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State of the art: salar onvetionGeneri onservation law�u�t +r � (vu� dru) = 0 in 
Godunov Theorem (1959)No linear disretization sheme of order higherthan �rst is monotoniity preserving{ High-order methods: osillatory{ Low-order methods: overdi�usive{ High-resolution methods: nonlinear
Flux-Correted Transport (FCT) algorithmBoris and Book (1973), Zalesak (1979)1. Compute a transported and di�used solution by alinear monotoniity-preserving sheme2. Invoke ux limiter to determine the perentage ofarti�ial di�usion whih an be removed withoutgenerating osillations3. Add (limited) ompensating antidi�usion to reoverthe high auray in smooth regions



Finite element FCT proedureL�ohner et al. (1987)Given un at time tn:step 1: High-order �nite element shemeMCuH =MCun +Rstep 2: Low-order �nite element shemeMLuL = [(1� d)ML + dMC ℄un +Rstep 3: Antidi�usive Element ContributionsFe =M�1L ���e hM̂L � M̂Ci ((d � 1)ûn + ûH)step 4: Zalesak's limiterF �e = �eFe; 0 � �e � 1step 5: Element-by-element orretionun+1i = uLi +Pe F �e;i
Remarks:{ CFL restrition due to expliit time stepping{ formulation in terms of AEC rather than uxes{ arbitrarily hosen onstant arti�ial di�usion



Finite element disretizationGeneri onservation law�u�t +r � (vu� dru) = 0 in 
Galerkin disretizationXj �Z
 'i'j dx� dujdt �Xj �Z
r'i � (vj'j � dr'j) dx�uj+Xj �Z�out 'i'jvj � n ds�uj = Z�in 'ig dsSemi-disrete problemMC dudt = (K�B)u+ q
mij = Z
 'i'j dx;ij = Z
r'i'j dx;

kij = vj � ij � d sijsij = Z
r'ir'j dxColumn sum propertyXi kij = vj �Xi ij � dXi sij = 0



Disrete positivity riteriaSemi-disrete problemmi duidt =Xj 6=i kij(uj � ui)+ riui + qi
LED riterion: kij � 0; 8j 6= i Jameson (1993)uk = maxi ui ) uj � ui � 0 ) dukdt � 0Disrete di�usion operatorsdij = dji; Xj dij =Xi dij = 0(Du)i =Xj dijuj =Xj 6=i dij(uj � ui) =Xj 6=i fijfij = dij(uj � ui); fji = �fijAdaptive arti�ial di�usion L = K +Ddij = dji = max f0;�kij;�kjig ; dii = �Xk 6=i dikLemma. A disrete sheme of the formLun+1 = Run; un � 0is positivity-preserving if L is an M-matrix and allentries of R are non-negative.



Flux-based FEM-FCT formulationGalerkin �-sheme[ML � ��t L℄uH = [ML + (1� �)�t L℄un + F (uH ; un)Flux deompositionF (uH ; un) = � [(MC �ML) + ��t (L�K)℄uH+ [(MC �ML)� (1� �)�t (L�K)℄unF (uH ; un) = Xj 6=i fij ; F �(uH ; un) =Xj 6=i �ijfijAntidi�usive uxesfij = � (mij + ��tdij) (uHj � uHi )+ (mij � (1� �)�tdij) (unj � uni )fji = �fij ; i 6= jImpliit FEM-FCT algorithm Kuzmin (2001)[ML � ��t L℄un+1 =ML~u+ F �(uH ; un)Intermediate solution ~u = uL(tn+1��)ML~u = [ML + (1� �)�t L℄un



Zalesak's limiterPrelimiting: fij := 0; if fij(~ui � ~uj) < 0
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Auxiliary quantitiesP�i = 1mi Xj 6=i maxmin f0; fijg; Q�i = ~umaxmini � ~ui
R�i = 8<: minf1; Q�i =P�i g; if P+ > 0 > P�0; if P�i = 0Corretion fators�ij = 8<: minfR+i ; R�j g; if fij � 0minfR+j ; R�i g; if fij < 0 ; �ji = �ij



Rotation of a human fae

exat solution FEM-FCT

upwind method Galerkin method



Solid body rotation

exat solution

FEM-FCT



Compressible Euler equationsDivergene form �U�t +r � F = 0U = (�; �v; E)T ; F = (F1; F2; F3)T
F1 = ����������

�v1�v21 + p�v1v2�v1v3v1(E + p)
���������� ; F2 = ����������

�v2�v1v2�v22 + p�v2v3v2(E + p)
���������� ; F3 = ����������

�v3�v1v3�v2v3�v23 + pv3(E + p)
����������E = p � 1 + 12�jvj2 equation of stateQuasi-linear formulation�U�t +A � rU; where A = �F�UProperties of the JaobianF = AU homogeneouse �A = R�R�1 diagonalizableMathematial hallenges:� hyperboliity� nonlinearity� strong oupling



Euler equations: FEM disretizationGalerkin ux deompositionmi dUidt =Xj 6=i kij � (Fj � Fi) =Xj 6=i(aij+bij)(Uj � Ui)
mj dUjdt =Xj 6=i kji � (Fi � Fj) =Xj 6=i(aij�bij)(Uj � Ui)Cumulative Jaobian matriesaij := aij � Âij ; aij := kij � kji2bij := bij � Âij ; bij := kij + kji2Roe mean valuesÂij = A(�̂ij; v̂ij ; ĥij); �̂ij = p�i�jv̂ij = p�ivi +p�jvjp�i +p�j ; ĥij = p�ihi +p�jhjp�i +p�jDisrete upwindingkii = �aij � dij ; kij = aij + dijkji = �aij + dij ; kjj = aij � dij



Euler equations: arti�ial di�usionCharateristi deompositionaij = R(aij)�(aij)R(aij)�1�(aij) = jaij jdiag fv̂ij � ̂ij ; v̂ij; v̂ij; v̂ij ; v̂ij + ̂ijgv̂ij = aij � v̂ijjaij j ; ̂ij =r( � 1)(ĥij � jv̂ij j22 )Approximate Riemann solverdij = jaij j; jaij j = R(aij) j�(aij)jR(aij)�1Salar arti�ial dissipationdij = dijI; dij = j�(aij)j
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Euler equations: FEM-FCT algorithmFully disretized Euler equations SU = G266664 S11 S12 S13 S14 S15S21 S22 S23 S24 S25S31 S32 S33 S34 S35S41 S42 S43 S44 S45S51 S52 S53 S54 S55
377775
266664 u1u2u3u4u5

377775 = 266664 g1g2g3g4g5
377775

Defet orretion loopU (m+1) = U (m) + [C(m)℄�1(G� S(m)U (m))C(m)k = ML � ��t L(m)kk ; k = 1; : : : ; 5Salar subproblemsC(m)k �u(m)k =MLunk + (1� �)�tXl Lnkl unl�MLu(m)k + ��tXl L(m)kl u(m)l + F �(u(m)k ; unk )u(m+1)k = u(m)k +�u(m)k ; u(0)k = unkRaw antidi�usionF (u(m)k ; unk ) = �[(MC �ML) + ��tD(m)kk ℄u(m)k+ [(MC �ML)� (1� �)�tDnkk℄unkSynhronized limiter: �ij = L(�1ij ; : : : ; �zij)



Shok tube, ompression orner (M = 2:5)density
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CN/FCT, �t = 10�3; t = 0:231:
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Compression / expansion (M = 2:5)
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Transoni ow over Ni's bumpgeometry: parallel hannel with a 10:0% thik irular bumpgrid: 49152 ells, 49667 nodesboundary ond.: inlet: v = 0, p = 73340 � Nm2 , h = 278850 m2s2outlet: p = 72218 Nm2
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Conlusions� Impliit FEM-FCT shemes an be derived on thebasis of rigorous positivity riteria.� Low-order method an be onstruted by addingdisrete di�usion so as to eliminate negativeo�-diagonal entries of the high-order operator.� A generalization to hyperboli systems involvessalar arti�ial di�usion proportional to thespetral radius of the Roe matrix.� Antidi�usive terms an be deomposed into a sumof internodal uxes, whih an be limited in anessentially one-dimensional fashion.� Flux orretion an be performed within a defetorretion loop using a synhronized limiter.


