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Interface descriptionQq

Lipschitz domain Ω = Ω1 ∪ Γ ∪ Ω2 ⊂ Rd

Level set function ϕ ∈ C(Ω̄)

Ω1 = {x ∈ Ω : ϕ(x) > 0}

Γ = {x ∈ Ω : ϕ(x) = 0}

Ω2 = {x ∈ Ω : ϕ(x) < 0}

Ω1

Ω2

Γ
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Elliptic interface problemQq

Strong form

−∇ · (µ∇u) = f in Ω,

u = ū on ∂Ω,

[[u]] = 0 on Γ,

[[µ∇u]] = 0 on Γ

u =

{
u1 in Ω1,

u2 in Ω2,
µ =

{
µ1 in Ω1,

µ2 in Ω2,
f =

{
f1 in Ω1,

f2 in Ω2,

[[u]] = u1 − u2 and [[µ∇u]] = (µ1∇u1 − µ2∇u2) · n
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Space discretizationQq

Triangulation Th fitted to Ω:⋃
K∈Th

K = Ω̄

Sub-triangulations:

Th,k(δ) = {K ∈ Th : ∃x ∈ K : dist(x,Ωk) ≤ δ}

Mesh-dependent domains:

Ωh,k(δ) = int
( ⋃
K∈Th,k(δ)

K
)

Ω1

Ω2

Γ
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Unfitted Nitsche methodQq

Discrete weak form∫
Ω1

µ1∇uh,1 · ∇wh,1 +

∫
Ω2

µ2∇uh,2 · ∇wh,2

+

∫
Γ
α[[uh]][[wh]]

−
∫
Γ
[[uh]]{µ∇wh} −

∫
Γ
{µ∇uh}[[wh]]

=

∫
Ω1

f1wh,1 +

∫
Ω2

f2wh,2

{µ∇uh} = (κ1µ1∇uh,1 + κ2µ2∇uh,2) · n with κi|Ke =
|Ke ∩ Ωi,h|

|Ke|
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Non-stabilized weak formQq

q1(u1, u2, w1) = (u2 − u1)(κ1µ1∇w1) · n− (κ1µ1∇u1 + κ2µ2∇u2)w1 · n− α(u2 − u1)w1,

q2(u1, u2, w2) = (u2 − u1)(κ2µ2∇w2) · n+ (κ1µ1∇u1 + κ2µ2∇u2)w2 · n+ α(u2 − u1)w2

∫
Ω1

µ1∇uh,1 · ∇wn,1 +

∫
Ω2

µ2∇uh,2 · ∇wh,2

=

∫
Ω1

f1wh,1 +

∫
Ω2

f2wh,2
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Projected Gradient (PG) stabilizationQq

Stabilization term

sh(u,w) :=

∫
Ωh,1(δ)

µ1(∇u1 − gh,1) · ∇w1 +

∫
Ωh,2(δ)

µ2(∇u2 − gh,2) · ∇w2

Lumped-mass L2-projection

gh,k =

Nh,k∑
j=1

gj,kφj , gj,k =

∫
Ωh,k(δ)

φj∇uk∫
Ωh,k(δ)

φj
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Stabilized sharp interface formQq

∫
Ωh,1(δ)

H(ϕ)µ1∇uh,1 · ∇wh,1+

∫
Γ
q1(uh,1, uh,2, wh,1)

+

∫
Ωh,2(δ)

(1−H(ϕ))µ2∇uh,2 · ∇wh,2+

∫
Γ
q2(uh,1, uh,2, wh,2)

+

∫
Ωh,2(δ)

µ2(∇uh,2 − gh,2) · ∇wh,2

=

∫
Ω1

f1wh,1 +

∫
Ω2

f2wh,2

Jan-Phillip Bäcker Sharp interface PG formulation 8/29



Stabilized sharp interface formQq

∫
Ωh,1(δ)

H(ϕ)µ1∇uh,1 · ∇wh,1+

∫
Γ
q1(uh,1, uh,2, wh,1)

+

∫
Ωh,2(δ)

(1−H(ϕ))µ2∇uh,2 · ∇wh,2+

∫
Γ
q2(uh,1, uh,2, wh,2)

+

∫
Ωh,1(δ)

µ1(∇uh,1 − gh,1) · ∇wh,1 +

∫
Ωh,2(δ)

µ2(∇uh,2 − gh,2) · ∇wh,2

=

∫
Ω1

f1wh,1 +

∫
Ω2

f2wh,2

Jan-Phillip Bäcker Sharp interface PG formulation 8/29



Properties of PG stabilizationQq

sh(u, v) =

2∑
k=1

sh,k(uk, vk), sh,k(u, v) =

∫
Ωh,k(δ)

(∇u− gh,k) · ∇v

Lemma
Bilinear form sh,k(u, v) is symmetric and

sh,k(u, u) ≃ ∥∇u− gh,k∥2L2(Ωh,k(δ))
+ h2∥∇gh,k∥2L2(Ωh,k(δ))

.

⇒ semi-inner product induced by sh,k(u, v)
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Convergence resultsQq

Energy norm: ∥v∥2∗ =
∑2

k=1

{
∥vk∥2H1(Ωh,k(δ))

+ h−1∥vk∥2L2(Γ) + sh,k(vk, vk)
}

Theorem

∥u− uh∥∗ ≲ h
2∑

k=1

∥u∥H2(Ωk),

∥u− uh∥L2(Ω) ≲ h2
2∑

k=1

∥u∥H2(Ωk).
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Diffuse interface formulationQq

Integration over sharp interface:

piecewise-linear approximation to the zero level set

numerical integration on segments of the interface

Approximation of surface integrals by volume integrals:

Use regularized delta functions

Extrapolate interface fluxes
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Extrapolation using level setsQq

To be defined: constant extensions of interface fluxes

Main steps:
1 closest-point search
2 evaluation of solution and normal derivative
3 constant extrapolation

Requirements: simplicity, efficiency, accuracy
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Closest point searchQq

Interface pointer

nQ := −∇ϕh(xQ)

Exact distance function ϕ

xΓ := xQ + ϕ(xQ)nQ

Numerical approximation ϕh

x̂(ξ) = xQ + ξsign(ϕh(xQ))nQ, ξ ∈ R

ϕh(xΓ) = 0 at xΓ = x̂(ξΓ)

⇒ simple line search

xQ

x̂(ξ1)

x̂(ξ2)

x̂(ξ3)

x̂(ξ4)
xΓ
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Closest point searchQq

Search algorithm
Set ξ0 = 0

For i > 1: Find next intersection
x̂(ξi), ξi > ξi−1 of x̂(ξ) with boundary of a
mesh cell

If ϕ(x̂(ξi))ϕ(x̂(ξi−1)) < 0 for i = m exit loop

Solve linear/quadratic equation to find root
ξΓ ∈ [ξm−1, ξm] of ϕ(x̂(ξ))

Set xΓ = x̂(ξΓ)

xQ

x̂(ξ1)

x̂(ξ2)

x̂(ξ3)

x̂(ξ4)
xΓ
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Constant extensionQq

Extension operator

Ecpv(x) = v(xΓ(x))

Consistency with jump conditions:

Ecpq1(u1, u2, w1) + Ecpq2(u1, u2, w2) = 0 at x ∈ Ω

if
[[u]] = [[µ∇u]] = [[w]] = 0 at xΓ(x) ∈ Γ

Jan-Phillip Bäcker Diffuse interface PG formulation 15/29



Diffuse interface formQq

∫
Ωh,1(δ)

H(ϕ)µ1∇uh,1 · ∇wh,1 +

∫
Γ
q1(uh,1, uh,2, wh,1)Ecpδϵ(ϕ)|∇ϕ|

+

∫
Ωh,2(δ)

(1−H(ϕ))µ2∇uh,2 · ∇wh,2 +

∫
Γ
q2(uh,1, uh,2, wh,2)

+

∫
Ωh,1(δ)

µ1(∇uh,1 − gh,1) · ∇wh,1+

∫
Ωh,2(δ)

µ2(∇uh,2 − gh,2) · ∇wh,2

=

∫
Ω1

f1wh,1 +

∫
Ω2

f2wh,2
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f2wh,2
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Numerical examples: quasi-1DQq

Smooth test problem:

Domain: Ω = (0, 1)2 Interface: Γ = {x = 0.51}

µ1 = 1e-08 µ2 = 1 f1 = 2e-08 f2 = 2

u1(x, y) = u2(x, y) = (x− 0.01)(1.01− x)

Non-smooth test problem:

Domain: Ω = (0, 1)2 Interface: Γ = {x = 0.51}

µ1 = 0.5 µ2 = 3 f1 = 1 f2 = 1

u1(x, y) =
9

14
(x− 0.01)− (x− 0.01)2 u2(x, y) =

5

84
+

9

84
(x− 0.01)− (x− 0.01)2

6
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Smooth solution: sharp interface, δ = 0Qq

(a) extended u1 (b) u (c) extended u2
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Smooth solution: diffuse interface, δ = diamΩ̄Qq

(a) extended u1 (b) u (c) extended u2
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Smooth solution: grid convergenceQq

h−1 sharp EOC sharp EOC diffuse EOC diffuse EOC
δ = 0 δ = 6h δ = 6h δ = dΩ

128 4.02e-05 4.02e-05 4.02e-05 4.02e-05
256 1.01e-05 1.99 1.01e-05 1.99 1.01e-05 1.99 1.01e-05 1.99
512 2.54e-06 1.99 2.54e-06 1.99 2.54e-06 1.99 2.54e-06 1.99
1024 6.35e-07 2.00 6.35e-07 2.00 6.35e-07 2.00 6.35e-07 2.00
2048 1.59e-07 2.00 1.59e-07 2.00 1.59e-07 2.00 1.59e-07 2.00
4096 3.96e-08 2.01 3.99e-08 1.99 3.98e-08 2.00 3.99e-08 1.99
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Non-smooth solution: sharp interface, δ = 0Qq

(a) extended u1 (b) u (c) extended u2
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Non-smooth solution: diffuse interface, δ = diamΩ̄Qq

(a) extended u1 (b) u (c) extended u2
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Non-smooth solution: grid convergenceQq

h−1 sharp EOC sharp EOC diffuse EOC diffuse EOC
δ = 0 δ = 6h δ = 0 δ = dΩ

128 2.91e-05 2.91e-05 2.67e-05 2.67e-05
256 7.31e-06 1.99 7.31e-06 1.99 8.29e-06 1.69 8.29e-06 1.69
512 1.83e-06 2.00 1.83e-06 2.00 1.38e-06 2.59 1.38e-06 2.59
1024 4.57e-07 2.00 4.57e-07 2.00 4.16e-07 1.73 4.16e-07 1.73
2048 1.03e-07 2.15 1.03e-07 2.15 9.79e-08 2.09 9.79e-07 2.09
4096 2.29e-08 2.17 2.29e-08 2.17 2.75e-08 1.83 2.75e-08 1.83
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Numerical examples: 2DQq

Domain: Ω = (−1, 1)2

Level set function: ϕ(x, y) = 0.75−
√

x2 + y2

µ1 = 1 µ2 = 103 f1 = f2 = 4

u1(x, y) = x2 − y2

u2(x, y) =
x2 − y2

1000
− 0.5625

1000
+ 0.5625
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Sharp interface, δ = 0Qq

(a) extended u1 (b) u (c) extended u2
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Diffuse interface, δ = diamΩ̄Qq

(a) extended u1 (b) u (c) extended u2
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Grid convergenceQq

h−1 sharp EOC sharp EOC diffuse EOC diffuse EOC
δ = 0 δ = 6h δ = 6h δ = dΩ

8 6.33e-02 7.04e-02 7.03e-02 7.03e-02
16 1.69e-02 1.91 1.97e-02 1.84 2.01e-02 1.81 2.01e-02 1.81
32 4.32e-03 1.97 5.16e-03 1.93 5.14e-03 1.97 5.16e-03 1.96
64 1.09e-03 1.99 1.25e-03 2.05 1.24e-03 2.05 1.32e-03 1.97
128 2.74e-04 1.99 2.96e-04 2.08 2.90e-04 2.10 3.30e-04 2.00
256 6.87e-05 2.00 7.16e-05 2.05 6.86e-05 2.08 8.15e-05 2.02
512 1.72e-05 2.00 1.76e-05 2.02 1.61e-05 2.09 1.97e-05 2.05
1024 4.31e-06 2.00 4.35e-06 2.02 3.60e-06 2.16 4.56e-06 2.11
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ConclusionsQq

Summary
parameter-free stabilization using projected gradients
approximation of surface integrals by volume integrals
fast closest-point search algorithm

Outlook
extension to moving boundary problems
application to PDE systems
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Thank you for your attention!
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