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State of the art: scalar convection

Generic conservation law

%—I—V-(VU—dVU)zO in Q

Godunov Theorem (1959)

No linear discretization scheme of order higher
than first is monotonicity preserving

— High-order methods: oscillatory
— Low-order methods: overdiffusive
— High-resolution methods: nonlinear

Flux-Corrected Transport (FCT) algorithm
Boris and Book (1973), Zalesak (1979)

1. Compute a transported and diffused solution by a

linear monotonicity-preserving scheme

2. Invoke flux limiter to determine the percentage of
artificial diffusion which can be removed without

generating oscillations

3. Add (limited) compensating antidiffusion to recover

the high accuracy in smooth regions




Finite element FCT procedure

Lohner et al. (1987)

Given u" at time t":

step 1: High-order finite element scheme
MCuH = Mcu™+ R

step 2: Low-order finite element scheme
MLU,L = [(1 — Cd)ML o Cnd] u" + R

step 3: Antidiffusive Element Contributions
F. = Mp'| i1 - Mo| ((ea — D)an +a™)

step 4: Zalesak’s limiter
F::OéeFe, 0§a6<1

step 5: Element-by-element correction
up™ =ul + > FZ
(S

Remarks:

— CFL restriction due to explicit time stepping
— formulation in terms of AEC rather than fluxes
— arbitrarily chosen constant artificial diffusion




Finite element discretization

Generic conservation law

%—I—V-(VU—dVU):O in Q

Galerkin discretization
d’LLj
Z ©ip; dx — Z Vi (vjo; —dVe;)dx| u,
i Y i -
+ Z [/ ©iPiVj - nds] u; = / ©w;gds
j Fout I‘in

Semi-discrete problem

Column sum property

ka :Vj.ZCij_dZSij =0




Discrete positivity criteria

Semi-discrete problem

d ;
i ka )+ riug + g
J#i
LED criterion: k;; >0, Vj#4 Jameson (1993)
d
up = maxu; = uj—u; <0 = %SO

Discrete diffusion operators

dij = djj, Z dij = Z dij =0
= Zdijuj Z dij(u; —u;) = Z fij
j

JFi JFi
fig = dij(u; —wi),  fji = —fi
Adaptive artificial diffusion L=K+D

dij = dj; = max{0, —k;;, —k;;}, di= Zdzk
k#£1

LEMMA. A discrete scheme of the form
Lyt =Ru™, u™ >0
is positivity-preserving if £ is an M-matriz and all

entries of R are non-negative.




Flux-based FEM-FCT formulation

Galerkin #-scheme

(M, — At Llu™ = [Mp, + (1 — 0)At L]u™ + F(u™, u™)

Flux decomposition
Fu u") = —[(Mg— Mp)+0At(L— K)]u
+ [(Mg—Mp)—(1-60)At(L— K)]u"
Fu' u") = Zfija F*(u, u™) = Zaijfij

J#i JFi

Antidiffusive fluxes

fii = —(my+0Atdy) (uj’ —u;")
+  (mi; — (1= 0)Atd;) (uf —uy')
fii = —fij, i F]
Implicit FEM-FCT algorithm Kuzmin (2001)

(M, — At Llu™™t = Mpa + F*(u', u™)

~

Intermediate solution @ = uX(¢"T1=9)

Mrpu = [ML + (]. — O)AtL]u”




Zalesak’s limiter

Prelimiting: f;; :=0, if f;;(4; —u,;) <0

i-1 i i+1
Auxiliary quantities
1 max 4 max
pt— — 40, fi QFf = amn — g,
7 m; 4~ min { 1 J 2] }7 7 7 ¢

JFi

min{l,QF /PF}, if Pt >0> P~

R =
0, if P£=0

Correction factors

min{R;r,Rj_}, if f;; >0
mln{R;—,R;}v if fz’j <0

Qij = Qji = Qi




Rotation of a human face

exact solution FEM-FCT

upwind method Galerkin method




Solid body rotation
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Compressible Euler equations

Divergence form

oU
—+V-F=0
ot *
U=(p,pv. B)' . F=(F,F,F)T
pU1 pU2 pU3
pvi +p pU1V2 pU1V3
P = PU1V2 , Fo=1| pvs4+p |, F3= PU2V3
pU1U3 pU2U3 pv3 4+ p
vi(E +p) v2(E + p) vs(E + p)
1
E=-Lt_+ ~plv|? equation of state
vy—1 2
Quasi-linear formulation
oUu OF
E‘FAVU, Where A:@
Properties of the Jacobian
F =AU homogeneous
e-A=RAR™! diagonalizable

Mathematical challenges:

e hyperbolicity

e nonlinearity

e strong coupling




Euler equations: FEM discretization

Galerkin flux decomposition

aU;
mi— - = Y ki (Fj—Fi) =Y (ay+5,)(U; - Uy)
j#i j#i

m;—2L = kji- (Fi—F;) =Y (A;—8,)(U; — U3)
j#i j#i

. k;: — k
Aij = ag; - Ayj, ajj 1= — 2 B

. k. 4 k.
sz — sz ) Aij7 sz = —g 2

Roe mean values
Aij = A(pij, Vij, hij), Pij = \/PiPj

o _ VPVt PV o Pt /P
Y voit+ o Vi +\/Pj

Discrete upwinding
Ki; = —Ajj — Dij, Kij = Ajj + Dyj

Kji = —Aqj +Dij,  Kjj = Aij — Dij




Euler equations: artificial diffusion

Characteristic decomposition
Aij = R(ay;)A(as;) R(ai;) ™

A(ai;) = |ajj|diag {D:; — Cij, Dij, Dij, Oij, Oig + C45}

. al.vl . ~ ..
Vij = / Ja Cij — \/(7 - 1>(hij - 9 )

|a;|

Approximate Riemann solver
Dij = |Ay],  |Ay| = R(ay) [A(ay;)| R(a;)
Scalar artificial dissipation

Dij =di; I, dij = |\ (as;)]

ith column e o | |

jth column e o |

ithrow ----- K!‘iI K!?I ii J
jthrow - K]kl| K}}I




Euler equations: FEM-FCT algorithm

Fully discretized Euler equations SU =G

B S Sz S Sis U1 g1
Sor 828 Sas  Sas Sos U2 92
Ss1 Sso 888 S3zs  Sss us | = | 93
Su1 Siz Sis S8 Sus Uy 94

| Ss1 Ss2 Ss3 Ssa [8BB | [ us | | 95

gm+t = ym 4 cm-1G - sm™mym)
ci™ = M, —6AtLYY,  k=1,...,5

Scalar subproblems
C’ém)Auém) = Mpuy + (1 — Q)Atz L up

_MLu(m)_l_eAtZ L(m) (m)_I_F*( (m)’ ul)

lgm—l—l) (m) + Au(m), ’LL]({:O) _ uz,

Raw antidiffusion

Ful™ up) = —[(Mg— Myg)+ 0AtD™M (™
+ (Mg —Myp) — (1 —0)AtDy Juy,

Synchronized limiter: = L(af a

/I/J,... fj)




Shock tube, compression corner (M = 2.5)

density
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CN/FCT, At = 1073, ¢t = 0.231.
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Compression / expansion (M = 2.5)

BE/FCT

BE/FCT

Low-order

Low-order




Transonic flow over Ni’s bump

geometry: parallel channel with a 10.0% thick circular bump

grid: 49152 cells, 49667 nodes
boundary cond.: inlet: v =0, p = 73340 ,ﬂ%, h = 278850 ”’L—;
outlet: p = 72218 L
m

0.4 0.5 0.6 0.7 0.8 0.9 1 1.1 1.2 1.3
Isolines of the Mach number (M,4:=1.38, M,,+=0.675)

x 10

Isolines of the entropy

A. Kuz’min, 2002




Conclusions

Implicit FEM-FCT schemes can be derived on the
basis of rigorous positivity criteria.

Low-order method can be constructed by adding
discrete diffusion so as to eliminate negative
off-diagonal entries of the high-order operator.

A generalization to hyperbolic systems involves
scalar artificial diffusion proportional to the
spectral radius of the Roe matrix.

Antidiffusive terms can be decomposed into a sum
of internodal fluxes, which can be limited in an

essentially one-dimensional fashion.

Flux correction can be performed within a defect

correction loop using a synchronized limiter.




