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Design Criteria

Algebraic Constraint I (semi-discrete level)

Jameson (1993) showed that if all coefficientsσij ≥ 0 then
dui
dt =

∑

j 6=i
σij(uj − ui)

is local extremum diminishing due to the fact that

◮ maxima do not increase:
ui = max

j
uj ⇒ uj − ui ≤ 0 ⇒ dui

dt ≤ 0,

◮ minima do not decrease:
ui = min

j
uj ⇒ uj − ui ≥ 0 ⇒ dui

dt ≥ 0.

Algebraic Constraint II (fully discrete level)

A fully discrete scheme of the form

Aun+1 = Bun, un ≥ 0

is positivity-preserving if A is a so-called M-matrix
and all entries ofB are non-negative.

Tool: Discrete diffusion operators D = {dij}

are defined as symmetric matrices with zero row and co-
lumn sums such that diffusive terms can be decomposed
into a sum of antisymmetric fluxesfji = −fij

(Du)i =
∑

j 6=i
fij where fij = dij(uj − ui).

Discrete Upwinding

Consider a lumped-mass Galerkin discretization

ML
du
dt = Ku ⇔ mi

dui
dt =

∑

j 6=i
kij(uj − ui).

Compute optimal diffusion coefficients

dii = − ∑

j 6=i
dij, dij = max{0,−kij,−kji} = dji.

Initialize the low-order operatorL := K and eliminate negative
off-diagonal entries according toAC–I edge-by-edge

lii := lii − dij, lij := lij + dij,

lji := lji + dij, ljj := ljj − dij.

The resulting linear low-order scheme is given by

ML
du
dt = Lu such that lij ≥ 0, ∀j 6= i.

Benchmarks for Compressible Flows

Shock Tube Problem
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Radially symmetric
Riemann Problem
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Low-order methodvs. FEM-FCT scheme:M1 = 2.5, θ = 15◦
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128 × 128 Q1 elements
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Algebraic Flux Correction of FCT Type

Scalar conservation law ∂u
∂t + ∇ · (vu) = 0 in Ω.

1. Linear high-order scheme (e.g. Galerkin FEM)
MC

un+1−un

∆t = θKun+1 + (1 − θ)Kun, ∃ j 6= i : kij < 0

2. Linear low-order scheme L = K + D
ML

un+1−un

∆t = θLun+1 + (1 − θ)Lun, lij ≥ 0, ∀j 6= i

3. Nonlinear high-resolution schemefi =
∑

j 6=i
fa
ij

ML
un+1−un

∆t = θLun+1 + (1 − θ)Lun + f (un+1, un)

Equivalent representation Aun+1 = B(ũ)ũ, where

A = ML − θ∆tL is an M-matrix andbij ≥ 0, ∀i, j

FEM-FCT Algorithm for the Euler Equations

Conservative variablesU = [ρ, ρv, ρE]T and fluxesF = [ρv, ρv⊗v+pI, ρHv]T

Divergence form
∂U
∂t + ∇ · F = 0

Quasi-linear form
∂U
∂t + A · ∇U = 0

Group finite element formulation

MC
du
dt = Ku, where(Ku)i = −

∑

j
cij · Fj = −

∑

j 6=i
cij · (Fj − Fi).

Roe averagingFj − Fi = Âij(uj − ui), whereÂij = A(ρ̂ij, v̂ij, Ĥij)

ρ̂ij =
√

ρiρj, vij =
√

ρivi+
√

ρjvj√
ρi+

√
ρj

, Ĥij =
√

ρiHi+
√

ρjHj√
ρi+

√
ρj

Contribution of the edge
−→
ij

(Ku)i ←− cij · (Fi − Fj) = cij · Âij(ui − uj),

(Ku)j ←− cji · (Fj − Fi) = cji · Âij(uj − ui).

Cumulative Roe matrices
aij = aij · Âij, aij = 1

2(cij − cji)

bij = bij · Âij, bij = 1
2(cij + cji)

Contribution of the edge
−→
ij

(Ku) i ←− (aij + bij)(ui − uj),

(Ku)j ←− (aij − bij)(ui − uj)

– Matrix Assembly –

Assembly of the operatorK
kii = aij + bij, kij = −aij − bij,
kji = aij − bij, kjj = −aij + bij.

Assembly of the operatorL
lii = aij − dij, lij = −aij + dij,
lji = aij + dij, ljj = −aij − dij.
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Raw antidiffusive flux incorporating the symmetric boundary part

fij = −
(

mij
d
dt + dij + bij

)

(uj − ui), fji = −fij.

– Artificial Viscosities –

LED principle for systems (semi-discrete level)

Render all off-diagonal blockslij positive semi-definite.

Factorizationaij = |aij|rijΛijr
−1
ij , |aij| =

√
aij · aij where

Λij = diag{λ1, ..., λ5} andrij is the matrix of right eigenvectors.

System upwinding dij = |aij| = |aij|rij|Λij|r−1
ij

Generalization of Roe’s approximate Riemann solver

Scalar dissipation dij = diji, where dij = |aij|maxi |λi|
Optimal for FCT as excessive artificial diffusion is removed by thelimiter.

– Flux Limiting for Systems –

Synchronization of correction factors (Löhner, 1987)
◮ Evaluate correction factor for a single ‘indicator variable’.
◮ Use the minimum of correction factors for a group of variables.
◮ Perform conservative limiting making use of local variable transformations.

FEM-FCT Algorithm

Nonlinear system for an implicit time discretization
ML

un+1−un

∆t = θLun+1 + (1 − θ)Lun + f (un+1, un)

Successive approximations
Au(m+1) = b(m+1) where b(m+1) = bn + f (u(m), un)

Preconditioner(M-matrix)
A = ML − θ∆tL

Low-order contribution
bn = [ML + (1 − θ)∆tL]un

Raw antidiffusive flux

f
(m)
ij = [mij − (1 − θ)∆tdn

ij](u
n
j − un

i )

− [mij + θ∆td
(m)
ij ](u

(m)
j − u

(m)
i )

Limited antidiffusion

fi =
∑

j 6=i

α
(m)
ij f

(m)
ij

Basic FEM-FCT Algorithm

Start withun ≥ 0 and computẽun = M−1
L bn which proves to be

positivity-preserving for0 ≤ θ < 1 provided that

∆t ≤ 1
1−θ min

i
{−mi/lii|lii < 0} .

The flux limiter should guarantee the existence ofB = {bij}
such thatb(m+1) = B(ũn)ũn andbij ≥ 0, ∀i, j.

Modify right-hand side b
(m+1)
i = bni +

∑

j 6=i
α

(m)
ij f

(m)
ij

Iterative FEM-FCT Algorithm

Build the already accepted antidiffusion intoũ(m) = M−1
L b(m)

and limit only the rejected portion of the antidiffusive flux

∆f
(m)
ij = f

(m)
ij − g

(m)
ij , g

(0)
ij = 0.

Update the amount of accepted antidiffusion

g
(m+1)
ij = g

(m)
ij + α

(m)
ij ∆f

(m)
ij .

Modify right-hand side b
(m+1)
i = b

(m)
i +

∑

j 6=i
α

(m)
ij ∆f

(m)
ij

Zalesak’s Multidimensional Limiter

1. Sum of positive / negative antidiffusive fluxes:
Pi = P+

i + P−
i , P±

i = 1
mi

∑

j 6=i

max
min{0, fij}.

2. Maximum / minimum admissible increment:
Q±

i = max
min∆u±ij, where ∆u±ij = max

min{0, ũj − ũi}.

3. Nodal correction factors:

R±
i =

{

min{1, miQ
±
i /P±

i }, if P± 6= 0,

0, if P±
i = 0.

4. Final correction factors:

αji = αij =

{

min{R+
i , R−

j }, if fij ≥ 0,

min{R+
j , R−

i }, if fij < 0.

Scalar Benchmarks

Solid body rotation
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