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.
Inompressible Navier{Stokes equationsut � ��u + u � ru +rp = f ; r�u = 0+ boundary and initial values

+Disretization in spae (FEM: UPW/SD)and time (CN/FS-�)
Treatment of disrete systems:� S BBT 0 � � up �= � f0 �

� Nonlinearity !!!� Saddle point harater !!!� Huge problems (103 � 104 � 104 � 1010) !!!
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`Classial' Projetion Methods:! engineerial/ommerial odes! very "fast" for fully nonstationary ows
Examplary Desription as DPM:Given: u(tn); p(tn) at time tn Perform: 3 substeps

1) S ~u(tn+1) = ~f � krpold (Burgers or linearized)2) "�h"q = 1kr� ~u(tn+1) (`Pressure Poisson Problem')3) p(tn+1) = pold + �q ; u(tn+1) = ~u(tn+1)� krq
With: pold = 0 � Chorin pold = p(tn) � Van Kan

� pressure at boundaries ???� low Re number/large visosity � ???� small visosity � + 'large' timesteps ???� rigorous time step ontrol ???
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Family of "2nd order" NSE solvers:
� n-Pro nonlinear Disrete Projetion Method (`Van Kan')� l-Pro DPM with 2nd order linear extrapolation�! un+1 � 2un � un�1 ) (2un � un�1) � run+1� xl-Pro semi-expliit DPM with linear extrapolation"Disrete Projetion Methods"
� n-Gal Galerkin approah with. fully nonlinear solver in eah time step and. "exat" multigrid Oseen solver� l-Gal Oseen with 2nd order linearization"fully oupled in u and p"

+
Error Indiator for adaptive time steps !!!based on loal trunation error ("�t,�t=2")
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Test I: Flow through Venturi Pipe

Adaptive time step ontrol for veloity (global, l2) andux (through upper devie !!!)jf (ukh(tn); pkh(tn))� f (u(tn); p(tn))j � TOL
+

� "x{variants" restrited due to CFL ondition� "l{variants" bad for large ASPECT RATIOS
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Results I: `OK' Ratings
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Flux PressureMeth. #NT l2 mean l2 meann-Gal 38 15% 1% 19% 1%O l-Gal 222 11% 2% 13% 0%K n-Pro 263 11% 2% 14% 3%l-Pro 649 4% 0% 5% 0%xl-Pro 6941 11% 0% 14% 0%
`Smaller' time steps for DPM !!!
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Results I: `PERF' Ratings
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Flux PressureMeth. #NT l2 mean l2 meanP n-Gal 117 5% 1% 7% 1%E l-Gal 508 1% 0% 1% 0%R n-Pro 630 3% 0% 4% 0%F l-Pro 649 4% 0% 5% 0%
Di�erent values for TOL !!!! Aumulation of loal errors !
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Test II: `Slow' Flow around Cylinder
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� = 1 Lift T=12NT value errorGal 13 5.450 0%Pro 329 5.702 5%VanKan 313 7.172 31%Pro-�x 1200 5.448 0%VanKan-�x 1200 5.438 0%
� = 1; 000 Lift T=12NT value errorGal 20 3.513+3 0%Pro 53 2.077+4 277%VanKan | | |Pro-�x 1200 3.592+3 4%VanKan-�x 1200 1.311+4 217%

Control of:Nonsteady behaviour + low RE???
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Larger times steps ???Low Re numbers ???
`Interpretation of Projetion Methods asspeial SOLVERS for disretized NSE'

+Multilevel Pressure ShurComplement (MPSC)
� S kBBT 0 � � up � = � g0 �

m
BTS�1Bp = 1kBTS�1g ; u = S�1(g � kBp)

Salar problem for Pressure only !!!
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Example for linear salar problems:
1.) Numerial solution of Poisson/Heat equation+Disretization in spae and time
2.) Solution of disretized problems with basi iterations+Jaobi, Gau�-Seidel, SOR, ILU, et.
3.) Charaterization of iterative shemes+� Poisson problem ??? k ! 0 ???� omplex spatial meshes/variable time steps ???
4.) Aeleration as preonditioner in Krylov-methods5.) Aeleration as smoother in multigrid (!)
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Preonditioned Rihardson sheme for salar PSC:
pl = pl�1 � C�1(Apl�1 � b)= pl�1 � C�1(BTS�1Bpl�1 � 1kBTS�1g)

+Choie of (global) PSC preonditioner C�1:
� C�1 =X�i ~Ci�1 (� [BTS�1B℄�1)� S := �M + �1�kL+ �2kN(~U)

+
Smoother in Multigrid for BTS�1B

*
Numerial Linear Algebra
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Global PSC Preonditioner "C�1" ???
Mass Laplaian Convetion

BTS�1B = BT [M + ��kL + �kN ℄�1B� BTM�1B + 1��kBTL�1B + 1�kBTN�1B
[BTS�1B℄�1 � [BTM�1B + 1��kBTL�1B + 1�kBTN�1B℄�1� (BTM�1B)�1 + ��k(BTL�1B)�1 + �k(BTN�1B)�1

Reation Di�usion Convetion
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Reative Preonditioner (r�Ir)�1:� expliit alulation of P := BTM�1B (� "�h")� P "exat" disrete PSC preonditioner for k ! 0� nononforming ~Q1=Q0: 5 (2D)/7 (3D) stenil !!!OPTIMAL: "exat" for k ! 0, "minimal" numerial omplexity
Di�usive Preonditioner (r���1r)�1:� expliit alulation of BTL�1B impossible (L�1 full !!!)� However: r���1r � I =) BTL�1B �Mp"OPTIMAL": spetrally optimal for disrete Stokes problems=) (Modi�ed) Uzawa sheme !!!

Convetive Preonditioner (r�(u � r)�1r)�1:� disrete onstrution �! ILU ???� ontinuous onstrution �! r�(� � r)�1r � ???
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Complete "Additive" PSC Preonditioner:�RP�1 + �DM�1pwith: �R = 1 (or 0), �D = ��k + Damping if neessary
Complete PSC Basi Iteration:pl = pl�1 � [�RP�1 + �DM�1p ℄ (BTS�1Bpl�1 � 1kBTS�1g)

Realization of 1 omplete PSC Step:S ~u = g � kBpl�1 (Burgers problem with pl�1 given)fp := 1kBT ~u [= 1kBTS�1g�BTS�1Bpl�1 = Residual (pl�1)℄Pq = fp (� disrete "Pressure-Poisson" problem)pl = pl�1 + �Rq + �DM�1p fp
DPM = 1� PSC(no onv.)V anKan = 1� PSC(�D = 0;no onv.)
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Convetive PSC Preonditioners (I):1) Diret ILU deomposition of BTS�1B� S BBT 0 �=� S 0BT I �� S�1 00 �BTS�1B �� S B0 I �=� L11 0L21 L22 �� U11 U120 U22 �) L22U22 = �BTS�1B! Whih sparsity pattern (BTS�1B full !!!) for ILU22 ???! MG with ILU22(BTS�1B) ???
2) Modi�ed url formulation of onvetion (Olshanskii)(u � r)u = (urlu)� u + 1=2r(u2)
) Replae: �u� ��u+ ( ~U � r)u by �u� ��u+ url ~U�u) BT [�M +M(url ~U)℄�1B is omputable !!!! Stabilization of the disretization for higher Re numbers ???! Full Newton matrix ???! MG for ~P := BTM(url ~U)�1B ???
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Convetive PSC Preonditioners (II):
3) Convetive Pressure Form (Elman/Kay/Sylv./Wathen)Green's tensor for Oseen equations: r�S�1r � (r�r)S�1
) BTS�1u B � (BTM�1u B)S�1p Mp = P S�1p Mp
Problem: Sp = Mp + �k "�p" + k "Np"  Q0 ???+(BTS�1u B)�1 �M�1p SpP�1 �M�1p [Mp + k "Np"℄P�1 + �kM�1p+

C�1 = [I + kM�1p (T puNuTup )℄P�1 + �kM�1p
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Preliminary Tests I: Cylinder
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Observations:
� small improvements w.r.t. amplitudes of lift/drag� `signi�ant' improvements w.r.t. frequenies of lift/drag

However:DPM annot use muh larger time steps sineeven the use of a (almost) spetrally equivalentpreonditioner gets useless when only 1 (!!!)inomplete solution step is performed!Compare with numerial solution of disretizedHeat equation resp. Poisson Problem:`1 preonditoned Rihardson step is notsuÆient if overall ondition numberbehaves like O(h��)' !!!
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Preliminary Tests II: Venturi Pipe/Flux
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Preliminary Tests II: Venturi Pipe/pIN
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Further Observations:� Signi�ant improvements for approximating the dynamis !� But: Whih boundary onditions for "Np" (! Osillations) ???� But: Whih veloity u for "Np(u)" ???� But: Working with omplete matrix Su ???� But: Appliation to nonlinear uids (with � = �(u) and/orpressure dependent visosity) or linearized NSE ???
Knowledge of:Strong relation between Projetion Methods asNavier-Stokes shemes and iterative solvers fordisretized NSE's in the PSC formulation !

+
Rigorous multigrid embedddingtowards strongly oupled multigridsolver MPSC is required !
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Design of future Flow Solvers:
� Full Galerkin disretization in spae/time) FEM in spae with Upwind/Streamline-Di�usion) (Modi�ed) Crank-Niolson (� Petrov-Galerkin with G(1))� Strongly oupled solvers in u and p) PSC preonditioners with (standard) multigrid embedding) fully nonlinear treatment for omplex on�gurations
� Error Estimator instead of Error Indiator !!!+

Combination of higher auray ofGalerkin-type methods with high speedof Projetion-type solvers is possible !!!Residual-based a posteriori errorontrol in spae/time with dual solutionsbased on meanvalue funtionals inspae/time is aimed !?!Robust solvers for linearized NSproblems with large time steps !?!
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Snapshots:
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+
Control of the mean value for the`wall pressure' in spae/time ???
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Error indiator for adaptive time steps:
Aim: Solution at tn+1 = tn + k , starting from tn! vk = vk(tn+1) = fuk(tn+1); pk(tn+1)g via time step k! v = v(tn+1) exat solution at tn+1
with: jjjJ(v)� J(vk)jjj � TOL for given (linear) funtional J(�)! J(�) � veloity/pressure values, jjjJ(v)�J(vk)jjj = kv� vkkl2! J(�) � drag/lift/ux, jjj � jjj = j � j
Assumption: J(v)� J(vk) � k2 e(v) +O(k4)) 3 steps � ~k, 1 step � 3~k, REL~k := J(v3~k)� J(v~k)) e(v) � J(v3~k)� J(v~k)8~k2 ; J(v)� J(vk) � k28~k2 REL~k
) Get new estimation: k2 � TOL 8 ~k2jjjREL~kjjj+

Compare k with ~k !!!
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Stationary Navier{Stokes Equations I:`Channel ow around square' with di�erent aspet ratios (AR)! DPM (� GLOBAL MPSC) smoothing (0/2 steps)� 1=� = 5LEV AR = 0:5 � 101 AR = 0:5 � 103 AR = 0:5 � 1053 4/ 6 /1.5 4/ 6 /1.5 4/ 6 /1.54 4/ 6 /1.5 4/ 6 /1.5 4/ 6 /1.55 5/ 7 /1.5 4/ 7 /1.5 5/ 8 /1.5� 1=� = 50LEV AR = 0:5 � 101 AR = 0:5 � 103 AR = 0:5 � 1053 9/ 25 /3.0 6/ 18 /3.0 6/ 18 /3.04 6/ 10 /1.5 6/ 10 /2.0 6/ 10 /2.05 6/ 6 /1.0 6/ 9 /1.5 7/ 9 /1.5� 1=� = 500LEV AR = 0:5 � 101 AR = 0:5 � 103 AR = 0:5 � 1053 10/ 76 /7.5 10/ 74 /7.5 10/ 73 /7.54 11/ 51 /4.5 11/ 49 /4.5 11/ 54 /5.05 12/ 31 /2.5 13/ 35 /3.0 12/ 31 /2.5
� Linear + Nonlinear rates "independent" of AR� Linear rates getting "better" for h! 0, "worse" forRe!1� Nonlinear rates "independent" of h, "worse" for Re!1
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Stationary Navier{Stokes Equations II:! LOCAL MPSC (Adapt. Pathing), 0/4 Smoothing Steps� 1=� = 5LEV AR = 0:5 � 101 AR = 0:5 � 103 AR = 0:5 � 1053 4/ 11 /3.0 4/ 11 /3.0 4/ 14 /3.54 5/ 17 /3.5 5/ 16 /3.0 5/ 17 /3.55 4/ 16 /4.0 4/ 16 /4.0 5/ 18 /3.5� 1=� = 50LEV AR = 0:5 � 101 AR = 0:5 � 103 AR = 0:5 � 1053 6/ 10 /1.5 6/ 13 /2.0 6/ 18 /3.04 5/ 12 /2.5 5/ 12 /2.5 5/ 12 /2.55 7/ 21 /3.0 6/ 20 /3.5 6/ 20 /3.5� 1=� = 500LEV AR = 0:5 � 101 AR = 0:5 � 103 AR = 0:5 � 1053 10/ 19 /2.0 10/ 19 /2.0 11/ 28 /2.54 11/ 25 /2.0 10/ 19 /2.0 11/ 21 /2.05 11/ 22 /2.0 12/ 22 /2.0 11/ 22 /2.0
� Linear rates "independent" of AR, h! 0, Re!1 (, �t)� Nonlinear rates "independent" of AR, h� Nonlinear rates getting "worse" for Re!1
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Preliminary Tests I: Cylinder
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Preliminary Tests II: Venturi Pipe/Flux
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Preliminary Tests II: Venturi Pipe/pIN
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Projet: Perpendiular inow into pipe

30


