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CORE FORMATION: A NEW MODELLING APPROACHRuth Ziethe1, T. Spohn1, and S. Turek21Institut f�ur Planetologie, University of M�unster, 48149 M�unster, Germany2Institute of Applied Mathemati
s, University of Dortmund, 44227 Dortmund, GermanyABSTRACTCore formation in terrestrial planets is still not wellunderstood although this pro
ess is of importan
efor our understanding of the thermal evolution ofa planet and the history of its magneti
 �eld. Be-
ause 
ore formation is among the earliest pro
essesin planet formation and evolution, the initial 
ondi-tions for thermal evolution models are, to a signi�-
ant extent, determined by this pro
ess. The initialtemperature of the 
ore and its state are determinedby the amount of energy dissipated during 
ore for-mation. One possible s
enario for the formation ofa planetary 
ore is the settling of liquid iron froma solid matrix (Stevenson, 1990). Assuming that aplanet in the late state of a

retion has a magmao
ean, there soon will form a layer of molten ironat the bottom of the magma o
ean. Sin
e the ironhas a higher density than the underlying planetarymantle, it will probably sink due to Rayleigh{Taylorinstability. A

ording to Woidt (1978) the sinkingiron will attain the shape of spheres be
ause the vis-
osity of the liquid iron should be mu
h smaller thanthat of sili
ates. We model the Stokes falling of aniron sphere through a sili
ate mantle with temper-ature dependent vis
osity of the mantle material byusing a �nite element 
ode (FEATFLOW) written byTurek (1998). We solve the in
ompressible Navier{Stokes equation 
oupled with the energy and massequation. With these models the e�e
t of the tem-perature dependen
e of the sili
ate ro
k vis
osity onthe di�erentiation rate and the temperature of the
ore after 
ore formation 
an be estimated.Key words: Core formation, planetary interiors,Computational Fluid Dynami
s.1. INTRODUCTIONCore formation is an important albeit still littleunderstood pro
ess of di�erentiation for terrestrialplanets and satellites. While it is still not entirely
lear whether or not the Moon has a small iron 
oreof perhaps 400 km radius (Konopliv et al., 1998) it is

widely held that the terrestrial planets all have ironri
h 
ores. For Mars this is implied by the momentof inertia fa
tor of 0.365 that requires a 
ore (Sohl& Spohn, 1997; Spohn et al., 1998). For Mer
ury, a
ore is ne
essary to explain the high density of theplanet of 5340kgm3 (Vila et al., 1988). While theEarth's 
ore is well established, there is no dire
teviden
e for a 
ore in Venus. But it is 
ommonly as-sumed that Venus has a 
ore in analogy to its sisterplanet Earth. Even the inner three of the Galileansatellites of Jupiter Io, Europa, and Ganymede arelikely to have 
ores as the re
ent gravity data fromthe Galileo mission suggest (see for a re
ent reviewSohl et al., 2002).It is 
ommonly assumed that 
ore formation isamong the earliest pro
esses in the interior of aplanet. W-Hf isotope studies show that for Mars andEarth 
ore formation o

urred soon after a

retionand took only a few tens of million years to 
om-plete (Lee & Halliday, 1997; Halliday & Lee, 1999).However, there is some indire
t eviden
e that 
oreformation in the Galilean satellites may have takenmu
h longer, perhaps gigayears (Spohn & Breuer,1998).Core formation may have been strongly a�e
ted orhave even been triggered by 
ollisions not only be-tween planets and small bodies like asteroids or
omets but also between planet sized obje
ts. Giant
ollisions may have melted large parts of a planet ormay have even removed its outer shell by vaporiza-tion, a possibility 
ited for the early Earth and Mer-
ury. For Earth, the vaporized material may havehelped to form the Moon (Cameron, 1997) and forMer
ury vaporization of part of its early outer sil-i
ate shell may explain its unusually high density(Cameron et al., 1988). Large amounts of energywere probably dissipated as heat in the very �rstpart of planetary evolution in its outer layers whi
hhelped not only to melt the iron but also may havefa
ilitated its path to the deep interior by weakeningthe solid material of the protoplanet.1.1. S
enarios for 
ore formationIt is, of 
ourse, possible that the 
ore forms duringheterogeneous a

retion in whi
h 
ase a parti
ular
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a) b) d)c)

Magma ocean Fe crystallized magma ocean
Fe − depleted

Fe − depleted mantleSilicates + FeFigure 1. Simple 
ore formation sket
h. a) homogeneously a

reted protoplanet, b) during heavy bombardement,the outer shell melts be
ause of the 
onversion from kineti
 energy of impa
tors to heat and a magma o
ean isformed, 
) light and heavy (mainly iron) 
omponents separate in the magma o
ean, the magma o
ean freezesand is layered afterwards, d) be
ause of the unstable state of a heavier medium overlying a lighter one, the ironsinks to the planet's 
entre in a Rayleigh{Taylor instability. On the way to the 
entre of the planet the migratingiron 
olle
ts iron from the deeper mantle (possibly migrated through pores)
ore-formation-model is not required. Although het-erogeneous planet formation 
annot be disproved bypure observation it is nevertheless improbable due tomany reasons as dis
ussed in Boss et al. (1989), Was-son (1988), Ringwood (1979, 1984), Ja
obs (1987).Therefore, we assume in this paper that the planetformed homogeneously and that the 
ore formedlater through planet-wide di�erentiation. A

ordingto Stevenson (1990) the following s
enarios for theseparation of iron from sili
ate material are 
on
eiv-able:Per
olative 
ore formation. The planetary man-tle is assumed to be a porous medium { porous onthe s
ale of 
rystal size { 
ontaining �nely distributedliquid iron. For a suÆ
iently large permeability theiron melt is able to migrate through the sili
ate ma-trix to form larger melt bodies. The permeability de-pends on a variety of parameters su
h as the surfa
eenergy between the melt and the solid phases and onthe degree of melting or melt 
on
entration. The dif-feren
e in surfa
e energy between the phases largelydetermines the dihedral angle of the melt po
ket.Only for dihedral angles smaller than 60 degree 
anan inter
onne
ted melt �lm between the solid grainsform and allow an e�e
tive transport of the melt byper
olation. For larger angles the droplets will stayisolated and will be trapped by the solid. Unfortu-nately, the dihedral angle between iron melt and lowpressure sili
ate phases (<� 3GPa) of is 
ommonlylarger than 60 degrees (van Bargen & Wa�, 1986)and a 
ontinous melt �lm is not likely to be possi-ble. For perovskite, the dihedral angle seems to besmaller than 60 degrees (van Bargen & Wa�, 1988),meaning that as argued by Stevenson (1990) the ex-isten
e of a perovskite layer is a 
ondition for 
oreformation with the per
olation model. However, ifperovskite is ne
essary, then this model of 
ore for-mation 
an only work for the big terrestrial plan-ets Earth and Venus in whi
h the pressure in
reasesrapidly enough for a thi
k lower perovskite proto
oreto form. In Mars, the depth to the perovskite proto-
ore will only be approximately equal to the depth

of the present 
ore-mantle boundary (Sohl & Spohn,1997). In any 
ase, the per
olation model allows fora hot initial 
ore (after 
ore formation) be
ause thesurfa
e to volume ratio for the melt is large and ef-fe
tive heating due to vis
ous dissipation is possible.Core formation by rainfall. This model assumesthat the planet is 
ompletely or almost 
ompletelymolten after a

retion . The iron 
an easily formdrops, whi
h will sink and form a 
ore in the 
entreof the planet. Although this 
ore formation me
ha-nism is easily understood, it is perhaps rarely appli-
able sin
e it is diÆ
ult to see how terrestrial plan-ets and smaller satellites 
ould ever have been 
om-pletely molten. An ex
eption is the Moon for whi
hisotope data suggest that at least half the volume wasmolten (Zitat, Palme?) probably as a 
onsequen
eof its formation from a hot vapour 
loud.Core formation by diapirism. In this model kilo-meter sized iron melt blobs sink through the solid sil-i
ate mantle due to their higher density. The sinkingis possible be
ause the solid mantle on long enoughtime s
ales (millions of years) undergoes solid state
reep and behaves like a very vis
ous 
uid. Thesinking starts through a Rayleigh{Taylor instability(
ompare Figures 1 and 2). Chemi
al equlibrium be-tween molten iron and sili
ate ro
k is not expe
tedif the iron bodies are big enough. Stevenson (1990)argues that the formation of big iron parti
les is dif-�
ult. Moreover, this author argues that 
onve
tive
ow in the planet will disrupt big blobs and even frus-trate their formation. However, the diapir model isattra
tive be
ause it allows the formation of a plan-etary 
ore on the short time s
ales suggested by theisotope data without requiring a 
ompletely moltenplanet (Stevenson, 2000). Diapirs 
an not only formby 
olle
tion of distributed iron { by using, for in-stan
e, the per
olation model { but also by forma-tion of an iron layer at the bottom of a magma o
eanafter impa
t event during heavy bombardment andfollowing a Rayleigh{Taylor instability.
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Figure 2. Sequen
e of di�erent stages of formationand growth of an instability (spe
i�
ally heavier ma-terial is depi
ted in bla
k). In the end there is asphere{like body whi
h 
an fall towards the planet's
entre.Figure (1) illustrates how a planetary 
ore 
ould beformed by diapirism. After a

retion the planet is ahomogeneous body (1a). In the late state of a

re-tion the speeds of impa
tors hitting the protoplanet'ssurfa
e have in
reased be
ause of the in
reasing massof the protoplanet. The impa
t of ea
h body heatsthe outer layer of the protoplanet and its outer shellstarts to melt (1b). While the deep interior of theplanet still has a temperature 
lose to that of theplanetary nebula, the outer shell has already a tem-perature higher than the melting temperature foriron or sili
ate and a magma o
ean forms. In thismagma o
ean light and heavy 
ompounds separate,where the heaviest 
ompound (probably iron) is a
-
umulated at the bottom of the magma o
ean (1
).The overlying magma o
ean starts to freeze. Sin
ethe material below the iron layer at the bottom of thefrozen magma o
ean is less dense than the iron thereis an instable state, whi
h will be released through aRayleigh{Taylor instability. This instability tends toequilibrium by bringing the heavier material underthe light material. On the way to the 
entre of theplanet the falling iron 
olle
ts more iron parti
les.After the di�erentiation most of the iron is 
on
en-trated in the planet's 
ore. (1d)The shape of a diapir depends strongly on the vis-
osity 
ontrast between the two materials (Woidt,1978). This author showed that the growing insta-bility attains almost the shape of a perfe
t sphere ifthe penetrating material has a smaller vis
osity thanthe surrounding material. This is a
tually the 
asefor iron melt in a sili
ate ro
k environment. Thespheri
al diapir is 
onne
ted to the reservoir fromwhi
h it formed by a thin 
hord 
ompare Figure (2).This 
hord may be disrupted by 
onve
tive motionin the solid but it may also help in transporting ironto the deep interior. The sinking iron diapir willheat the sili
ate ro
k by heat transfer but also as a
onsequen
e of vis
ous dissipation of its gravitationalenergy. If the vis
osity of the solid ro
k is tempera-ture dependent as is almost 
ertain, the sinking irondiapir will pave the way for diapirs following it byforming a heated low vis
osity 
hannel. On the otherhand the very temperature dependen
e of the vis
os-ity of the ro
k may frustrate rapid diapir movementif the interior is 
old. The intera
tion be the temper-

ature dependen
e of vis
osity and heat transfer fromthe diapir are, therefore, important elements of thetheory of diapir 
ore formation.In this paper we will study how the diapir model isa�e
ted by the assumption of a temperature depen-dent vis
osity and heat transfer from the diapir. Wewill solve numeri
ally the problem of 
ow around a
ylinder and determine the drag for
e on the 
ylin-der as a fun
tion of rheology and temperature as wellas the heat transfer from the 
ylinder to the 
uid.The drag for
e 
an be equated to the body for
e toestimate the velo
ity of a sinking diapir. We study
ylinders instead of spheres for simpli
ity. A 
ylinder
an be treated numeri
ally by using a 2-D 
ode.2. MODEL DESCRIPTION2.1. Basi
 equationsWe model the 
ow around a 
ylinder in a 
uid withtemperature dependent vis
osity and solve the in-
ompressible Navier{Stokes equations 
oupled withthe energy and mass 
onservation equations. Theequations are: r � u = 0 (1)�DuD t = �rp� [r � � ℄ + �g (2)�DTD t = �(r � q)� p(r � u)� (� : ru) (3)where equation (1) is the 
ontinuity, (2) the momen-tum balan
e equation and (3) the energy equation.In these equations u denotes the velo
ity, p the pres-sure, T the temperature, g the gravity a

elerationand q the heat 
ow. The stress tensor � is de�nedas: �ii = �2� �ui�xi + 32�(r � u); (4)�ij = ��� �ui�xj + �uj�xi� (5)For the vis
osity � we assume the following weaklytemperature dependent vis
osity law (e.g., Tur
otte& S
hubert (2002)):�(T ) = �0 � ea(T�T0) (6)where �0 is some referen
e vis
osity, T0 is the maxi-mum temperature.2.2. Numeri
sTo solve the equations (1), (2), and (3) we use the�nite element pa
kage Featflow written by Turek
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0Inflow velocity u  = 1

Γboundary 2
(no slip, (no slip, 

T=T =1)0

(free slip, T = T )
boundary Γ1

1

Figure 3. The setup for the model (left) and the
oarse dis
retization (right).Left: A single 
ylinder is pla
ed in an area largeenough to avoid in
uen
es from the walls. At thewalls we use a free slip boundary 
ondition; there isno fri
tion at these boundaries. The 
ylinder is mod-eled to have a no slip boundary 
ondition at the sur-fa
e. Furthermore there is a �xed temperature at thesurfa
e of the 
ylinder (see se
tion 'boundary 
ondi-tions' for details).Right: The model is dis
retized due to a �nite ele-ment dis
retization with quadriliteral elements. Thisgrid is re�ned during the simulation.(1998). It is a powerful tool to solve in
ompress-ible 
ow problems in nonstationary 
ows. After dis-
retization and re�nement the equations are solvedin every element due to a multigrid solver. The setupis shown in �gure 3. The 
oarse grid is shown on theright hand side of �gure 3. For the 
al
ulation andpostpro
essing the grid is re�ned up to four times;2944 elements and 3048 knodes were 
al
ulated. Be-
ause of the immense numeri
al e�ort we use only atwo dimensional model. To study the physi
al e�e
tsthis should be suÆ
iant. For the future we plan toextend the model to three dimensions.2.3. Boundary 
onditionsAt the beginning the initial 
onditions ux =ux0(x; y; t = 0) and uy = uy0(x; y; t = 0) are given.In addition 
onditions at the boundaries are neededfor all times. The velo
ity 
omponent perpendi
ularto the boundary is 
alled un and the 
omponent tan-gential to the boundary ut. We assume a `no{slip'
ondition at the interfa
e between the 
ylinder andthe 
uid and we 
all the outer boundary of the area�1 and 
ylinder`s surfa
e �2.un(x; y)����2 = 0; ut(x; y)����2 = 0 (7)At the outer boundaries of the area we use a 'free{slip' 
ondition, there are no fri
tional losses along the

wall: un(x; y)����1 = 0; �ut(x; y)�n ����1 = 0 (8)The in
ow 
ondition is given by both velo
ity 
om-ponents are given:un(x; y = 0) = un0; ut(x; y = 0) = ut0 (9)for known values for un0 and ut0. For the out
ow
ondition the velo
ity 
omponents should not 
hangein the dire
tion perpendi
ular to the wall:�un(x; y = ymax)�n = 0; �ut(x; y = ymax)�n = 0(10)For the temperature we use a Diri
hlet' boundary
ondition: T ����2 = T0 (11)meaning that the temperature of the 
ylinder isgiven. The model allows to implement a time depen-dent fun
tion for T0 if the temperature is to evolve intime. In this work T0 is 
onsidered to be 
onstant.3. RESULTSThe 
ow around the 
ylinder shows the expe
tedproperties with respe
t to the streamfun
tion andvelo
ity �eld. Figure (4a) illustrates the paths of
uid elements in a 
ow with low Reynolds number(Re � 1). The 
ow is almost symmetri
al upstreamand downstream, the right{hand half of �gure (4a)is the mirror image of the left{hand half. The pres-en
e of the 
ylinder has an e�e
t over large distan
es.Even many diameters away from the 
ylinder, thevelo
ity is 
learly di�erent from u0 (u0 = 1) (4b).It 
an be shown that the highest velo
ity o

urs at90 degrees to the a

umulation point in front of thesphere and its value is umax = 2ju0jBe
ause of vis
osity there is a pressure gradient alongthe surfa
e of the 
ylinder. A pressure gradient is
a) b)

0.0

1.0

0.5

2.0

1.5

2.4
velocity

Figure 4. Flow around the 
ylinder; detailed view
lose to the 
ylinder. a) Streamlines for the 
owaround the 
ylinder at low Reynolds number. Thelines indi
ate the paths of 
uid elements. b) Velo
ity�eld around the 
ylinder. The values are nomalizedto the absolute value of the in
ow velo
ity.
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Figure 5. Temperature (left) and vis
osity (right).The heat from the 
ylinder is transported mostly tothe trailing side. As a 
onsequen
e, a low-vis
osity
hannel forms in the wake of the 
ylinder.needed to move the 
uid adja
ent to the surfa
eagainst the shear for
es.The heat of the 
ylinder is transported to its trailingside by the 
ow. A 
hannel of higher temperaturethan the surrounding forms in the wake of the 
ylin-der. Be
ause of the temperature dependen
e of thevis
osity a low vis
osity 
hannel forms in the wakeofthe 
ylinder. (Fig. 5) This 
auses several e�e
ts: thespeed of the 
ylinder will in
rease, as will the speedof possible further 
ylinders that may follow the �rstone.Be
ause of the temperature dependent vis
osity thematerial 
lose to the 
ylinder is less vis
ous 
om-pared to the material far from the 
ylinder, be
ausethe highest temperatures in the whole area are situ-ated on the 
ylinder's surfa
e. This 
auses a redu
-tion of the shear for
es and the drag for
e de
reases.Figure 6 shows the results for the drag for
e for var-ious in
ow velo
ities. As expe
ted the drag for
eis lower for a material where the vis
osity de
reaseswith rising temperature (�g. 6 solid line) than thedrag for
e for a material having the 
onstant vis
os-ity of the 
old material (�g. 6 dash{dotted line).Sin
e vis
ous for
es operate over large distan
es thehigh vis
osity of the 
older part of the area in
uen
esthe behaviour of the material 
lose to the 
ylinder.That makes 
lear why the drag for
e for the temper-ature dependent 
ase is larger than the 
al
ulateddrag for
e for a 
ylinder surrounded by a materialwith the (
onstant) vis
osity of the maximum tem-perature (�g. 6 dashed line).In �gure 7 the drag for
es for di�erent vis
osity 
on-trasts are shown. A vis
osity 
ontrast of 10 is de-pi
ted in bla
k, 100 in blue and 1000 in red. The solid

0 0.2 0.4 0.6 0.8 1

inflow velocity

0

5000

10000

15000

20000

d
ra

g
 f

o
rc

e

Figure 6. Drag for
e as a fun
tion of in
ow velo
ity.Solid line: temperature dependent vis
osity (�(T1) =10�(T0)), dash{dottet line: � = �(T1) everywhere,dashed line: � = �(T0)lines denote the temperature dependent 
ase and thedashed lines denote the 
ase where the 
ylinder issurrounded by material with the maximum vis
os-ity. Again the in
uen
e of vis
ous for
es on the dragfor
es are higher if the vis
osity 
ontrast is larger.4. DISCUSSIONIn this paper we have shown that the drag for
e ona 
ylinder in a 
uid 
owing around the 
ylinder issubstantially redu
ed if the vis
osity is temperaturedependent and if the 
ylinder is hotter than the am-bient 
uid. The fa
tor by whi
h the drag is redu
eddepends on the degree of temperature dependen
e ofthe vis
osity.These results 
an be applied to the problem of a
ylinder and, with some reservations, to a spheresinking in a vis
ous 
uid. In this 
ase, equating thedrag for
e with the body for
e will allow the termi-nal velo
ity of the body under 
onsideration to be
al
ulated. The di�eren
e between a sphere and a
ylinder is likely to be a numeri
al fa
tor of orderunity. Applying the results of Figure 7 to a diapirthen suggests that a diapir of iron of a given size ina protoplanetary mantle will sink two to three timesfaster if the vis
osity of the protoplanetary mantle ismildly temperature dependent with a vis
osity 
on-trast of ten. If the latter is by a fa
tor of one hun-dred, the in
rease in sinking velo
ity is by a fa
tor offour to �ve, and, �nally, by a fa
tor of six to sevenif the vis
osity 
ontrast is by a fa
tor of one thou-sand. The restri
ted range of values available todayfrom the numeri
al 
al
ulations in terms of vis
os-ity 
ontrast suggests that a further in
rease in thetemperature dependen
e of the vis
osity will not re-sult in mu
h more than perhaps an order or twoof magnitude in
rease in the sinking velo
ity evenfor very large vis
osity 
ontrasts. This result is not
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Figure 7. Drag for
e as a fun
tion of in
ow velo
ityfor various values of vis
osity 
ontrast between the
ylinder at T = T0 and the wall at T = T1. Thedi�erent 
olors are for di�erent vis
osity 
ontrasts:10 (bla
k), 100 (blue) and 1000 (red). The solid linesdenote the drag for
e for the temperature dependentvis
osity, the dashed lines denote the drag for
e for
onstant vis
osity � = �(T1).unexpe
ted sin
e the momentum di�usion length ismany times the radius of the sphere and many timeslarger than the thermal di�usion length. The 
on-sequen
e of this is that the vis
osity far away fromthe diapir still has a substantial e�e
t on its sinkingvelo
ity. For instan
e, if a 10 km radius iron diapirsinks in a 1021Pa s vis
osity mantle by roughly 30 kmthan the same diapir will be expe
ted to sink 300kmif the vis
osity is strongly temperature dependent.This will allow the formation of the Earth's 
ore inroughly 10Ma but it is still questionable whether ornot the assumed value of the vis
osity is appli
ableand whether or not the diapirs 
an grow that large.After all the deep interior of the Earth or, even morelikely, a small terrestrial planet may be relatively 
ooland more vis
ous assumed above. Certainly, assum-ing in addition a stress dependen
e of the rheologywill help.In the future we plan to in
rease the range of vis-
osity variations by extending the vis
osity 
ontrastdue to the temperature dependen
e and by studyingthe e�e
ts of a stress dependent rheology.A
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