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Goal-oriented error estimation
m A general review of the duality argument
m Error estimates for steady transport problems

Mesh adaptation algorithm
m Refinement, recoarsening, data structures

Conclusions & Outlook



Numerical troubles

technische universitat
dortmund

Convection-diffusion in 1D

Pede _ v _ o in (0,1)
w(©0) =0, u(l)=1

ePew_q

ePe —1

Pe >0, u(z) =

x; = ih, u; =~ u(x;)
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Convection-diffusion in 1D
Pede — du — ¢ in(0,1) 1
uw(0) =0, u(l)=1
ePer_q o3
Pe >0, u(r) = Sy

m Exact solution: nonnegativity, no internal maxima or minima
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Convection-diffusion in 1D

Peds _ &u _ g ip(0,1)

w(0) =0, wu(l)=1

Pe >0, u(z) = 5:;6;__11
x; = ih, u; =~ u(x;)

08F h=10"7, 1st-order
h=10", 2nd-orde]

m Exact solution: nonnegativity, no internal maxima or minima

= Numerical approximations: numerical diffusion < spurious wiggles
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Convection-diffusion in 1D
Peds — du o iy (0,1)

w(0) =0, wu(l)=1

Pe >0, u(z) = 5;2;__11
x; = ih, u; =~ u(x;)

h=10"7, 1st-order
h=10", 2nd-orde]

Exact solution: nonnegativity, no internal maxima or minima

Numerical approximations: numerical diffusion < spurious wiggles

Way out: nonlinear combination of high- and low-order methods
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Remarks on flux limiting schemes

m Don't suppress the wiggles - They're telling you something.
Gresho, Lee IJNMF 1979.




technische universitat

Feature indicators dortmund

Remarks on flux limiting schemes

Don't suppress the wiggles - They're telling you something.
Gresho, Lee IJNMF 1979.

Detection of underresolved regions at no additional cost

mesh enrichment/deformation controlled by numerical viscosity
[Palmero et al. RR-1175, 1990]

grid refinement based on correction factors [Geppert 1996, thesis]
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No error quantification/no information about error propagation
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Feature indicators dortmund

Remarks on flux limiting schemes

Don't suppress the wiggles - They're telling you something.
Gresho, Lee IJNMF 1979.

Detection of underresolved regions at no additional cost

mesh enrichment/deformation controlled by numerical viscosity
[Palmero et al. RR-1175, 1990]

grid refinement based on correction factors [Geppert 1996, thesis]

No error quantification/no information about error propagation

Violation of the Galerkin orthogonality property
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Duality argument dortmund

Primal problem a(w,u) = b(w), Yw eV

up, A u, p(w,up) = blw) — a(w, up), plw,u) =0 }

m Galerkin orthogonality p(wp,up) =0, Ywyp, € Vj,
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Primal problem a(w,u) = b(w), Yw eV

up, A u, p(w,up) = blw) — a(w, up), plw,u) =0 }

m Linear target functional j(u), mean/point value, boundary flux

Dual problem a(z,e) = j(e), VeeV
e=u—un, () = alzu) — a(z,un) = p(z,un) J
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Duality argument dortmund

Primal problem a(w,u) = b(w), Yw eV

up, A u, p(w,up) = blw) — a(w, up), plw,u) =0 }

m Linear target functional j(u), mean/point value, boundary flux

Dual problem a(z,e) = j(e), VeeV
€=U—Up, ](e) :a(zau)_a('zauh) :p(zauh) J

m Error representation  j(e) = p(z — zp, upn) + p(zn,un), 2n =z
——

computable
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Duality argument dortmund

Primal problem a(w,u) = b(w), Yw eV

up, A u, p(w,up) = blw) — a(w, up), plw,u) =0 J

m Linear target functional j(u), mean/point value, boundary flux

Dual problem a(z,e) = j(e), VeeV
€=U—Up, j(e) = a(z,u) — a(z,un) = p(z,un) J

m Error representation  j(e) = p(2 — zp,upn) + p(zn,up), 2=z
—_—— ——

small 1?7 computable
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Steady convection dortmund
Primal problem Dual problem
V-(vu)=s in{ —v:-Vz=j5 inQ
u=up only, z=h on DIy
Primal problem a(w,u) = b(w), Yw eV
JowV - (vu)dx — [ wuv-nds= [wsdx— [ wupv-nds

= Functional j(u) = [, gudx + frout huv-nds, g,h(x) € {0,1}

Dual problem a(z,w) = a*(w, z) = j(w), Yw eV
— Jquwv-Vzdx+ [L  wzv-nds = Jogwdx+ [  hwv-nds J
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Primal problem V-(vu—eVu)=s + b.c
JouwV - (vu)dx+ [ eVw - Vudx = [[wsdx }
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Steady convection-diffusion dortmund

Primal problem V-(vu—eVu)=s + b.c
JouwV - (vu)dx + [, eVw - Vudx = [, wsdx

m Residual weighted by the dual error w=2Zz-—z

plw,up) = [ow (vup))dx — [, eVw - Vuy, dx
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JouwV - (vu)dx + [, eVw - Vudx = [, wsdx

Residual weighted by the dual error w=2Zz-—z

plw,up) = [ow (vup))dx — [, eVw - Vuy, dx

Approximation  gj, ~ Vu, JowV-gpdx+ [, Vw-gpdx =0
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Steady convection-diffusion dortmund

Primal problem V-(vu—eVu)=s + b.c
JouwV - (vu)dx + [, eVw - Vudx = [, wsdx

m Residual weighted by the dual error w=2Zz-—z

plw,up) = [ow (vup))dx — [, eVw - Vuy, dx

= Approximation g; ~ Vu, JowV-gpdx+ [, Vw-gpdx =0

plw,up) = [ow (vup, — €gp)) dx residual error

+ JoeVw - (gr — Vuy) dx diffusive flux error




- technische universitéat
Global error estimates dortmund
= Finite element solutions up X U, Zn R 2, Zrz

m Error representation  j(u — up) = p(2 — zn, un) + p(zn, un)

Computable error bounds  [j(u —up)| <7

n==o+V, |p(272hauh)‘ < 9, |P(Zh,uh)| <v J
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= Finite element solutions up X U, Zn R 2, Zrz

m Error representation  j(u — up) = p(2 — zn, un) + p(zn, un)

Computable error bounds  [j(u —up)| <7

7]:‘1)4»\1/’ |p(2_zhvuh)| S(ba |p(zh’uh)| <V J
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Global error estimates dortmund
= Finite element solutions up X U, Zn R 2, Zrz

m Error representation  j(u — up) = p(2 — zn, un) + p(zn, un)

Computable error bounds  [j(u —up)| <7

n=2®+V, lp(2 = zn,un)| < @, lp(2h, un)| < ¥ J

m Effectivity indices

L el =
eff—.i rel - 0/ N
(w)]
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Estimates for Pe 4 — u—0 in (0,1), w(0)=0, wu(l)=1

dz?

Pex _ . 1 Pe (1—xz) Pe _1\_ Pe
u(x) = ﬁa j(u) = fo de7 Z(.’E) =2 P:(a;(fepe )1) <




_ - ceohmiche Unversitat
Steady convection-diffusion in 1D Ty otmische universita

Estimates for ~ Ped: — 4 — 0 in (0,1), w(0)=0, w(l)=1

dz?

ePez_l

u(m) = Pe 1> J(U) = fol udz,

_ ePe (lfa;)_i_x(ePe _1)_€Pe
Z(.’IJ) - Pe (1—ePe)

Discretization: central difference scheme, h =1/10

1P |j(U, - Uh)| @ v n Irel
1 7.67e-04 7.80e-04 4.09e-16 7.80e-04 3.05e-05
10 2.84e-05 4.10e-05 3.56e-18 4.10e-05 1.25e-04
100 - - - - -
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Estimates for ~ Ped: — 4 — 0 in (0,1), w(0)=0, w(l)=1

dz?

ePez_l

u(m) = Pe 1> J(U) = fol udz,

Pe (1—=z) Pe Pe
__ e +z(e©—1)—e
Z(.’IJ) - Pe (1—ePe)

Discretization: upwind difference scheme, h =1/10

Pe |j(u—up)] o U n Lel
1 4.52e-03 7.38e-04 3.58e-03 4.32e-03 4.79e-04
10 4.91e-02 3.06e-04 4.76e-02 4.79e-02 1.21e-02
100 5.00e-02 1.59e-09 5.00e-02 5.00e-02 1.21e-08
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Estimates for ~ Ped: — 4 — 0 in (0,1), w(0)=0, w(l)=1
Pex . Pe (1—xz) Pe _1\_ Pe
u(z) = %a jlu) = fol udr, 2(z) = < p:(xl(_eepe )1) <

Discretization: TVD scheme, MC limiter h =1/10

Pe |j(u—up)] o U n Lel
1 1.03e-03 7.74e-04 2.60e-04 1.03e-03 1.34e-05
10 1.51e-02 9.12e-05 1.50e-02 1.51e-02 3.81e-05
100 4.51e-02 4.23e-09 4.51e-02 4.51e-02 1.97e-07
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Steady convection-diffusion in 1D dortmund

Estimates for Pe 4 — 3277; =0 in(0,1), u(0)=0, wu(l)=1

Pex _ . 1 Pe (1—xz) Pe _1\_ Pe
u(m) = ﬁa j(u) = fo dea Z(.’E) =2 P:(xl(fepe )1) <

Discretization: TVD scheme, MC limiter h =1/10

Pe |j(u—up)] o U n Lel
1 1.03e-03 7.74e-04 2.60e-04 1.03e-03 1.34e-05
10 1.51e-02 9.12e-05 1.50e-02 1.51e-02 3.81e-05
100 4.51e-02 4.23e-09 4.51e-02 4.51e-02 1.97e-07

Galerkin orthogonality errors (2 = z5,) may be all you need in practice
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Steady convection in 2D dortmund

Circular convection V- (vu)=0 in Q=(-1,1) x (0,1)

1, 0.35<r<0.65
u(zr,y) = { r(z,y) = Vo +y?

0, otherwise

o

i

wm}‘

u
00 025 050 075 1.0
o

L
(1,0)
domain and velocity FEM-TVD, h =1/80
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Steady convection in 2D, cont'd .U dortmund

Target functional

j(u) = fn guderfrout huv -nds

h=tr(g), g=1in (—0.1,0.1) x (0,1)

h j(e) % Tesr Iel
1/10 2.01e-3 2.16e-3 1.05 1.74e-3
1/20 4.40e-4 3.64e-4 0.82 1.26e-3
1/40 1.31le-4 1.03e-4 0.78 4.75e-4
1/80 4.28e-5 3.54e-5 0.82 1.24e-4
1/160 1.25e-5 1.07e-5 0.85 3.00e-5

z
22 34 45
E

v FEM-TVD, h =1/80
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m Error representation Ju—up) = p(2 — zn,un) + p(zn, un)

lp(2 — zn,up)| S @ =32, 05, p(zp,up)| SV =371
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Local error estimates dortmund
m Error representation Ju—up) = p(2 — zn,un) + p(zn, un)
Ip(2 = zn,up)| <@ =3, @, Ip(zn,un)| <V =30,
m Nodal localization 2 =), %ii, U, = |p(zivi, un)|

Z—zp =, w wi = 9i(2 — zn), O; = |p(ws, up)|
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Local error estimates dortmund
= Error representation Jlu—up) = p(2 — zn,un) + p(zn, up)
lp(2 = zn,up)| <@ =3, @, lp(zn,un)| SV =377,
= Nodal localization 2 =), %ii, U, = [p(zipi, un)|
2=z =Y, w5, w; = ©i(2 — 2zn), Q; = [p(w;, up)|
Conversion to element contributions n=> gk =2+ T

£=>&wpi, fi:j‘bi& Nk = [ £dx

anidx’
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Local error estimates dortmund
m Error representation Ju—up) = p(2 — zn,un) + p(zn, un)
lp(2 = zp,un)| <@ =32, ®i,  p(zn,un)| SV =32,V
m Nodal localization Zh =D, 2P, U, = |p(zipi, up)|

Z—z2p =), wi w; = pi(2 — zn), ®; = |p(ws, up)|

Conversion to element contributions n=> gk =2+ T
§:Z§ ) & = D+, = / fdx;fol
i Si%Pi, 7 fnﬁaidx, K JK S 1oL
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Conformal refinement algorithm Bank, et al. '83
subdivide marked elements regularly (red rule)
eliminate ‘hanging nodes’ by transition cells (green rule)
.
red refinement/recoarsening green refinement/recoarsening

v /ANMML




= technische universitat

Mesh adaptation, cont'd dortmund

Vertex-locking algorithm is used to reverse mesh refinement
Nodal generation function provides all necessary information:

element type, inter-element relationship, refinement level, ...
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adaptation, cont'd dortmund

m Vertex-locking algorithm is used to reverse mesh refinement

Nodal generation function provides all necessary information:

element type, inter-element relationship, refinement level, ...

A 2 2
2 2 2 2 2

= 2 2 .
£ 5 5 3 grid level 2
=
s 2
S
B
= 1 1
< .
g 1 1 1 1 1 grid level 1
o 1 1
2
a 0 0 [
g
= grid level 0
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Steady convection in 2D, revisited dortmund

Adaptive mesh refinement Bmin = 1/320
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Steady convection in 2D, revisited dortmund

Adaptive mesh refinement Bmin = 1/320
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Conclusions dortmund

Flux-limited Galerkin discretizations of AFC type

high resolution, violation of the Galerkin orthogonality

flux correction provides feedback for mesh adaptation
Goal-oriented error estimation for transport problems

no dubious constants, control of local and transmitted errors
nodal decomposition of the error in the target functional
Galerkin orthogonality error is a handy criterion for refinement

Stabilization of diffusive fluxes using gradient recovery
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Time-dependent transport problems

high-resolution schemes of FCT type
dynamic mesh adaptation algorithm

error estimation in space and time
Nonlinear systems of equations

compressible Euler equations
conservative/characteristic limiters

control of target quantities
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