technische universitat
dortmund

Gradient-penalty stabilization of sharp and diffuse interface
formulations in unfitted Nitsche finite element methods

Maxim Olshanskii, Jan-Phillip Backer, Dmitri Kuzmin

MoST 2025

lehrstuhl fir angewandte fakultat fur m I
mathematik und numerik mathematik



Interface description

1971
Lipschitz domain Q = Q; UT U Q, C R?

Level set function ¢ € C(Q) v

O ={x€Q:¢(x) >0} Q,
I'={xecQ:¢(x)=0}

D ={xeQ:o(x) <0}
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Elliptic interface problem

V.- (uVu) = f in Q,
uw=u on 0,
[ul =0 onT,
[uVu] =0 onT
up in 1, p1in €,
u= . p= .
ug in Qog, p2 in Qo

[u] = w1 —ug and [uVu] = (11 Vus —

in Ql,

_Jh
f_{fz in O,

u2Vug) - n
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Space discretization

Triangulation 7, fitted to €:

U xk=2

KeTy

Sub-triangulations:

Thi(6) ={K €Ty :Ix € K :dist(x,Q) < 0}

Mesh-dependent domains:

Qh,k(5) = int( U K)

O

Q2

KeTh k(6)
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Unfitted Nitsche method

/ M1Vuh,1-th,1+/ ,U«2vuh,2'vwh,2+/a|[uh]][[wh]]
ﬂl Q2 r

~ [unlavon} — [ {uTunbun)
T T

= [ fwpi+ [ fownp
Ql Q2

|Ke N Qi,h|

{uVup} = (k1 Vup + kopeVaugz) -m with Kyl ge = K|
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Non-stabilized weak form

q1(u1, uz, w1) = (u2 — u1)(K1paVwr) - 0 — (k11 Vg + kopaVug)wy - n — aug — ug)wy

g2 (u1, ug, wa) = (ug — up)(KapeVws) - n + (k1pu1 Vug + kopeVug)ws - n + a(ug — up )we

/ 1 Vup1 - Vw1 +/ p2Vup 2 - Vwp o
Ql QQ

+/QI(U}L,laUh,27wh,1)+/QZ(U}L,lyuh,%wh,Z)
Jr Jr
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Projected Gradient (PG) stabilization

sp(u, w) = / p1(Vur —gp1) - Vuwy +/ p2(Vug — gp2) - Vwy
Qn,1(0) Qp 2(0)

Lumped-mass L2-projection

N,
i Jo () €3 Vun
Shk = D CikPi  &ik = A
j=1 Qp 1 (9) ®j
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Stabilized sharp interface form

/ H(‘ZS)Mlvuh,l'vwh,1+/Q1(Uh,1auh,2awh,1)

Qpr,1(0) r

+/ (1= H(¢))p2Vuppz - V’wh,z-i-/ @2 (Un,1, Un2, Wh2)
Qp,2(0) r

+/ p1(Vupy — gn1) - V’wh,ﬁ-/ p2(Vup — gn2) - Vwp o
Qp,1(9) Qn,2(0)

= f1wh,1+/ Jowp 2
o o
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Properties of PG stabilization

2
sn(u,0) =Y snk(ur, o), snr(u,v) = / (Vu—gnk) - Vv
k=1 Qn,k(9)

Bilinear form s, 1, (u,v) is symmetric and

s k(U w) 2 [V = gnillTz(0, 46 + P IVEREIT2(0, 4 (0))

= semi-inner product induced by sy, 1 (u, v)
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Convergence results

Energy norm: ||v]|2 = Y7, {||vk]|§{1(9h’k(5)) + ffl””ﬂ”%z(r) + Sh,k(kak)}

2

lw = unlle S B Y llull a2,
k=1

2
lu = unllre) S 02 Il gzo,)-
k=1
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Diffuse interface formulation

Integration over sharp interface:

m piecewise-linear approximation to the zero level set

m numerical integration on segments of the interface

Approximation of surface integrals by volume integrals:

m Use regularized delta functions

m Extrapolate interface fluxes

Jan-Phillip Backer Diffuse interface PG formulation

11/29



Extrapolation using level sets

To be defined: constant extensions of interface fluxes

Main steps:
closest-point search
evaluation of solution and normal derivative

constant extrapolation

Requirements: simplicity, efficiency, accuracy
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Closest point search

Interface pointer

ng = —Vaop(xQ)

Exact distance function ¢

Xr = XQ + ¢(xq)ng X(&)

Numerical approximation ¢y, e

x(§) = xq + Esign(on(xg))ng, E€R xéj;
én(xr) =0 at xp = x(&r) Q

= simple line search
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Closest point search

Search algorithm
m Set & =0

m For 7 > 1: Find next intersection
x(&;), & > &i—1 of x(&) with boundary of a

mesh cell

m If ¢(%(&))d(X(&i—1)) < 0 for i = m exit loop

m Solve linear/quadratic equation to find root

&r € [m—1,&m] of (x(¢))

m Set xr = )A((gp)
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Constant extension

Eepv(x) = v(xr(x))

Consistency with jump conditions:

Eepqi (U1, ug, wr1) + Ecpga(ur, ug,wz) =0  atx €

[u] = [pVu] = [w] =0 at xp(x) € T
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Diffuse interface form

| H@m Vs Vunt [ Enluniinz, w0509
Qr,1(9)
+/ (1= H(¢))p2Vups - V’wh2+/ Eep2(Un,1, un2, wh2)0c(9) |V
Qp,2(0)
+/ p1(Vuna — gni) - V’wh,ri-/ p2(Vupo — gn2) - Vw2
Qp.1(8) Qp,2(0)

= fl’wh,1+/ fown2
Ql Q2
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Numerical examples: quasi-1D

Smooth test problem:
Domain: = (0,1)? Interface: I' = {z = 0.51}

M1 = 1e-08 Mo = 1 f1 = 2e-08 fg =2
ui(x,y) = uz(x,y) = (x —0.01)(1.01 — x)

Non-smooth test problem:

Domain: Q = (0,1)? Interface: I' = {z = 0.51}

1 =05 pup=3 fi=1 fa=1

(r —0.01)2

W (@) = —(z—0.01) — (- 0012 us(z,y) = 834 + 2 @—0.01) - .

84
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Smooth solution: sharp interface, § =0

(a) extended uy (b) u (c) extended uy
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Smooth solution: diffuse interface, § = diam)

(a) extended u (b) u (c) extended uqy
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Smooth solution: grid convergence

h~1 sharp EOC sharp EOC diffuse EOC diffuse EOC
=0 d = 6h 0 = 6h d =dg

128  4.02e-05 4.02e-05 4.02e-05 4.02e-05

256 1.01e-05 199 1.0le-05 199 1.01e-05 1.99 1.0le-05 1.99

512 254e-06 1.99 254e-06 199 254e-06 1.99 254e-06 1.99

1024 6.35e-07 2.00 6.35e-07 2.00 6.35e-07 2.00 6.35e-07 2.00

2048 1.59e-07 2.00 1.59e-07 2.00 1.59e-07 2.00 1.59e-07 2.00

4096 3.96e-08 2.01 3.99e-08 1.99 3.98e-08 2.00 3.99e-08 1.99
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Non-smooth solution: sharp interface, 6 =0

(a) extended uy (b) u (c) extended uy
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Non-smooth solution: diffuse interface, § = diam{)

(a) extended u (b) u (c) extended uy
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Non-smooth solution

. grid convergence

h~1 sharp EOC sharp EOC diffuse EOC diffuse EOC
=0 d = 6h 0=0 d =dg

128 2.91e-05 2.91e-05 2.67e-05 2.67e-05

256 7.31e-06 1.99 7.31e-06 1.99 8.29e-06 1.69 8.29¢-06 1.69

512 1.83e-06 2.00 1.83e-06 2.00 1.38e-06 2.59 1.38¢-06 2.59

1024 457e-07 2.00 4.57e-07 2.00 4.16e-07 1.73 4.16e-07 1.73

2048 1.03e-07 2.15 1.03e-07 2.15 9.79e-08 2.09 9.79e-07 2.09

4096 2.29e-08 2.17 2.29e-08 2.17 2.75e-08 1.83 2.75e-08 1.83
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Numerical examples: 2D

Domain: Q = (—1,1)?
Level set function: ¢(z,y) = 0.75 — \/x2 + y?

p=1 pp=10° fi=fo=4

ur(z,y) = a? -y

2 —y> 05625

1000 1000 +0-5625

UQ(‘T?y) =
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Sharp interface, § = 0

(a) extended u (c) extended uy
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Diffuse interface, § = diam)

(a) extended u; (c) extended us

1631 0.5639
1523 0.5638
1.414 0.5637
1.305 0.5635
1196 0.5634
1.088 0.5633
09789 0.5631
0.8701 0.563

07613 0.5629
0.6526 0.5627
05438 0.5626
0435 0.5625
0.3263 0.5623
02175 0.5622
01088 05691
1.86e-06 0.5619
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Grid convergence

h~1 sharp EOC sharp EOC diffuse EOC diffuse EOC

=0 d = 6h 0=0 d =dg

32 1.15e-02 1.17e-02 9.05e-04 9.74e-04
64 2.68e-03 2.10 2.77e-03 2.08 2.09e-04 2.11 2.44e-04 2.00
128 6.59e-04 196 6.78¢e-04 2.03 5.06e-05 2.05 6.11e-05 2.00
256 1.64e-04 2.07 1.69e-04 2.00 1.23e-05 2.04 1.51e-05 2.02
512 4.10e-05 2.00 4.24e-05 199 2.96e-06 2.05 3.59¢-06 2.07
1024 1.04e-05 198 1.07e-05 1.99 6.88e-07 2.11 8.00e-07 2.17
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Conclusions

m parameter-free stabilization using projected gradients
m approximation of surface integrals by volume integrals

m fast closest-point search algorithm

m extension to moving boundary problems

m application to PDE systems
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