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Motivation: chemotaxis on a membrane

QGD' — ol o -@ E

Figure: The membrane-cytoplastic shuttling of Cdc42 (inactive form, blue;
active, pink). Taken from [1].

System of
ODEs

Figure: A 3D view on the surface of a yeast cell shows
the distribution of the activated Cdc42. Taken from [1].

[1] Dynamics of Cdc42 network embodies a Turing-type mechanism of yeast cell polarity by A. B. Goryachev and A. V. Pokhilko, 2008.



Motivation: chemotaxis in a porous media

Christoph Landsberg, Florian Stenger, Andreas
Deutsch, Michael Gelinsky, Angela Résen-Wolff,
Axel Voigt " Chemotaxis of mesenchymal stem
cells within 3D biomimetic scaffolds — a model-
ing approach”, Journal of Biomechanics 44, pp.
359-364, 2011.

ou = Vr-(D,Vru—xuVry) on T
8,5V = V. (DVVZ/) + g in Qo,

u is the density of the hematopoietic cells
v is a stromal cell-derived factor la.

Figure: Scanning electron
micrographs of longitudinal
sections of a porous
mineralized collagen scaffold,
seeded with osteoblast-like
cells.



Motivation: I'-applications for chemotaxis models

Charles M. Elliott, Bjorn Stinner and Chandrasekhar Venkataraman
"Modelling cell motility and chemotaxis with evolving surface finite
elements”, J. R. Soc. Interface, published online, 2012.

parametric finite-elements method
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Figure: Migration of cells.
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PDEs in a
domain

PDEs on a
surface

coupled

evolution of
a surface in time
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is the velocity of the surface I'(%).
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0
éTfp +Vrw - (wp) = DArgp+s(-,p), on I'(t) x T,

where
Op=0wp+v-Vp+pVrgy) v

and
v=Vn+uvg

is the velocity of the surface I'(%).

analytical prescription of I' = T'(¢).




Geometrical illustration
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Surface PDE (evolving I')

Otp+v-Vp+pVrw - v+ Vg - (wp) = DAruyp + s(+yp)

The level-set function:

<0 ifxzisinsideT
plx)=<=0 fxel
>0 if x is outside I"

Then vé Ve
Pr=1-—"-®
: Vel = Vel

is a projection onto 7,I'.

If ¢ is a signed distance, then |V¢| = 1.

Pe(t) ={z: ¢(t,x) = c}.



RBF-FD for surface PDEs

Following Wright et al. 2012, 2014:
(e — n"n)
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where ¢ is a radial basis function.
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Operator assembly: Laplace-Beltrami

~G(L.T(1)pn ~L(tT(t))pp,
—_—— ——
Op+ v-Vp + pVrwu v + Vrw - (wp) = DAryyp +s(,,p)
S—— N—————
~V(t,1(t))pn ~K (t,w,T(t))pp
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where = = {¢,¢2,63,...,5x} and ¥ ={¢,n2,713,..., 0K }.



Operator assembly: convection
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Operator assembly: convection

RG(t,I(t))pn ~L(t,T(t))pn
—_—— ——
dp+ v -Vp + pVre v + Vre - (wp) = DArgp +s(,p)
—— [

~V(t,1(t))pn ~K (t,w,T(t))pp

V(t,T(t)pn = (v-Vi)pn

d
(v - Vipn), Z v ((5) W " pn(G5)-

The operator K (t,w,T'(t)) &= w - Vr)p is assembled in a similar way.



Operator assembly: pVr() - v

RG(t,I(t))pn ~L(t,T(t))pn
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G(t,r(t))ph = ph(PFV}L . 'U}L)



Operator assembly: pVr() - v
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Operator assembly: pVr() - v

RG(t,I(t))pn ~L(t,T(t))pn
—_—— ——
dp+ v -Vp + pVre v + Vre - (wp) = DArgp +s(,p)
—— [

~V(t,1(t))pn ~K (t,w,T(t))pp
G(t,T(t)pn = pr(PrVh - vn)

(pnPrVn - ), = (pr)i (PrVia - vn); -

This discrete operator leads to a diagonal matrix.



Surface PDE (evolving I'): scheme

~G(t,T()pn ~L(t,I(t))pn
—— ——
dp+ v -Vp + pVru v + Ve - (wp) = DArgp +s(,p)
S—— N——

=V (t,T(t))pn ~K(t,w,I'(t)pn



Surface PDE (evolving I'): scheme
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Surface PDE (evolving I'): scheme

~C(LT(1)ph ~L(t,0(t))pp,
—— ——
dp+ v-Vp + pVru v + Vi - (wp) = DArwyp +s(-p)
— N——
=V (t,T(t))pn ~K(t,w,I'(t)pn

Given pjl and At = tp41 — L, , solve for ppt!

pn+l _ pn
h i h + 0 (Vn+l + G7L+l + K?H»l o L'n+l) p'}r:«kl

_(]. _ 9) (V‘IL + G’VL + K7l _ LTL)p’}VLL
+ 05" (1-0)s".

0 = 1 — Implicit — Euler

0 = L Crank — Nicolson



Numerical tests: example 1

Solve I
SEE = DArypla )+ f(@t)  on (1),

where T'(t) is the zero level-set of
¢(x,t) = |x| — 1.0 +sin(4 t)(Jx| — 0.5)(1.5 — |x|).

Analytical solution is
—t/]e|* L1

plx,t)=e
|z|



Numerical tests: example 1

Solve " ol )
m’
f’ait = DArwp(z,t) + f(z,t)  on T(t),
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Analytical solution is

_ 2 21
plx,t)=e t/lel” 21
Ed
5 =pVr() v
8tp+'l)5' VP—FVa% —VHp+va "US—DAFp: f
—_—

=v-Vp



Numerical tests: example 1
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Numerical tests: example 1

(a) analyt. solution at level lev 4 (b) num. solution at T'= 0.1, level 4



Numerical tests: example 1

lev. | d.of | num. of time steps | I5(f2)-error | order

Implicit-Euler scheme

1 30 3 0.035854 -

2 100 10 0.009567 | 1.905
3 360 40 0.002602 | 1.878
4 1360 160 0.000748 | 1.798
5 | 5280 640 0.000213 | 1.812

Crank-Nicolson

1 30 5 0.040218 -

2 100 10 0.09203 2.127
3 360 20 0.002367 | 1.959
4 1360 40 0.000673 | 1.814
5 | 5280 80 0.000192 | 1.809

Table: Convergence of the Implicit-Euler and Crank-Nicolson schemes.



Numerical tests: example 2

Solve
O*p(z,t)

ot

where T'(¢) is a zero level-set of

= DAF(t)p($7t) + f(z,1) on I'(t),

¢(x,t) = |z| — 1.0.
Initial condition is

po(,t) =sin(4y), v € [0,2n].

arctan(%2) , x> 0

arctan(22) 4+ , 29 > 0, 21 <0
arctan(zl) -7, 22<0, 21 <0
+g , 22> 0, 21 =0

8 8
o =

atan2(xq, 1) =

=



Numerical tests: example 2

Initial condition numerical solution 200

(c) at ¢ =0.0 (d) at ¢ = 0.002

Figure: Solution at various time instances, At = 0.0001



Numerical tests: example 2

numerical solution 1000

numerical solution 500

<7

(a) at t =0.05 (b) att=0.1

Figure: Solution at various time instances, At = 0.0001

Vanishing of pg occurs at a rate
which depends on the radius of the circle.



Numerical tests: example 3

Solve

0*p(x,t)

ot

where T'(t) is a zero level-set of

Initial condition is

and

:DAF(t)p(wat) +f($7t) on

o(z,t) = |z| — 1.0

po(x,t) = sin(47),

V= Vs =

(_®1'2 ) (s‘b:zrl

v € [0, 27],

)T

Vol

(),



Numerical tests: example 3

Initial condition numerical solution 200

(a) att=10.0 (b) at ¢ = 0.002

Figure: Solution at various time instances, At = 0.0001



Numerical tests: example 3

numerical solution 1000
|

numerical solution 500

(a) at t = 0.05 (b) att=0.1

Figure: Solution at various time instances, At = 0.0001



Numerical tests: example 3

numerical solution 1000
|

numerical solution 500

(a) at t = 0.05 (b) att=0.1

Figure: Solution at various time instances, At = 0.0001

PDE on a surface which 'evolves’ in the tangential direction.



Numerical tests: anisotropic diffusion

Anisotropic diffusion:

—V(AVu(z)) = f(x) in  Q=10,1)%

A= cos¢p —sing 1 0 cos¢p sing
“ \sing coso 0 € —sin¢g cos¢g)

where



Numerical tests: anisotropic diffusion

Anisotropic diffusion:

—V(AVu(z)) = f(x) in  Q=10,1)%

A= cos¢p —sing 1 0 cos¢p sing
“ \sing coso 0 € —sin¢g cos¢g)

|| Ei, | EOC(l2) | Emax | EOC(max)

where

Stencil=5, e = 10" °, ¢ = 7 /6

h=1/5 58180 - 143297 -

h=1/10 71389 diverges 152334 diverges

h=1/20 76663 diverges 155059 diverges

Stencil=9, e = 10~ %, ¢ = 7/6

h=1/5 || 4895 - 10783 -
Figure: Numerical h=1/10 || 1882 1.379 4025 1421
solution, h=1,20. h=1/20 || 560 1.748 1150 1.807
Stencil=25, ¢ =10 °, ¢ = 7/6
h=1/5 609 - 1529 -
h=1/10 47 3.695 85 4168

h=1/20 3 3.969 12 2.824




Numerical tests: anisotropic diffusion

Anisotropic diffusion:

—V(AVu(z)) = f(x) in  Q=10,1)%
where
A— cos¢p —sing 1 0 cos¢p sing
- (sin¢ cos ¢ ) (O 5) (— sin ¢ cosqﬁ) :

| B, | EOC(2) | Bmax | EOC(max)

Stencil=9, e = 105, ¢ = 7/6

h=1/5 || 4895 - 10783 =

h=1/10 || 1882 | 1379 | 4025 1421
h=1/20 || 560 | 1.748 | 1150 1.807

™~ 7 7 7 7

- =5

Figu_re: Numerical =175 St%récgll_zs’ = 10 1«;—9 /6 —
solution, h=1/20. h=1/10 || 47 3.695 %5 4,168
h=1/20 3 3.969 12 2.824

~ 7 7 7 7




Numerical tests: anisotropic diffusion

Anisotropic diffusion:

~V(AVu(z)) = f(z) in Q=10,1]?

A— cos¢p —sing 1 0 cos¢p sing
“ \sing cos¢ 0 e¢)\—sin¢g coso)"

Special treatment of the RBF-FD stencil is required!!

where

Figure: Numerical
solution, h=1/20.



Numerical tests: anisotropic diffusion

Anisotropic diffusion:

—V(AVu(z)) = f(x) in  Q=10,1)%

A— cos¢p —sing 1 0 cos¢p sing
“ \sing cos¢ 0 e¢)\—sin¢g coso)"

Special treatment of the RBF-FD stencil is required!!

where

Bengt Fornberg, Elisabeth Larsson, and Natasha Flyer, "Stable
Computations with Gaussian Radial Basis Functions”, SIAM J. Sci.
Comput., 33(2), pp. 869-892, (2011).

Elisabeth Larsson, Erik Lehto, Alfa Heryudono, and Bengt Fornberg,
Figure: Numerical " Stable Computation of Differentiation Matrices and Scattered Node
solution, h=1/20. Stencils Based on Gaussian Radial Basis Functions”, SIAM J. Sci.
Comput., 35(4), pp. A2096-A2119, (2013).

Natasha Flyer, Gregory A. Barnett, Louis J. Wicker, "Enhancing
finite differences with radial basis functions: Experiments on the
Navier-Stokes equations”, Journal of Computational Physics, 316,
pp. 39-62, (2016).



Phase-field method

The phase-field method:

pe =V - (Vrp(®)) = p(x) + f on T CR?,



Phase-field method

The phase-field method:

B(6) pe = V- (B(6) V(@) = B(6) (p(@) + f) in Q. CRY,

() = % (1.0 _ tanh (52h(|m| _ 0.3))) ,

B(¢) = 36¢° (1 - ¢°).

where

and

I'={x:|z— (05057 =03}



Phase-field method

The phase-field method:

B(6) pe =V - (B(6)Vp(x)) = B(6) (p(x) + f) in Q. CRY,

Initial solution




Numerical tests: transport equation

Transport equation (the solid body rotation):

pt+v-Vp=0 in Q=10,1]2

Initial solution
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Numerical tests: transport equation

Transport equation (the solid body rotation):

pt+v-Vp —0.0008Ap=0 in Q=1]0,1)%

Initial solution
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Numerical tests: transport equation
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Transport equation (the solid body rotation):
pt+v-Vp —0.0008Ap=0 in Q=1]0,1%

Stabilization technique is required!!

Bengt Fornberg and Erik Lehto, " Stabilization of RBF-generated finite difference
methods for convective PDEs", Journal of Computational Physics, 230,
pp. 2270-2285, (2011).



Numerical tests: transport equation

Transport equation (the solid body rotation):

pt+v-Vp —0.0008Ap=0 in Q=1]0,1%

Stabilization technique is required!!

Bengt Fornberg and Erik Lehto, " Stabilization of RBF-generated finite difference
methods for convective PDEs", Journal of Computational Physics, 230,
pp. 2270-2285, (2011).

. or 7?77



Numerical tests: evolution along a curve

Solve

*

9"p
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+ap = DAryyp on T(t)cQ={xecR?:05<|z|<1.5}.
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The level set function:
o(x,t) = x| — (1.0 + bt sin(57)).
The initial condition:

~)0.75 if0.65 < |z] < 0.85,
o= 0.0 otherwise.
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Numerical tests: evolution along a curve

Solve

*

9"p
ot

+ap = DAryyp on T(t)cQ={xecR?:05<|z|<1.5}.
The level set function:

o(x,t) = x| — (1.0 + bt sin(57)).
The initial condition:

~)0.75 if0.65 < |z] < 0.85,
o= 0.0 otherwise.

We set
a=0.2, b=10 and v = atan2(xz,1).



Numerical tests: evolution along a curve

(a) level set t = 0.0 (b) level set, t = 0.02 (c) level set, t = 0.04

(d) initial solution (e) t =0.001 (f) t = 0.002



Conclusions

It is possible to treat PDEs of time-dependent surfaces which
evolve both in normal and in tangential directions.

The method is accurate and robust.

The RBF-FD nature of the method allows sufficient flexibility
while working with meshes.
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Conclusions

A special treatment of RBF-FD generated stencils is required.
Stabilization of convection-like terms is necessary.

Coupling of surface PDEs with equation(s) which describe
corresponding evolution of the surface is necessary.

The flexibility of our approach regarding 'meshes’ should be
further exploited.

The method should be implemented in an HPC-fashion code.
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Backup 1

Weights are combined in a form

trace (A B) = sum (sum (A”. x B)).



