthermore, the use of the 
onsistent massmatrix is super
uous, sin
e the temporal a

ura
y is not relevant anymore.Therefore, mass lumping is appropriate also for the high-order s
heme.11 Numeri
al ExamplesAs a standard one-dimensional example, 
onsider 
onve
tion of a dis
ontin-uous step fun
tion with unit velo
ity. The results produ
ed by the expli
itLax{Wendro�/FCT and the impli
it ba
kward-Euler/FCT s
hemes are de-pi
ted in Fig. 1. Here and below, the dash-dotted line stands for the initialdata, while the dotted line refers to the analyti
al solution. The 
omputedpro�les are 
ompletely free of os
illations. However, the BE/FCT method isseen to be di�usive be
ause of the �rst-order time dis
retization. As the timestep is re�ned, the a

ura
y approa
hes that of the LW/FCT s
heme.
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Fig. 1. Conve
tion of a step fun
tion, t = 0:5; �x = 10�2; �t = 10�3For the invis
id Burgers equation, both FEM-FCTmethods produ
e solutionsof 
omparable quality (see Fig. 2). The nonlinearity was handled by the�xed point defe
t 
orre
tion s
heme as des
ribed above. Note that the sho
kpropagates with 
orre
t speed, whi
h implies that the mass is 
onserved.LW/FCT
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Fig. 2. Invis
id Burgers' equation, �x = 10�2; �t = 10�3Figure 3 illustrates the ability of the BE/FCT method to deal with singularlyperturbed 
onve
tion-di�usion problems. The exa
t steady-state solution ex-hibits a boundary layer due to the homogeneous Diri
hlet boundary 
onditionat the out
ow boundary. This leads to nonphysi
al os
illations if the standardGalerkin method is applied. Remarkably, the 
ux-
orre
ted solution obtainedby the BE/FCT s
heme is nodally exa
t.BE/Galerkin
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Fig. 3. Steady-state 
onve
tion-di�usion in 1D, � = 10�2; �x = 0:1



Expli
it and impli
it FEM-FCT s
hemes 9The �rst two-dimensional example is a standard ben
hmark problem[5℄,[6℄ whi
h deals with adve
tion of a solid body by the vortex v = (�y; x) ina square 
avity (�1; 1)� (�1; 1). The 
ounter
lo
kwise rotation takes pla
eabout the origin. The initial 
ondition is a 
ylinder with a slot de�ned byu0(x; y) = � 1; R < 1=3 and (jxj > 0:05 or y > 0:5);0; otherwise;where R =px2 + (y � 1=3)2. After one 
omplete revolution the exa
t solu-tion mat
hes the initial data. The numeri
al results produ
ed by the LW/FCTand BE/FCT s
hemes on a uniform mesh of 128� 128 bilinear elements areshown in Fig. 4. They exhibit a sharp resolution of dis
ontinuities and 
on�rmthat the methods are immune to spurious ripples.Finally, let us illustrate the utility of the BE/FCT method by applyingit to a steady-state 
onve
tion-di�usion equation with � = 10�3 in a unitsquare dis
retized by 32� 32 bilinear elements. The velo
ity �eld is given byv = (
os 10o; sin 10o), and the boundary 
onditions read:�u�y (x; 1) = 0; u(x; 0) = u(1; y) = 0; u(0; y) = � 1; y � 0:5;0; y < 0:5:A reasonable initial approximation is given byu0(x; y) = �1� x; y � 0:5;0; y < 0:5:The numeri
al solutions obtained by the BE/Galerkin and BE/FCT s
hemesare displayed in Fig. 5. It is observed that the Galerkin method without 
ux
orre
tion gives rise to spurious os
illations in the boundary layer. This isobviously not the 
ase for the 
ux-
orre
ted solution, whi
h is remarkablya

urate and satis�es the dis
rete maximum prin
iple.LW/FCT            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������BE/FCT            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Fig. 4. Rotation of a 
ylinder with a slot, t = 2�, �t = 10�3
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Fig. 5. Steady-state 
onve
tion-di�usion in 2D12 Con
lusionsThe 
ux-
orre
ted-transport methodology was generalized to impli
it �niteelement s
hemes using a rigorous positivity 
riterion. In 
ontrast with the 
on-ventional element-based formulation, the antidi�usive terms were representedin terms of internodal 
uxes. The dis
rete nature of the new approa
h makesit 
ompletely independent of the mesh and of the number of spatial dimen-sions. The fully impli
it BE/FCT method is un
onditionally positive, whilethe maximum admissible time step for other FEM-FCT s
hemes is readily
omputable. The presented numeri
al examples indi
ate that the best tran-sient solutions are produ
ed by expli
it s
hemes, while steady-state problems
all for a fully impli
it treatment.Referen
es1. Boris J. P., Book D.L. (1973) Flux-Corre
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