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Design Criteria

Algebraic Constraint I (semi-discrete level)

Jameson (1993) showed that if all coefficiests> 0 then
du; _
T = 2 oijluy — ug)
J#t
IS local extremum diminishing due to the fact that

» maxima do not increase:
u; = maxu; = uj—uig() = %go,
J
» Mminima do not decrease:
dui

u; =minu; = uj—uiZO = d_tZO'
J

Algebraic Constraint II (fully discrete level)

A fully discrete scheme of the form
Au™tl = By 4" >0

IS positivity-preserving If A IS a so-called M-matrix
and all entries o8 are non-negative.

Tool: Discrete diffusion operators D = {d;;}

are defined as symmetric matrices with zero row and co-
lumn sums such that diffusive terms can be decomposed
Into a sum of antisymmetric fluxe§; = —

(Du); = 27; fij where fi; =d;j(u; — u;).
e

. J

Consider a lumped-mass Galerkin discretization
du; _
ML%—? = Ku < mid—lé = z#: kij(u; — ug).
JF1

Compute optimal diffusion coefficients
djj = — 27; dij, dij =max{0, —kj;, —kji} = dj;.
J7F1

Initialize the low-order operataf := K and eliminate negative
off-diagonal entries according tdC-/ edge-by-edge
lig = lip — dij,  Lij = lij + dj,
ljz' — ljz' + dija l]'j = ljj = dij-
The resulting linear low-order scheme is given by
MpS% = Lu suchthat [;; >0, Vj # .

Radially symmetric
Riemann Problem
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Low-order methodis. FEM-FCT schemed/; = 2.5,60 = 15°

128 x 128 ()1 elements

Scalar conservation law % + V- (vu)=0 1in.

1. Linear high-order scheme (e.g. Galerkin FEM)
_“nzeKu”+1+(1—9)Ku”, 7 #0: kij<0

lij 20, V5 #1

3. Nonlinear high-resolution schemef; = > b
J7
MLu A;u” — 9Lyt + (1 _ H)Lun 4 Jf(un—l—l7 un>

Equivalent representation Au"! = B(a)a, where
A= My, — 0AtLis an M-matrix andb;; > 0, Vi, j

Conservative variablds = [p, pv, pE]T and fluxes' = |pv, pv @ v+ pZ, pHv]T

Divergence form
W 4V.-F=0

Quasi-linear form
W+ A-VU=0

Group finite element formulation
]\4@%—%J = KU, Where(KU)i = — ZCZJ . F] = — g Cjj - (F] — FZ)
] J7

N

Roe averagingF;, — F; = A;;(u; — u;), whereA;; = A(p;;, ¥, H;;)

S _VPYiEPV g NPl /il
Pij = /PiPj> Vij = N/ Hzg RN/

Contribution of the edg@‘_j> )
(KU); «— c;5- (F; = Fj) = ¢;j - Ay(U; — Uj),
(KU)j «— cji- (Fj = F;) = cji - Aj(U; — Uy).

Cumulative Rop matrices Contribution of the edggj

AR » R VR y
Ajg = ayj - AZ]7 Ajj = ?(Czy — C]Z) (KU); «— (Aij + BZ']')(U@ — Uj),
o —Th... A o Lia .
Bjj = bjj - Ajj,  bij = 5(cij + ¢ji) (KU); «— (A4 — Bj;)(U; — Uj)
— Matrix Assembly —
Assembly of the operatak
Kii = Ajj T Bij, Kij = —Adij — Bij,
Kj; = Ajj — Bjj, Kj; = —Ajj; + Bjj.
Assembly of the operatak o
Li; = Aqj — Dy, Lij = —Ajj + Dij,
Lj; = Ajj + Djj, Lij = —Aj; — Dyjy.

Raw antidiffusive flux incorporating the symmetric boundary part
Fjj = — (MZJ% + Dy + Bz’j) (Uj — UZ'), Fji = —F;;.

— Artificial Viscosities —

LED principle for systems (semi-discrete level)

Render all off-diagonal blocks;; positive semi-definite.

FactorizationAZ-j = ]aw| RiinjRZ'_jla |a2]| = \/a,&] C g4 where

A = diag{ Ay, ..., A5} andr;; is the matrix of right eigenvectors.

. . —1
System upwinding  D;; = \AZ]\ = \azjj| RZ-]-\AZ-]-\RZ.]-
Generalization of Roe’s approximate Riemann solver

Scalar dissipation D;; = d;;1, where d;; = |a;;| max; |\
Optimal for FCT as excessive artificial diffusion is removed bylimater.

— Flux Limiting for Systems —

Synchronization of correction factors (L6hner, 1987)
» Evaluate correction factor for a single ‘indicator variable’.
» Use the minimum of correction factors for a group of variables.
» Perform conservative limiting making use of local variable tfarmations.

Successive approximations
Au(m+l) = pm+l)  where ™M+l = pn 4 f(ulm) 47

Low-order contribution
b" = |[Mj + (1 — 0)AtLu"

Preconditioner M-matrix)
A= M; —0AtL

Limited antidiffusion

(m) ¢(m)
fz':Z%- Tij

— [mij — 9Atd§?ﬁ(u§m> — u§m>) ji

Raw antidiffusive flux

£ = fmi — (L= )t () — )

Basic FEM-FCT Algorithm

Start withu" > 0 and compute)”” = ML_lb” which proves to be
positivity-preserving fof) < # < 1 provided that

At < ﬁmim{_mi/liiuii <0}.

The flux limiter should guarantee the existencesof {b;, }
such thap(™+1) = B(g™)a" andb;; > 0, Vi, j.

Modify right-hand side plm L) bl + > ozE?f(W

) - )
JF1

Iterative FEM-FCT Algorithm

Build the already accepted antidiffusion ini™ = M; 5"
and limit only the rejected portion of the antidiffusive flux

(m) _ p(m) _ (m)  (0) _
Afz'j —fi' —92']' 7 92']' = 0.
Update the amount of accepted antidiffusion

g%nﬂ) = g§?> — ozz(.;mA f@@.

Modify right-hand side |0} " = ol + 5~ ol A f"
i

1. Sum of positive / negative antidiffusive fluxes:
— + 1
P,=PT+P , P :m,#,ﬁ?ﬁc{ovfij}-
J7F1

2. Maximum / minimum admissible increment:
QF = ﬁ?ﬁﬁui, where Aufcj = 1800 @15 — i }.
3. Nodal correction factors:
o min{1, m;Q:/ P}, if Pi 40,
¢ 0, if P =0.
4. Final correction factors:
min{R;r, Rj_}’ if fi] > 0,
dji = Mg = min{RJ-r,RZ-_}, if f;; <O.
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64 x 64 ()1 elements 20 x 24 ()1 elements
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