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Axial flow experiment in the Couette device: spherical

glass beads, 0.1 mm in diameter. Axial flow device
1-2 T : T T LA N A A :
B Rotating
7 ———<___ Cylinder
i ;
= 1  Normal
(1] E —— 4
Q 0.64 Quasi-Static Regime //° ZSterss
X S8 o L Sensor
e L JOF 5
0.4+ ; _
C P 4" : _Stationary
u Intermediate Regime outer wall
0.2
0.1 1 10

y(1 /s)

- The powder can transit from the quasi-static to the intermediate
regime as the shearing rate is increased

Pressure and shear dependent
viscosity
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 Heat transfer for solidification

> Release of latent heat due the
phase-change

» Crystallization over a large
temperature range

» Due to the friction, the :
temperature increases o, o o 5 %

Enthalpy method with friction 9




Non-Newtonian phenomena

Effects due to normal stresses
Effects due to elongational viscosity
The drag reduction phenomenon
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Generalized Navier-Stokes equations

(gt—l—u V)U—V-J—I—Vp:pf(x,y,@),V-uzO,

pCp (%—I—u-V) © -V (kVO)—-D(u):0=pg(0).

c=0"+0c" , D(u)==(Vu+ (Vu)').

L\DI}—L

Viscous stress
o’ = 2778(D117p7 @)Dv DI[ — tT(D(’U,)2)

Elastic stress 0,0P
of + We C;SJ = 2n,D(u)

Viscoelastic flow models
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* Viscous stress
o* = 215(Dy, p,0)D, Dy = tr(D(u)*)

» Power law model

775(27197 @) — 7702%_1 (770 >0, r> 1)

» Powder flow in the quasi-static and intermediate regimes
. _1 r—1
ns(z,p, ©) = V2P [smqbz 2 +bcospz 2
(¢ is angle of internal friction,r > 1)

» Non-isothermal model

ns(zapv @) — 770€(a1+“:%) (bl + 622)5—1

(a;, b; are material parameters,r > 1)
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The source term o
90) = (55 +u- V) Hu(@
ot
« The latent heat function { L, 0 >0,
©—0
Hrp(©)=< L ° . 0,<6<6
L( ) \ @L _ @Sa — <UL
0, O <0

Conservation of heat \

(%M.v)@—v-(k(@w@)—mu):ozo,

k
p(cy + L/(Op — O )’

)

k
——, otherwise
PCp

O, <O <O

k(©) =
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- Elastic stress (Oldroyd/Maxwell/Jeffreys)
0,0P

P W
o’ + €5t

= 2n,D(u)

» Upper/Lower convective derivative

0q0 0
— (— —|—u-v> o+ go(0,u)

ot ot
Jalo,u) = > (0 Vu+ (Vu) o)
1
_ .« (Vuo+o(Vu)') (a==£1)
* Problems 2

» Blow up phenomena for time dependent problems

> High Weissenberg Number Problem (HWNP !) ‘o. A=
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- Different highly developed models
» Oldroyd A/B, Maxwell A/B, Jeffreys
» Phan-Thien Tanner, Phan-Thien, Giesekus

 Different numerical methods
> FEM, FVM, FDM, DEVSS,DG, SUPG

- HWNP remains . _
Kinetic energy for two different We numbers
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« Reformulation
Problem reformulation
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- Conformation Tensor (Oldroyd-B) (Lee & Xu)
011

» Using the identity R —2D(u)
ot

» Change of variable o¢ = ogP + f]_pI

We
» Conformation tensor reformulation
51 o° N
> Rate type expression ¢+ We — P
ot We

» Integral expression
t
Mp t—s T
o(t) = exp | — F(s, t)F(s,t) ds
0= [ e (-5 ) Fls0F(s0
v positive definite
v of exponential type @

°2 ~E

Positivity preserving discretizations 9‘:} ,),F"
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- Conformation reformulation (Fattal & Kupferman)
» The diagonalizing transformation

c )‘1 0 T
o —R( 0 A )R

» Transformation and decomposition of velocity gradient

RIVuR = ( "1 "2 LT —1
<m21 —_— Vu=G+ W+ No
v The symmetric part é _ R( mii
0
v" The anti-symmetric part W — R( _OS
.o A2z + Aimay
D P - 0
M1z t M2 N'_R<—n

oA A
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- Conformation reformulation (Fattal & Kupferman)

» New conformation tensor reformulation

(%—I—u-V) o — (WUC—JCW) —2G o° = V\lfe (\Zfel—ac>

- Log Conformation Reformulation (LCR)

> Change of variable o'¢ = log(o*)
9 i i L1 :
— 4u-V|ol— (Walc — O‘lCW) —2G = — (_77_p1_|_6—al )
ot We We
.
P . . QOQJ ~E
Positivity preserving via LCR 00 ,,@;,F"




dortmund

Du
P ot

+pu-Vu—V-(2n,(Dy,p,0)D(u)) + Vp

-V eXp(O-lC) — pf(xa Y, @)7
V-u=0,
00

- Tu VO =V (k(©)VO) - 2tr(D(u)?)

—D(u) : exp(c'®) =0,
( 0 + u - V> ol¢ — (WO'ZC — O'ZCW)

—2G — — exp(—0'®) = b 1

We S We2 .
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Standard Navier-Stokes

a(u,v):/Qozude—I—/QZUSD(u):D(v) ds)

—I—/p(u-V)ude
b(p,v):—/QpV-de Q

New non-symmetric bilinear forms due to LCR

el v) = exp (o€) - v
(o, v) / b (0'€) : D(v) dS)

c(T,u) = —2/ G(Vu, o) : 7dQ
Q
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New nonlinear tensor variational form due to LCR

d(alc,'r):/Q(oza —I—\;/—lexp( l)—l—(u-V)alc> . 7 dS)

e
—/ (WUZC—JZCVV) 7 dS)
Q

Energy equation with friction

e(@,CI)):/ a@CI)dQ+/ kV@VCIDdQ+/(u V)0 ®dS2
Q

- /Q 2ns[D(w): D(u)]PdS) — / D(u) : exp(c'©)®dS)

Source terms

L(u,c',0,p) = [, fodQ—

wez Jo
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Set X := H;(Q)]* x [L*(Q)]* X_Hl(m

A C 0
= L2 Q A ~
? o l) A=| CY D 0
u = (uyo- C) @) _ EfD Efalc E -

Find (u,p) € X x @ such that
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Compatibility condition for existance and uniqueness

- V-uqgdr
sup Jo > Billaloq Vg € Lg(Q)
uc[H}(Q)]2 ||U||1,Q
~ o Vudr
ap 10 > Bolul, g Vu e [HY(Q)?
o€ [L2(Q)]4 ||U||0,Q

What about LCR ?
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The "NEW’" non-symmetric bilinear forms due to LCR

Tpp := {7 € [L*(Q)]*; 7is positive definite}

c(t,v) = /Q exp(7) : D(v) dS2

> Ba] exp(7)]g.alvli q
> 02| olvli o V7 € Tpp, Vv € [Hy(Q))°
E(T,U)z—?/ 71 Vgev dS) o € Tpp
Q
>B2|7lg.alvliq V1 e [L*(Q)]*, Vv € [Hy(Q)]7
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- High order approximations for velocity-stress-temperature-

pressure QZ/QZ/QZ/PldiSC

» Advantages:
» Inf-sup stable for velocity and pressure

Jo V-ugdx
sup

ue[HE(2)]2 ||U||1,Q

> Bildaloo  Va € Lo(2)

» High order: good for accuracy
» Discontinuous pressure: good for solver

» Disadvantage
» Stabilization for same approximation spaces for stress-velocity
» asingle d.o.f. belongs to four elements

Compatibility condition between the stress and { &8
velocity spaces via EO-FEM ! L Cﬁ_ﬁ'

PS -




dortmund

- Edge-oriented stabilization for

» Same finite element interpolation velocity and stress

» convective dominated problem

= Y vihi / [Vu][Volds
edge E
Jo= S nell / VOI[VD|ds
edge B 12

= Y .h% / Vo][VT]ds

edge B .
Efficient Newtgn-type and multigrid solvers . —on

>
can be easily applied! Al
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- Larger FE space which allows the approximation of singular sloution

- d.o.f.s belong to at most two elements which is good for

parallelism - e
K
: : : :
« Coupling of different polynomial order °
» Mortar condition: test space = order at slave side -8
T=2

‘El_l/ fUh|K2LE,de= ’E‘_lf Uh|K1LE,kd57 O§k<2
E E

» No hanging nodes

Research in progress! @
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- Newton with damping results in the solution of the form

R(x)=0, x=(u,p,o0,0)

x"Th=x" + " [8};(;( )] R(x™)

* Inexact Newton
» The Jacobian matrix is approximated using finite differences

_8R(X”)_ ~ Rj (Xn + €€j) — Rz(Xn — 667;)
 Ox |y 2¢

R | e g R

- Ox '

[ A+A* B+B*
Bt 0
Typical saddle point problem !
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* Monolithic multgrid solver

» Standard geometric multigrid approach
> Full Q2, Pldlsc restrictions and prolongations

» Local MPSC via Vanka-like smoother

e oub ] Res,,
I+1 l 1
P | p ] ~ Res,,
e A 2.1, [(KJF J)|T} Res,
KEan K | Rese |,
.

~
° T

Coupled Monolithic Multigrid Solver ! o9,
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- Experimental and numerical results for dry, frictional powder

flows in the quasi-static and intermediate regimes
1.2

1.1 -

- Crushed Glass-Numerical calculation
- Round Glass-Numerical Calculation

1115 crushed Glass-Experiment
0.9 { | ~ Round Glass- Experiment
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002 1 1 L 1
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Shear rate (1/s) ‘e,

The numerical method do not introduce errors!®$

u=1/0

v
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Solidification 0

« Solidification

» Enthalpy method for binary alloy
solidification

» The condition of zero velocity in
solid regions is accounted with

v" Temperature dependent viscosity

v" Fictitious boundary

* Viscous dissipation due to flow

263
— 210

ESZG




Viscoelastic flow: lip vortex growth B ii-che universitét
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Reentrant corner singularities: 4 to1 contraction (Oldroyd-B)
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* Planar flow around cylinder

(Oldroyd-B) S\ e
s \\aasaaans
140 : e : :
DEVSSDG & Q2/P1/Q1 (Hulsen et. al) X
h-p FEM (Fan et al) ¥
DEVSS-G/DG (Caolaet. al) ®
Spectral method (Owens) O
DEVSS-G/SUPG (Liu) @
135 |- FVM+LCR (Afonso et. al) & -
MFEM+LCR+EOFEM (Featflow) - - -
n
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The numerical method is quantitatively validateﬂgi
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- Axial stress w.r.t. X-curved: Oldroyd-B vs. Giesekus
We = 0.7 We=>5.0

45 I I 1 I 1 1
R3a5 ——
40 i
/ = Hulsen et. al.
w0 L .-I".i@%@ 5 i 1000
i x X X ‘% Q
é-_-g( X \._A \
< KKx Xhaig
35 ;“ ’f,-—"w.\*x X‘\A“g{j -
¥ N \»‘ * &\ &'D
n¥ o X >$ 800
30 | g T e
Py T + A Y-S -
@ i . % "._&‘_D ;
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8 + (@] 400 ~
15 F o
Peak 1 i
© Hulsen et. al. M3 +
10 F ? Hulsen et. al. M7  x = m
Fan [1999] x
Fan[2003] © 200 - t .
Afonso et. al. m60wr a
Oscaretal M3 - - - - n s
Alves et. al. m120 o
R3a6 - 5]
R3a7 - -
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In the wake region Cutline on the cylinder and in the wake ? 6
The lack of pointwise mesh convergence ! *¢
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M-FEM Newton-Multgrid solution Oldroyd-B vs. Giesekus

1

» Oldroyd-B
We Drag NL We Drag NL We Drag NL
0.1 130366 8 0.8 117347 4 1.5 125665 4
0.2 126628 5 0. 117.762 4 1.6 127523 4
0.3 123.194 4 1.0 118574 6 1.7 129.4%4 4
04 120593 4 1.1 119657 6 1.8 131578 4
0.5 118828 4 1.2 120919 5 1.9 133734 4
06 117.77¢ 4 1.3 122350 4 20 136039 5
0.7 117.321 4 1.4 123936 4 21 138438 5
» Giesekus
We  Drag Peak 2 NL We  Drag Pesk2 NL
50  96.943 924.45 14 60  R5.839 1201057 4
20 89905 420451 12 70 85356 13773.61 4
J0 88304 631879 5 80 ®4.937  15502.45 4
40  RT.256  8311.32 5 90 84585 1T20787 4
30 86476  10199.10 4 100 B4.287 18897.95 4

Stable Newton-multigrid solver !

G
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New numerical and algorithmic tools are available using
v" Monolithic Finite Element Method (M-FEM)
v" Log Conformation Reformulation (LCR)
v" Edge Oriented stabilization (EO-FEM)

v Fast Multigrid Solver with local MPSC smoother
for the simulation of nonlinear fluids from non-isothermal and
shear-dependent models to viscoelastic flow

Advantages
v" No CFL-condition restriction due to the ful coupling
v" Positivity preserving

v" Large order and local adaptivity
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