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Forward uncertainty propagation in complex systems:

X =5(¢)

e ¢ = input (random variable, known pdf)
e X = output (random variable, unknown pdf p)

@ S = System's action (deterministic, known)

Aim: determine the pdf p of X (nonintrusively!)

Note: only a finite amount of information can be pushed through S.



Outline:

o Methodology
@ Error Analysis

e Experiments (i.a. rough random obstacle problem)



Idea 1: (— Fabio's talk on Monday)

@ Determine point values p(x;), for xog < x1 < +-- < xp

@ Interpolate for x € (x;, xj3+1)

M. B. GiLES, T. NAGAPETYAN, AND K. RITTER, Multilevel Monte
Carlo Approximation of Distribution Functions and Densities, SIAM/ASA
J. Uncert. Quantif., 3 (2015), pp. 267-295

Adv.: More point values — better approximation (stability, conv.).
Drawback: Many unknown parameters in the algorithm (complex).
See also the “antiderivative approach”:

S. KRUMSCHEID AND F. NOBILE, Multilevel Monte Carlo approximation
of functions, MATHICSE technical report Nr. 12.2017 J




Idea 2 (explore in this talk):
@ Determine the (generalized) moments puq, ..., ug of X

tik = E[gr(X)]
@ Reconstruct n that satisfies the moment constraints:
2) e = [ 6u(m(x) o

b) n(x) >0 and /n(x) dx =1.

C. BIERIG AND A. CHERNOV, Approximation of probability density
functions by the Multilevel Monte Carlo Maximum Entropy method,
J. Comput. Physics, 314 (2016), 661-681 °

“Based on earlier works [Csiszar'75], [Barron, Sheu'91], [Borwein, Lewis'91]

Advantage: Only a few parameters (simple)

Drawback: More moments — better approximation? (stability?).



@ Observe: If the moments i1, ..., ug are consistent, the
reconstructed density 7 is usually not uniquely determined!

@ How to select the “most appropriate density”?

e The Maximum Entropy (ME) method:

Find pr = argmax <— /n(x) Inn(x) dx) under constraints:
n

) = [olnedx k=1,

“It is least biased estimate possible on the given information; i.e., it
is maximally noncommittal with regard to missing information.”
[E.T. Jaynes, 1957]



e The Maximum Entropy (ME) method:

The solution to this problem can be equiv. characterized as

R
PR OX exp (Z )\k¢k(x)> , Ak € R.

k=0

where Ao, ..., Ag satisty the constraints (moment matching):

Kk :/¢k(X)pR(X) dX7 k:07"'7R7

with  po =1, ¢o(x) = 1.




In this sense:

Entropy maximization

0

moment matching



Test example:

@ p is the log-normal distribution with 4 =0 and ¢ = 0.5 and 0.2
o Estimation of moments i1, ..., ur by MC with 10® samples
@ A= (Xo,...,Ag) determined by the Newton-Raphson method

/¢k(X)pR(>\,X) dx = pu, k=0,...R.

Stopping parameters for the Newton-Raphson Method:

e A) <1079 (convergence)
e A\ > 103 (no convergence)
@ #iter > 1000 (no convergence)
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Breaking convergence for the Fourier basis
by choosing a more concentrated density!

e.g. log-normal with 4 =0, 0 = 0.2
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Regain stability of the Legendre basis
by choosing a smaller approximation interval!

e.g. [a, b] = [0, 4]
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@ = stability of the density
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R=17,Entropy=-0.19055, A X=2095.7446

10°
107100
107200 L
4300 ——Ilog-normal ( =0, 0 =0.5)
10 r Max. Entropy approximation
0 1 2 3

Legendre Moments (o = 0.2, [a, b] = [0, 4], semilog):
@ Oscillations in the negative domain

@ = stability of the density



R=19,Entropy=-0.19055, AN=1744.8492

10°
10100
107200 |
——Ilog-normal ( =0, 0 =0.5)
107300 - Max. Entropy approximation
0 1 2 3 4

Legendre Moments (o = 0.2, [a, b] = [0, 4], semilog):
@ Oscillations in the negative domain

@ = stability of the density
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R=20,Entropy=-0.19055, AX=2019.5142

10°
10100
10200 |
——1log-normal ( =0, 0 =0.5)
107300 L Max. Entropy approximation
0 1 2 3

Legendre Moments (o = 0.2, [a, b] = [0, 4], semilog):
@ Oscillations in the negative domain

@ = stability of the density
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R=2,Entropy=-0.16075, AX=5.1766e-10

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 -
15
1 -
0.5 1

05 1 15 2 2.5
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):



R=3,Entropy=-0.18304, A )=9.6224e-10

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 -
1.5
1 -
0.5 1

05 1 15 2 2.5
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
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R=4,Entropy=-0.1901, A)X=5.0168e-10

2.5
——log-normal ( =0, o=0.5)
——Max. Entropy approximation
2 -
1.5
1tk
0.5 1

05 1 15 > 2.5
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
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R=5,Entropy=-0.19043, A X=5.9985e-10

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 -
1.5
1 -
0.5 1

05 1 15 > 2.5
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
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R=6,Entropy=-0.19054, A)=6.8614e-10

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 -
1.5
1 -
0.5 1

05 1 15 > 2.5
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
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R=8,Entropy=-0.19055, AX=7.7185e-10

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 -
1.5
1 -
0.5 1

05 1 15 > 2.5
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
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R=9,Entropy=-0.19055, AX=6.5113e-10

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 -
1.5
1 -
0.5 1

05 1 15 > 2.5
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):

18



R=13,Entropy=-0.19055, A)X=8.1749e-10

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 -
1.5
1 -
0.5 1

05 1 15 > 2.5
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):

18



R=14,Entropy=-0.19057, A X=6.3789e-10

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 -
1.5
1 -
0.5 1

05 1 15 > 2.5
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
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R=15,Entropy=-0.19072, A)X=1011.6049

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 - -
1.5 g
1t ]
0.5 1 ]

0.5 1 1.5 2 2.‘5 3
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
@ |s stable and convergent for a bigger range R < 14!

e Entropy is monoton. decr. (stat. accuracy of MC is reached?)
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R=16,Entropy=-0.19079, AX=1131.7607

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 - -
1.5 g
1t ]
0.5 1 ]

0.5 1 1.5 2 2.‘5 3
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
@ |s stable and convergent for a bigger range R < 14!

e Entropy is monoton. decr. (stat. accuracy of MC is reached?)

18



R=17,Entropy=-0.19062, A)X=1045.8643

——log-normal ( =0, o=0.5)

——Max. Entropy approximation
2 - -
1.5 g
1t ]
0.5 1 ]

0.5 1 1.5 2 2.‘5 3
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
@ |s stable and convergent for a bigger range R < 14!

e Entropy is monoton. decr. (stat. accuracy of MC is reached?)

18



R=19,Entropy=-0.19, AX=1015.9216

2.5 T
——log-normal ( =0, o=0.5)
——Max. Entropy approximation
2 - -
1.5 g
1t ]
0.5 1 ]

0.5 1 1.5 2 2.‘5 3
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
@ |s stable and convergent for a bigger range R < 14!

e Entropy is monoton. decr. (stat. accuracy of MC is reached?)

18



R=20,Entropy=-0.18995, AX=1121.9571

——log-normal ( =0, o=0.5)
——Max. Entropy approximation
2 - -
1.5 g
1tk
0.5 1

0.5 1 1.5 2 2.‘5 3
Legendre Moments (o0 = 0.2, [a, b] = [0.3, 3]):
@ |s stable and convergent for a bigger range R < 14!

e Entropy is monoton. decr. (stat. accuracy of MC is reached?)

18



@ Observation: iy are not known exactly, we only have

fik & fuk, k=1,...,R

(approx. moments fix may be computed e.g. by MC or MLMC).

Moment matching with iy =  perturbed density

R
PR EE = {pg o exp (Z Hkqbk(x)) 0, € R} )

k=0

@ Question: What is the distance between p and pgr?



Consider the natural “metric”

DKL(qu) — /p(X) In P(X) dx (Kullback-LeibIer divergence)

q(x) or relative entropy

“Pythagoras theorem”

Dkw(pllor) = Dii(pllpr) + Dri(prlliR) -
trun;.rerror estim\.rerror
@ p is the exact density
@ pr € & is the ME solution for exact moments u, ..., g
@ pr € £ is the ME solution for approx. moments fi1, ..., jir

@ Truncation error: Dk (p||pr) — 0 when R — oo

Estimation error: Dy (prl|pr) — 0 when fix — pu.

Our aim is the rigorous quantification of these statements.



From Dy, to [P-norms:

Relation to LP-norms

A1 .
i) §Hp—77!|ﬁ1 < Drr(pln); i) Collo—nll7» < Die(plln),  pime L.

21



From Dy, to [P-norms:

Relation to LP-norms

A 1 .
D) §Hp—nllf1 < Dku(pln); i) Gollo—nll7» < Dre(plln),  poner=.

Relation to L2-norms of the log-density

For two pdf's p and n with In(p/n) € L™

D (plln) = %e‘” In(e/mlleoe / | |n(p/n)|2pdx and

Dur(plln) < el @i [ Jingo/n) — cfPpax ()

for any c € R.

21



Truncation error is driven by the smoothness of p:

polynomial moments polynomial best
span{l, ¢1,...,¢r} = Pr approximation

Conv. of the truncation error

1. )
Dralpllon) < 5 f | exo {lmp = viiYlinp = vl

< R—2s, when Inp e H*,s > 1
~ | exp(—bR), when Inp is analytic.




Truncation error is driven by the smoothness of p:

polynomial moments polynomial best
span{l, ¢1,...,¢r} = Pr approximation

Conv. of the truncation error

1. )
Dralpllon) < 5 f | exo {lmp = viiYlinp = vl

<

~

R—2s, when Inp e H*,s > 1
exp(—bR), when Inp is analytic.

Proof: Choose n = e/ [e" for Vv € Pg in (#).

22



Estimation error is driven by the perturbation of moments:

23



Estimation error is driven by the perturbation of moments:

Conv. of the estimation error (a.s.-version)

Suppose || — ji|| < (2ARCR) ™! where Ag, Cr are explicit constantst,

then pr exists and there holds

Dii(prIpR) < Crllp — il

TAgR = max {||v||ee/|IV]l2 : v EPr} and Cgr =2exp {1+ | Inpgllco }-
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Estimation error is driven by the perturbation of moments:

Conv. of the estimation error (a.s.-version)

Suppose || — ji|| < (2ARCR) ™! where Ag, Cr are explicit constantst,

then pr exists and there holds

Dii(prIpR) < Crllp — il

Caution:
If fij is computed by MC = jr may fail to exist (with some prob.)
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Estimation error is driven by the perturbation of moments:

Conv. of the estimation error (probabilistic version, simplified)

Suppose E|p — fil|*> < (2ArCr)™2  with the same Ag, Cg,

then fjr exists with prob. 1 — p (for p € [ps,1]) and it holds

Di(prllpr) < Crp'Ellp — fil)? (*)

23



Estimation error is driven by the perturbation of moments:

Conv. of the estimation error (probabilistic version, simplified)

Suppose E|p — fil|*> < (2ArCr)™2  with the same Ag, Cg,

then fjr exists with prob. 1 — p (for p € [ps,1]) and it holds

Di(prllpr) < Crp'Ellp — fil)? (*)

R can be handled

Here E|u—jil® = Z B — fik|? < |by the standard
k=1 ) (ML)MC theory

standard MSE(fix)

23



Structure of the estimate:

Dki(pllpr) = Dke(pllpr) + Dki(prllfR)

24



Structure of the estimate:

Dki(pllpr) =

Dki(pllpr) <

Dki(pllpr) + Dri(prllfr)

|l assumingInp € H!

polynomial

best approx.

C R
+ =R > |MSE(ji
P k=1

24



Structure of the estimate:

Dki(pllpr) = Dke(pllpr) + Dki(prllfR)

|l assumingInp € H!

_ R
) polynomial CR
_ =R
Drc(pllpr) < best approx. P kz; e
. In 1% S HSv S 2 1
J  assuming { In p is analytic }

R—2s CR R ) s
N N N
DKL(PHPR)N{ exp(—bR) }+p kE_lBlaS(Mk) + Var(fi)
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Structure of the estimate:

Dki(pllpr) = Dke(pllpr) + Dki(prllfR)

|l assumingInp € H!

_ R
) polynomial CR
_ =R
Drc(pllpr) < best approx. P kz; e
. In 1% S HSv S 2 1
J  assuming { In p is analytic }

R—2s CR R ) s
N N N
DKL(PHPR)N{ exp(—bR) }+p kE_lBlaS(Mk) + Var(fi)

@ Cg is unif. bounded when Inp € H*)s > 1
@ Error vs. cost theorems <  balancing the error contributions

24



Theorem (Monte Carlo-ME: Accuracy / Cost, simplified)

Assume in addition that
a) E[(X — X0)?] <N, P, b) Cost(X;) S N

Then Dk (p||pr) < € with probability > 1 — p and for the

e single level approximation of Legendre moments:

_ B(5+1) )
iy | € %P if In(p) € H®,
Cost(pr) S (pe) 7 B4(5+1)
|In(e)] if In(p) is analytic;

e multilevel approximation of Legendre moments:
(6+1) max(B,7)

max( ) 6_ 258 |f |n(p) E HS7
Cost(Fr) S ()™ 7

(6+1) max(8,7)

|In(e)] B if In(p) is analytic.

Here § is such that E[(¢x(X) — ¢x(Xe))?] < k‘SN[B and 8 # v.

25



Contact with rough surfaces

Q

partial ALE-
stationary rolling,

'ALE-Coupling Interface
\ Lagrange description

of transient dynamic
tread contact behavior

ALE-Coupling Interface
Adaptive Mesh,
Consfitutive Rubber Mode!

Rough Surface Contact

Courtesy: Prof. Udo Nackenhorst, IBNM, Univ. Hannover

Unknown parameter:  1(x) is the road surface profile.
(irregular microstructure)

26



Model: Contact of an elastic membrane with a rough surface (2d)

(Au+f)(u—9) =0,
u=20 on 0D.

—AUZf, U21/1a } |nD

/
: 5?,?5

v~
G“V“

Qol: Membrane deformation u(x); Contact Area A(w) = {x : u(x) = ¥(x)}.

27



Example: Rough obstacle models

Power spectrum [Persson et al.’05]:

Y(x) = Z B4(H) cos(q - x + ¢q)

90<|q|<qs

where Bg(H) = g(27r max(|ql,q)) "t —

Many materials in Nature and technics
obey this law for amplitudes.

H ~1(0,1) random roughness
pq ~U(0,27) random phase

Forward solver:

Own implementation of MMG (TNNM)
[Kornhuber'94,. . .]

By(H), g0 =1, ¢¢ =10, ¢ =26

—H=0

== H=0.

5

_— ---H=1

04 06 08 1 0 005 01 015 02
5 .‘w
-5
-10

04 06 08 1 0 005 01 015 02



Obstacle surfaces of variable/random roughness ¢ = ¥(x,w):

¥(wr) u(w) D= Alw;) U N (w)

29



Estimation of the PDF px of the contact area X = |A| by
the Maximum Entropy method

40 \ \ \
ME r» = 60
30 —]
20 —]
10 —
o L \ i L | |
0.4 0.6 0.8 1 1.2 1.4 1.6

The peak(s) corresponds to ca. 28.2% of the membrane in contact with the surface

More experiments and rigorous error analysis in [Bierig/Chernov, JCP, 2016]. 30



Estimation of the PDF px of the contact area X = |A| by
the Maximum Entropy method

40 \ \ \

ME r» = 60

KDE » = 2
30 —]
20 —]
10 —
o L | |

0.4 0.6 0.8 1 1.2 1.4 1.6

The peak(s) corresponds to ca. 28.2% of the membrane in contact with the surface

More experiments and rigorous error analysis in [Bierig/Chernov, JCP, 2016]. 30



Estimation of the PDF px of the contact area X = |A| by
the Maximum Entropy method

38+ —L2 Projektion R=206, MLMC L=9‘ 1
—ME R=50, MLMC L=9
—kde |=4
37+ kde =5 i
—kde I=6
36 ]
35¢ ]
34r ]
33r ]
1.1 1.12 1.14 1.16 1.18 1.2

The peak(s) corresponds to ca. 28.2% of the membrane in contact with the surface

More experiments and rigorous error analysis in [Bierig/Chernov, JCP, 2016].



Summary:

@ Rigorous convergence analysis for the MLMC-Maximum
Entropy Method for compactly suported densities
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Summary:

@ Rigorous convergence analysis for the MLMC-Maximum
Entropy Method for compactly suported densities

@ Num. experiments: smoothness assumptions may be relaxed
@ Open issue: how to select the number of moment constraints R

in practical computations (in the pre-asymptotic regime)?
Adaptivity?
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Summary:

@ Rigorous convergence analysis for the MLMC-Maximum
Entropy Method for compactly suported densities

@ Num. experiments: smoothness assumptions may be relaxed
@ Open issue: how to select the number of moment constraints R
in practical computations (in the pre-asymptotic regime)?

Adaptivity?

@ With appropriate R the method is able to produce good
approximations for a broad class of densities.
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Summary:

@ Rigorous convergence analysis for the MLMC-Maximum
Entropy Method for compactly suported densities

@ Num. experiments: smoothness assumptions may be relaxed

@ Open issue: how to select the number of moment constraints R
in practical computations (in the pre-asymptotic regime)?
Adaptivity?

@ With appropriate R the method is able to produce good

approximations for a broad class of densities.

Thank you for your attention!
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Numerical examples for synthetic pdf's of different smoothness:

2 i I I
—,
_p3
P4
1.5 |- e N
e
1 ]
0.5 | |
0 | | |
—1 —0.5 0 0.5 1

Exact synthetic pdf's p1,...,p5



Numerical examples for synthetic pdf's of different smoothness:

I
Maximum Entropy
1 —KDE r = 2
0.5 —
0 | | |
-1 —0.5 0 0.5 1

In p! is analytic: smoothness assumptions are satisfied

Best maximum entropy approximation over R = 1,...,60 moments



Numerical examples for synthetic pdf's of different smoothness:

A 1T 11 N 11 B O A1 R B
10-1 =
10—2 = =
p) B |
E 1073 E
Lo—4 === Maximum Entropy ;
—3¢=— KDE r = 1 E
== KDE r = 2 E
KDE r»r =3 N
10—5 weffee KDE 7 = 4 —
—*— KDE » =5 E
1 pevtl vl g1

103 104 10° 106 107 108

Cost

In p* is analytic: smoothness assumptions are satisfied

Best maximum entropy approximation over R = 1,...,60 moments



Numerical examples for synthetic pdf's of different smoothness:

I
Maximum Entropy
1 —KDE 7 = 2 Il

o \ \ \
-1 —-0.5 0 0.5 1

In p? € HY/27¢(—1,1): smoothness assumptions are not satisfied

Best maximum entropy approximation over R = 1,...,60 moments
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Numerical examples for synthetic pdf's of different smoothness:

T T T T 11T
| Maximum Entropy
10-1 |
=2
= o) .
103 = =
I T | R AT A WA T R WA R
103 104 10° 108 107 108

CosT

Inp? € H/27¢(—1,1): smoothness assumptions are not satisfied

Best maximum entropy approximation over R = 1,...,60 moments
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Numerical examples for synthetic pdf's of different smoothness:

2
I
Maximum Entropy
—KDE r = 3

1.5 |-

1 -
0.5 [~

0 |

—1 —0.5 0 0.5 1

In p° is unbounded: smoothness assumptions are not satisfied

Best maximum entropy approximation over R = 1,...,60 moments
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Numerical examples for synthetic pdf's of different smoothness:

- T T 1T T TTTTI T 1T T 1T T TTTII T TH

10— 1
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MISE

=== Maximum Entropy

= KDE 7 =

1073 || el KDE 1

KDE r
r
r

([ 1
N O
Ll

106 107 108

[
o
w
[
o
S
[
o
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CosT

In p° is unbounded: smoothness assumptions are not satisfied

Best maximum entropy approximation over R = 1,...,60 moments
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Estimation of the PDF px of the contact area X = |A| by
the Maximum Entropy method

40 \ \ \
ME r» = 60
30 —]
20 —]
10 —
o L \ i L | |
0.4 0.6 0.8 1 1.2 1.4 1.6

The peak(s) corresponds to ca. 28.2% of the membrane in contact with the surface

More experiments and rigorous error analysis in [Bierig/Chernov, JCP, 2016]. 34



Estimation of the PDF px of the contact area X = |A| by
the Maximum Entropy method

40 \ \ \

ME r» = 60

KDE » = 2
30 —]
20 —]
10 —
o L | |

0.4 0.6 0.8 1 1.2 1.4 1.6

The peak(s) corresponds to ca. 28.2% of the membrane in contact with the surface

More experiments and rigorous error analysis in [Bierig/Chernov, JCP, 2016]. 34



