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Boussinesq Model:
�tu + u � ru = �rp + �u�u + jT ; r � u = 0

�tT + u � rT = �T�T
with �u =qPrRa and �T =q 1RaPr

FeatFlow Ingredients:http://www.featflow.de� Nononforming FEM spaes ( LBB-stable)� Hybrid Upwind/Streamline-Di�usion stabilization� Adaptive (fully/semi) impliit time stepping (2nd order)�Multilevel Pressure Shur Complement methods� Nonlinear Quasi-Newton Defet Corretion� Salar Multigrid solvers with adaptive Grid Transfer
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Time (k)/Spae Disretization (h)
+

(Nonlinear Coupled) Disrete Systems:
Su(un+1)un+1 + kBpn+1 + kMTT n+1 = f(n + 1; n)BTun+1 = 0ST (un+1)T n+1 = g(n + 1; n)! Su(v) := �M + �ukL + kKu(v)! ST (v) := �M + �TkL+ kKT (v)

Matrix-Vetor Notation:24 Su(un+1) kMT kB0 ST (un+1) 0BT 0 0
3524 un+1T n+1pn+1

35 = 24 f(n + 1; n)g(n + 1; n)0
35
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LOCAL MPSC (for "steady" on�gurations):Outer Newton- or Fixpoint-like nonlinear iterationMultigrid solver for resulting linear oupled subproblems`Solve "exatly" on "subsets/pathes" and perform anouter Blok{Gau�-Seidel/Vanka iteration' as smoother
Algebrai Notation of the Newton-like Step:24 ul+1T l+1pl+1

35 = 24 ulT lpl
35� !l+124 Nu(ul) kMT kBNu(T l) ST (ul) 0BT 0 0

35�124 def ludef lTdef lp
35

24 def ludef lTdef lp
35 := 24 Su(ul) kMT kB0 ST (ul) 0BT 0 0

3524 ulT lpl
35� 24 f(n + 1; n)g(n+ 1; n)0

35
+

Sequene of oupled linear problems
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Preonditioner/Smoother on Path 
i:24 Nuj
i(ul) kMT j
i kBj
iNuj
i(T l) ST j
i(ul) 0BTj
i 0 0
35�1

! Path 
i: Colletion of 1 { n neighboured elements� lustered due to "given" (bloked) subdomains� adaptively lustered due to (mesh) anisotropies+Sequene of "small" loal problems+� diret steady approahes possible� fully impliit sheme (! nonsteady)� Problem: Full Newton (= Linearization) !!!! quadr. onvergene vs. stabilization ?! iterative solvers ?
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Stationary Cases: Ra = 1:7 � 105 / Ra = 3:0 � 105
Ra = 1:7 � 105 Ra = 3:0 � 105Streamline-Di�./GRID0 Streamline-Di�./GRID0#MG #NL #MG #NLFixed Point div.(80) div.(40) div.(324) div.(162)Newton 19 6 20 7+

Very EÆient Nonlinear Solver(diret stationary !!!)
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GLOBAL MPSC (fully "nonsteady" on�g.):Outer deoupling of Navier-Stokes vs. energy equationNewton-like nonlinear iteration for momentum equationsMultigrid solver for all salar subproblems
Formulation of 1 Projetion-like Step:

Su(~un+1)~un+1 = f(n+ 1; n)� kBpn + kMTT n (`Burgers')
"�h"q = fp ; fp := 1kBT ~un+1 (`Pressure Poisson')
pn+1 = pn + q + �ukM�1p fp ; un+1 = ~un+1 � kM�1u Bq

ST (un+1)T n+1 = g(n + 1; n) (`Temperature')
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Sequene of "large" salar problems
+

� `fast' Numerial Linear Algebra possible� `optimal' for fully nonsteady problems! `exat' preonditioner "�h" = P = BTM�1u B! optimized multigrid for 5/7-point FEM matrix� semi-impliit (nonlinear) sheme
+

Time step ontrol ???jf(ukh(tn); pkh(tn))� f(uh(tn); ph(tn))j � TOL(Error Indiator based on �T=3�T )
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Details onerning spatial/temporal MeshesCoarse Mesh/Geometrial Detailslevel verties elements midpoints total unknowns1 115 88 202 492GRID0 22,945 22,528 45,472 113,472GRID1 90,945 90,112 181,056 453,224GRID2 362,113 360,448 722,560 1,805,568
Adaptively hosen Maro Time Steps
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Symmetri Periodial Case: Ra = 3:4 � 105TOL Grid0 Grid1 Grid2(adaptiv) mean [Min:Max℄ mean [Min:Max℄ mean [Min:Max℄- Nusselt Number10�3 4.5824 [4.5778:4.5881℄ 4.5773 [4.5718:4.5826℄ 4.5766 [4.5708:4.5826℄10�4 4.5799 [4.5780:4.5816℄ 4.5802 [4.5758:4.5843℄ 4.5803 [4.5752:4.5851℄10�5 4.5797 [4.5796:4.5799℄ 4.5795 [4.5766:4.5823℄ 4.5791 [4.5743:4.5850℄Temperature10�3 0.2563 [0.2143:0.2976℄ 0.2595 [0.2199:0.3025℄ 0.2604 [0.2197:0.3058℄10�4 0.2589 [0.2488:0.2691℄ 0.2637 [0.2393:0.2911℄ 0.2651 [0.2369:0.2981℄10�5 0.2590 [0.2579:0.2601℄ 0.2638 [0.2476:0.2812℄ 0.2647 [0.2442:0.2884℄U1 Component10�3 0.0668 [0.0346:0.1241℄ 0.0628 [0.0260:0.1213℄ 0.0631 [0.0249:0.1253℄10�4 0.0549 [0.0432:0.0682℄ 0.0585 [0.0329:0.0984℄ 0.0606 [0.0318:0.1107℄10�5 0.0542 [0.0528:0.0555℄ 0.0552 [0.0373:0.0796℄ 0.0572 [0.0344:0.0909℄U2 Component10�3 0.4841 [0.4307:0.5404℄ 0.4647 [0.4134:0.5161℄ 0.4600 [0.4078:0.5132℄10�4 0.4836 [0.4654:0.5016℄ 0.4676 [0.4240:0.5130℄ 0.4634 [0.4148:0.5163℄10�5 0.4837 [0.4818:0.4856℄ 0.4675 [0.4373:0.4988℄ 0.4642 [0.4253:0.5049℄Pressure Di�erene 1410�3 -0.0010 [-0.0142:0.0096℄ -0.0021 [-0.0168:0.0108℄ -0.0023 [-0.0176:0.0111℄10�4 -0.0013 [-0.0060:0.0032℄ -0.0016 [-0.0142:0.0095℄ -0.0016 [-0.0162:0.0110℄10�5 -0.0013 [-0.0018:0.0001℄ -0.0017 [-0.0102:0.0060℄ -0.0020 [-0.0128:0.0081℄Pressure Di�erene 1510�3 0.5085 [0.4894:0.5251℄ 0.5322 [0.5206:0.5434℄ 0.5371 [0.5270:0.5491℄10�4 0.5096 [0.5044:0.5146℄ 0.5280 [0.5139:0.5397℄ 0.5332 [0.5171:0.5458℄10�5 0.5095 [0.5088:0.5100℄ 0.5276 [0.5178:0.5361℄ 0.5322 [0.5195:0.5431℄
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Symmetri Periodial Case: Ra = 3:4 � 105
time ontrol TOL Grid0 Grid1 Grid2Averaged Time Step(adatively hosen)10�3 0.2525 0.2164 0.206410�4 0.1572 0.0898 0.080310�5 0.1518 0.0484 0.0297(Approximative) Osillation Period(evaluated graphially)10�3 3.977 3.475 3.58210�4 3.566 3.447 3.41610�5 3.564 3.438 3.422Averaged CPU per Maro Timestep(� 3 small (�T ) + 1 large (3�T ) substeps)(COMPAQ ES40/667MHz, sequentiell, Standard-FeatFlow)10�3 6 31 15910�4 6 27 12910�5 5 24 108+
Auray of `graphial' evaluation + `meanvalues' ???
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Symmetri Periodial Case: Ra = 3:4 � 105
How to hoose the appropriate Time Steps ???+� larger amplitudes by bigger time steps inProjetion-like shemes� `good' results for oarse meshes and large time steps !!!
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+Time Step Setting of Partiipants ???
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Nonsymmetri/-periodial Case: Ra = 6:8 � 105
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Nonsymmetri/-periodial Case: Ra = 6:8 � 105
time ontrol TOL Grid0 Grid1 Grid2Averaged Time Step(adatively hosen, T=[0:500℄)10�4 0.0911 0.0546 0.0534Averaged CPU per Maro Timestep(� 3 small (�T ) + 1 large (3�T ) substeps)(COMPAQ ES40/667MHz, sequentiell, Standard-FeatFlow)10�4 5 27 108+

� no periodial osillations visible� larger amplitudes� skewness is lost� smaller time steps neessary (?)
+

Adaptive Time step ontrol !!!Predition of Point Values (in time) ???Predition of Mean Values !?!
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`My' onlusions:
`Salability' via impliit omponents andmultigrid solvers !!!
How did all partiipants hoose their timestep sizes if using impliit shemes ???
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