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Summary. This paper uses the fictitious boundary method described in [1] for the solution of
incompressible flow with moving rigid bodies in complex geometries. The method is based on
a special treatment of Dirichlet boundary conditions inside of a FEM approach in the context
of a hierarchical multigrid scheme such that the flow can be efficiently computed on a fixed
computational mesh while the solid boundaries are allowed to move freely through the given
mesh. In this paper, we focus on the calculations of the drag and lift forces acting on the moving
solid bodies which are not captured by the mesh. The comparison between the present and
benchmark results for the flow around a circular cylinder with different Reynolds numbers is
first presented, and then the result for a circular cylinder oscillating in a channel is given. The
simulation results compared with corresponding reference results are found to be very reasonable
and satisfactory.

1 Introduction

Incompressible flow problems with moving rigid bodies in complex geometries have drawn
attention of numerous investigators. Their studies have been motivated by the desire to
understand the fundamental physics of such flows as well as their practical importance
in various areas. The phenomena of such flow problems are visible everywhere around
our living environments such as: flow around high-rise building, the drag force induced
by driving car accelerating in the wind, ocean current interaction with the offshore struc-
tures, sedimentation flow in estuary and sand flow in desert, etc.

From the numerical point of view, incompressible flow with moving rigid bodies in
complex geometries is quite hard to simulate, since it can require a huge amount of time
for the generation or deformation of the computational grid when the corresponding
boundaries are complex or changing. Such problems have motivated the development of
numerous algorithms, which can be broadly classified into two families. One of them is
a ‘body-conformal approach’ which always keeps the computational mesh in accordance
to the geometrical details [2, 3]. Another one is a ‘fixed grid approach’ in which case
the mesh is (arbitrarily) fixed and internal objects are allowed to move freely through
the mesh [4, 5]. One big advantage of such ‘fixed grid approaches’ over the conventional
‘body-conformal approaches’ is that the computational mesh remains unchanged such
that the CPU cost per time step can be significantly decreased - less computational
effort due to saving the expensive mesh generation - and that such techniques can be
easily incorporated into standard CFD codes which mostly allow fixed computational
grids without local adaptivity only; however, the resulting accuracy is not clear. There-
fore, the overall aim is to deal successfully with the moving boundaries such that the
accuracy of the numerical approximation is sufficiently high while at the same time also
the computational cost is decreased.



In the spirit of the ‘fixed grid approaches’, a simple and efficient ‘fictitious bound-
ary method’ for the detailed simulation of incompressible flow with complex geometries
and/or moving interfaces was developed in the paper [1]. The method is based on a fixed
unstructured FEM background grid. It starts with a coarse mesh which contains already
many of geometrical fine-scale details, and employs a (rough) boundary parametriza-
tion which sufficiently describes all large-scale structures with regard to the boundary
conditions. Then, treat all fine-scale features as interior objects such that the correspond-
ing components in all matrices and vectors are unknown degrees of freedom which are
implicitely incorporated into all iterative solution steps (see [1]).

In this paper, we used the fictitious boundary method for the simulation of incom-
pressible flow with moving rigid bodies in complex geometries. In many cases, the calcu-
lation of forces acting on the moving rigid bodies is very important for the further study
of the interaction between fluid and body, like in particulate flow, sedimentation flow,
and fluid-structure flow, etc. However, in the fictitious boundary method, it is not so easy
and straightforward to compute these interesting forces, because the drag coefficient Cd

and lift coefficient Cl acting on the moving solid bodies are a very delicate quantity:
they include the results directly on the wall surface of the moving rigid bodies which is
represented implicitly in the fictitious boundary method due to the use of a fixed grid
rather than a body-conformal grid. Therefore, the integral of forces only over the wall
surface of rigid bodies cannot be implemented directly in the fictitious boundary method.
For overcoming this difficulty, a volume integral instead of the conventional surface inte-
gral for the calculation of the Cd and Cl by introducing an auxiliary function [7] or two
additional functions [8] is suggested. Obviously, in such volume integral calculations, the
reconstruction of the wall surface of the moving rigid bodies can be avoided. In this paper,
we use the Duchanoy’s idea of the volume integral [7], and expand his implementation
in a finite volume method into the finite element method and the fictitious boundary
method.

2 The fictitious boundary method

The details of the fictitious boundary method have been described in [1]. For the following
considerations, let Ω be a bounded domain with a piecewise smooth boundary Γ . The
equations to be solved are the incompressible Navier-Stokes equations

ρ
∂ u

∂ t
+ ρu · ∇u = f −∇p + µ∇2u , ∇ · u = 0 , (1)

where u is the velocity, p the pressure, µ the dynamic viscosity coefficient, ρ the density,
f the source term which may include the gravitational force. The above equations are
to be solved with u(x, t) = u∂(x, t) on parts of the boundaries of the flow domain
where u∂(x, t) is the prescribed boundary velocity, including time-dependent moving
boundaries. The details of solving such incompressible flow problems can be found in
the FeatFlow software [10, 11] which is based on (nonconforming) FEM discretizations,
adaptive implicit time-stepping, nonlinear Newton-like methods, (geometrical) multigrid
solvers (for velocity and pressure separately) on quite arbitrary domains.

In the following part, we give the description of a volume integral approach for the
calculation of the drag coefficient Cd and lift coefficient Cl acting on the moving solid
bodies. Let S be the wall surface of the rigid bodies, nS be the inward pointed unit
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normal with respect to Ω and tangential vector τ = (ny, −nx). The drag and lift forces
are usually calculated by a surface integral as follows

FD =

∫

S

(

µ
∂uτ

∂nS

ny − p nx

)

ds , FL = −

∫

S

(

µ
∂uτ

∂nS

nx + p ny

)

ds , (2)

while the drag and lift coefficient are calculated via

Cd =
2FD

ρ Ū2D
, Cl =

2FL

ρ Ū2D
, (3)

where Ū is the characteristic velocity, and D the characteristic length.
From Eq.(3) and Eq.(2), we can see that the surface integral around the wall surface

of the rigid bodies should be conducted for the calculation of the Cd and Cl. However,
in the present fictitious boundary method, the shapes of the wall surface of the moving
rigid bodies is implicitly imposed in the fluid field. If we reconstruct the shapes of the
wall surface of the moving rigid bodies, it is not only a time consuming work, but also the
accuracy is only first order due to a piecewise constant interpolation. For overcoming this
problem, we use the following method to calculate the Cd and Cl in which the surface
integral is replaced by a volume integral. We define a parameter α as

α(x) =

{

1 for x ∈ Ωc ,
0 for x ∈ Ω ,

(4)

where x denotes the coordinates of the edge midpoints of cells, Ωc is the domain occupied
by the rigid bodies, Ω is the fluid domain, the whole domain is ΩT = Ω ∪ Ωc. The
importance of such a definition of the parameter can be seen from the fact that the
gradient of α is zero everywhere except at the wall surface of the rigid bodies, and equal
to the normal vector n defined on the grid [7, 12], i.e.

n = −∇α . (5)

The total stress tensor σ of the fluid flow is

σ = −pI + µ
[

∇u + (∇u)T
]

. (6)

Hence the forces acting over the wall surface of the rigid bodies can be computed by

FT =

∫

ΩT

σ n dΩ = −

∫

ΩT

σ∇αdΩ . (7)

The drag force and lift force can be obtained from the Eq.(7),

FD = −

∫

ΩT

[

µ

(

∂ u

∂ x

∂ α

∂ x
+

∂ u

∂ y

∂ α

∂ y

)

− p
∂ α

∂ x

]

dΩ , (8)

FL = −

∫

ΩT

[

µ

(

∂ v

∂ x

∂ α

∂ x
+

∂ v

∂ y

∂ α

∂ y

)

− p
∂ α

∂ y

]

dΩ . (9)

Therefore through Eq.(8), Eq.(9) and Eq.(3) we can calculate the new drag and lift
coefficients (Cd and Cl) via the volume integral over the whole domain ΩT instead of
the surface integral over the wall surface of the rigid bodies in Eq.(2). The integral over
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each element covering the whole domain ΩT is evaluated with the standard 3 × 3 point
Gaussian quadrature. Since the gradient ∇α is non-zero only at the wall surface of the
rigid bodies, thus the volume integrals need to be computed only in one layer of mesh
cells around the rigid bodies. It is convenient for the present fictitious boundary method
to calculate the Cd and Cl.

3 Numerical tests

This section consists of two parts. The first part presents a quantitative examination
for the benchmark case of flow around a circular cylinder with Re = 20 and 100 solved
by the present fictitious boundary method. The second part gives the computing results
for a circular cylinder oscillating in a channel. For comparison, corresponding reference
results are also presented.

3.1 Flow around a circular cylinder

We consider the benchmark case of flow around a circular cylinder described in the paper
[9]. The body-conformal mesh of Fig. 1 (a) is used to provide reference results, while the
channel meshes of Fig. 1 (b) and (c) are employed by the present fictitious boundary
method. The channel height is H = 0.41 m, the cylinder diameter D = 0.1 m. The
Reynolds number is defined by Re = ŪD/ν with the mean velocity Ū = 2U (0, H/2, t)/3.
The kinematic viscosity of the fluid is given by ν = µ/ρ = 10−3 m2/s and its density by
ρ = 1 kg/m3. The inflow profiles are parabolic with different U such that the resulting
Reynolds numbers are Re = 20 (steady case) and Re = 100 (nonsteady case).

(a) body-conformal mesh (LEVEL = 2)

(b) channel mesh I (LEVEL = 1)

(c) channel mesh II (LEVEL = 2)

Fig. 1. Different coarse meshes

4



Table 1. The number of elements for different refined meshes

LEVEL 3 4 5 6 7

body-conformal mesh 384 1536 6144 24576 98304

channel mesh I 1088 4352 17408 69632 278528

channel mesh II 416 1664 6656 26624 106496

We first perform a stationary simulation (Re = 20), based on the body-conformal
mesh, the channel mesh I and the channel mesh II, respectively. The shown coarse meshes
will be successively refined by connecting opposite midpoints. Table 1 gives the number
of elements for these meshes after such global refinements. Here LEVEL corresponds
to the number of refinements. The following Table 2 shows the comparison of the drag
coefficient Cd and the lift coefficient Cl based on the body-conformal mesh, the channel
mesh I and the channel mesh II, respectively. The calculation of Cd and Cl based on
the body-conformal mesh uses the surface integral formula in Eq.(2) which is referred as
reference results, while for the cases of using the channel mesh I and the channel mesh II,
the volume integral formula in Eq.(8) and Eq.(9) are employed. In this table, the results
calculated from LEVEL = 3 to LEVEL = 7 are all shown together. The corresponding
benchmark values in [9] are also listed in the table. From the comparisons, it can be seen
that the results calculated by the present fictitious boundary method agree sufficiently
well (∼ 1%) with both the reference results. The results for the channel mesh I are found
to be not completely satisfying, while the results for channel mesh II are improved since
there is local refinement of the mesh near the wall surface of the cylinder. The results for
such low Reynolds number simulations show that an appropriate global grid refinement
as well as adequate local mesh adaptation are necessary. The present fictitious boundary
method proves to be competitive with the standard approaches for such typical CFD
applications.

Table 2. Comparison of Cd and Cl for Re = 20

Cd Cl

LEVEL Ref. ch. mesh I ch. mesh II Ref. ch. mesh I ch. mesh II

3 0.53450D+01 0.55296D+01 0.54196D+01 0.56128D-02 0.12165D-01 0.24435D-02

4 0.55066D+01 0.53537D+01 0.54207D+01 0.84683D-02 0.10742D-01 0.67612D-02

5 0.55404D+01 0.54278D+01 0.55161D+01 0.98915D-02 0.61455D-02 0.89128D-02

6 0.55581D+01 0.55012D+01 0.55571D+01 0.10384D-01 0.99024D-02 0.94709D-02

7 0.55683D+01 0.55421D+01 0.55640D+01 0.10554D-01 0.97706D-02 0.10192D-01

Ref. [9] 0.55795D+01 0.10618D-01

Next, we further examine the resulting accuracy for a medium range Reynolds number
Re = 100 which leads to periodical time-dependent vortex shedding behind the cylinder.
Since we are mainly interested in the spatial accuracy of the fictitious boundary method,
in particular capturing the important effects near the cylinder, we try to eliminate the
temporal discretization error by choosing very small time steps. Then, we proceed the
nonstationary simulations until a fully periodical flow behaviour of all quantities has been
observed. Finally, we compare the results for one period. Figure 2 shows the results of
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Fig. 2. Periodical results of Cd and Cl for Re = 100

the Cd and Cl. The ”Standard L = 7” means that the body-conformal mesh of Fig. 1 (a)
with 7 level refinement was used to provide the reference result, while ”FB L = 3 ∼ 7”
represents the results obtained by the present fictitious boundary method using the
channel mesh I in Fig. 1 (b) with different refinement levels. From these figures, we can
see that the various results are identical with regard to the reference results. The results
also show that the present fictitious boundary method leads to comparative results like
the standard approaches with ‘body-fitted’ meshes. It can also be claimed that results
with higher accuracy can be reached via local mesh adaptivity (see for example the
concept of aligned adaptive computational meshes in [1]).

3.2 An oscillating cylinder in a channel

To demonstrate the ability of the present fictitious boundary method to handle flows
with complex moving boundaries, we have chosen a flow configuration with a cylinder
undergoing sinusoidal transverse oscillation in a channel with specified amplitudes and
frequencies. The channel mesh of Fig. 3 (a) is employed by the present fictitious boundary
method. The computational domain size is (2.2×0.41). The mean location of the cylinder
center (X0, Y0) is (1.1, 0.2) relative to the left bottom corner of the domain. The cylinder
diameter D is equal to 0.1. No-slip is prescribed on the left, right, top and bottom
boundaries. The cylinder is oscillating sinusoidally such that the location of its center
(Xc, Yc) is given by (Xc(t) = X0 + A sin(2πf t), Yc(t) = Y0), where t is the time, and
A = 0.25 and f = 0.25 are amplitude and frequency of the oscillation, respectively. The
kinematic viscosity of the fluid is given by ν = µ/ρ = 10−3 m2/s and its density by
ρ = 1 kg/m3. The fluid in channel is initially at rest. Since there is no benchmark result
available for comparison, we carried out a reference calculation to provide comparing
data. In the reference calculation, the body-conformal mesh of Fig. 3 (b) is used, we fix the
cylinder but set the coordinate system moving with the same motion but with opposite
moving direction of the moving cylinder in the calculation of the fictitious boundary
method. Table 3 gives the number of elements for the channel mesh and body-conformal
mesh in Fig. 3 with different numbers of refined levels.

Fig. 4 gives contour plots for the vorticity distribution obtained by the fictitious
boundary method based on the channel mesh. These pictures show that the flow in the
channel is disturbed by the oscillating cylinder, and the vortex is generated periodically
in the wake of the cylinder. The range of wakes becomes longest when the cylinder is at
the end of the moving direction (t = t0 + 1

4
T, t0 + 3

4
T , T is time period), while when the
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(a) channel mesh (LEVEL = 1)

(b) body-conformal mesh (LEVEL = 2)

Fig. 3. Coarse meshes used for the oscillating cylinder in a channel

cylinder is in the middle position of its oscillation, the flow is seriously perturbed and
becomes more complex (t = t0, t0 + 2

4
T ). Fig. 5 illustrates the comparison of the drag

coefficient Cd and lift coefficient Cl between the results of the fictitious boundary method
based on the channel mesh and the reference calculation based on the body-conformal
mesh. The results calculated from LEVEL = 4 to LEVEL = 7 are all shown together.
The corresponding coefficients Cd and Cl for one period between t = 19.79 to 23.79 are
shown in Fig. 5 (c) and (f), the solid line represents the results of the reference calculation
based on the body-conformal mesh at LEVEL = 7, while the dash line denotes the results
obtained by the fictitious boundary method based on the channel mesh at LEVEL = 7.
From the comparisons, we can see that both FB and Ref. results are identical with the
increase of the mesh refinements. The FB results calculated by the present fictitious
boundary method are agreeable very well with the reference results, although the FB
results exhibit small oscillations due to the non-aligned cylinder movement through the
grid lines.

Table 3. The number of elements for different refined meshes

LEVEL 4 5 6 7

channel mesh 8448 33792 135168 540672

body-conformal mesh 1792 7168 28672 114688

4 Conclusions

The presented fictitious boundary method for simulating incompressible flows with mov-
ing rigid bodies in complex geometries has been validated in a two-dimensional configu-
ration. We showed that the use of an arbitrarily fixed (unstructured) FEM background
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(a) t = t0

(b) t = t0 + 1
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Fig. 4. Vorticity contour plot for an oscillating cylinder in a channel
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Fig. 5. The comparison of Cd and Cl between fictitious boundary (FB) and reference (Ref.)

mesh is accurate enough to calculate those sensitive quantities (drag coefficient and lift
coefficient) on the wall surface of the cylinder . Comparisons of the results using a body-
fitted mesh and a fixed structured mesh show good agreement. The advantage of the
present method is that since the body motion is independent of the mesh, problems asso-
ciated with mesh reconfiguration and motion are avoided, computations on a fixed grid
are cheaper than on a body-fitted one, and finally, the extension of the method to 3D
is straightforward. It is also worthy to note that the availability of the present method
to accurately compute the forces acting on the moving rigid bodies provides a good and
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solid base for further study of particulate flow as well as the interaction between fluid
and structure as proposed by Glowinski in the paper [4].
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