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Chemical reaction network: Population numbers of distinct species

which interact as reactants to form products, modeled as continuous time
jump Markov process.
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Example

Chemical reaction network: Population numbers of distinct species
which interact as reactants to form products, modeled as continuous time
jump Markov process. Small example:

Process transition rate  population change
Inflow species A K1 Xa— Xa+1
Outflow species A Ko Xa Xa— Xa—1
Inflow species B K3 Xg— Xg+1
Outflow species B kaXpB Xg— Xg—1
Xa— Xa—1

Reaction A+ 2B — 3B ks XaXg(Xg — 1) Xg — Xg +1
B B

Model determined by reaction rates x;. Generator

Lf(x) = Z r(x) [f(x 4+ v;) — £(x)]

i=1
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Glycerol reforming CRN. Network visualization:




Example

Glycerol reforming CRN. Network visualization:

780 species, 3898 reactions. Quantities of interest (performance measures)
are functionals of stationary distribution (ergodic averages).
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Problems we want to solve

e Sensitivity bounds (insensitivity analysis, model simplification):
identify parameters that are not important,

e Predictive uncertainty quantification (error guarantees): tight bounds
on performance measures for O(1) size model errors,

o Optimization and control for uncertain systems: optimize a
performance measure for a family of models, a min/max problem

e Model reduction (e.g., course graining).
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Abstract formulation

Elements of the framework
@ Probability models, on space S, often a path space

P = nominal (computational, design) vs @ = true (impractical)

e Quantities of interest (Qol, also called observables, costs, performance
measures, ...), and methods to bound Qol above and below. E.g.,

Eq[f] expected value of Qol f under true
log Eq[ef] risk-sensitive Qol
Varg[f] variance of Qol f

Here f may combine a cost with dynamics that take random variables
under Q (or P) into the system state:

)
w) = [ clelmn)et.

G:W— X, dX(t)=b(X(t))dt+ dW(t).
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Abstract formulation

Ingredients in the framework

e Divergence or distance between nominal and true models. Most
important (but not only) example is relative entropy, aka
Kullback-Leibler divergence:

RE@lIP) = {

R(-]|-) is jointly convex and Isc, R(Q|P) >0 and =0 iff @ = P.
o Variational formula relating Qol under @ with (hopefully tractable)
functional of P. E.g.,

log Ep || = sup [cEqlf] — R(QIP)].
Q<P

Eq[log92] ifQ< P
00 else.

hence whenever Q < P,
cEqlf] < R(Q|IP) + log Ep || .

Minimizing Q* is dQ* = eCfdP/feCfdP.
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Abstract formulation

We will use such variational formulas for sensitivity bounds, optimization
of uncertain systems, etc.

Example. Suppose f = f, with @ € A and we want to solve “optimally
robust optimization” :

i Enlf.].
i orrals)<, Falfel

Then using Lagrange multipliers (A = 1/¢)

miy [maxin (Eqlfl + 11r — R(@P)]) |
— iy |mig max Ealfi] - ZR(QIP) ) + 11
- miyig  (r+ e [+4]).

Final problem phrased purely in terms of the design model
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Important properties of a good divergence

Recall variational bound based on KL divergence:

CEQIf] < R(Q|IP) + log Ep ||

Important properties of a divergence variational bound pair

@ Good scaling properties, e.g.:

o the bounds remain meaningful for systems over long times, ergodic Qol
o also remain useful for systems with many degrees of freedom (e.g.,
number of particles in an interacting particle system)

@ Good computational properties of the divergence and the dual
functional under the design P.

@ Bounds should not depend on the underlying probability space (e.g.,
for dX = b(X)dt + dW can have P is Wiener measure vs P measure
induced by X).



A little history

First applications of relative entropy/exponential integral duality in
problems of model uncertainty:
@ Robust properties of risk—sensitive control (D, James and Petersen),
Math. of Control, Signals and Systems, 13, (2000), pp. 318-332.
This paper introduces the general framework in the setting of diffusions
with uncertain drift, and makes connections with H*° control.
@ Minimax optimal control of stochastic uncertain systems with relative
entropy constraints (Petersen, James and D), IEEE Trans. on Auto.
Control., 45, (2000), pp. 398-412.

Solution for particular classes of models including uncertain
linear/quadratic.



A little history

First applications of relative entropy/exponential integral duality in
problems of model uncertainty:

@ Robust properties of risk—sensitive control (D, James and Petersen),
Math. of Control, Signals and Systems, 13, (2000), pp. 318-332.

This paper introduces the general framework in the setting of diffusions
with uncertain drift, and makes connections with H*° control.

@ Minimax optimal control of stochastic uncertain systems with relative
entropy constraints (Petersen, James and D), IEEE Trans. on Auto.
Control., 45, (2000), pp. 398-412.

Solution for particular classes of models including uncertain
linear/quadratic.
Ideas had substantial impact in economics:

@ Robust control and model uncertainty (Hansen and Sargent), The
American Economic Review, 91, (2001), pp. 60-66.

@ Robustness, (Hansen and Sargent), Wiley, 2008.

@ Many subsequent papers.
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@ Uses of KL divergence and standard Qol

Why bounds do not depend on how system is represented
Performance bounds for static problem

Chain rule for KL divergence

Performance bounds for large time (ergodic) problem
Sensitivity bounds for ergodic problem

Robust optimization for ergodic problem

e Nonstandard Qol and other distance/variational representation pairs

e Situations that require new ideas/open problems
o Rare event performance measures and Rényi divergence
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dQ* do
0= 0 o fx v = ).




Why bounds do not depend on how system is represented

Relative entropy under mapping. Suppose ¢ : S — 7 and
AMA) = P({x:9(x) € A}), o(A) = Q({x:¥(x) € A}).

Then R(Q||P) > R (o ||\). Given feasible o there is always a Q* such
that ¢ ~ o under Q*, and R(Q*||[P) = R (o ||A). In particular, take

dQ* do
0= 0 o fx v = ).

Now suppose view f(y) under o or f(1)(x)) under Q. Performance bounds
on f are same for a given allowed relative entropy distance:

sip  Eqlfoy]= sup  Elf]
Q:R(Q||P)<r o:R(a||IN)<r
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Performance bounds for static problem

For a given Qol f, define centered cumulant generating function

Rp(c) = log /S e<(F()~Erlf) p( ).
Then the variational inequality becomes
Eolf] - Eplf] < (R(QIIP)+ LAps(c)
Also if ¢ > 0 then
—cEQ[f] < R(Q||P) + log Ep [e—ﬂ

so for any ¢ > 0

~2Rp ()~ TR(QIIP) < Eqlf] - Eplf] < hps(c) + ZR(QP).
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Performance bounds for static problem

Optimizing the two bounds gives

IN

sup{~2in (-c) - TRQIP)} < Eolf] - Erl]

c>0

IN

. 1- 1
in { Shnc) + 2R(Q1P)).

If f is not a constant the quantities

C

=.(Q|P:f) = inf {R(QHP)“‘APJ(:EC)}
' c>0

behave themselves like divergences: = (Q||P ;f) > 0 and
=1 (Q|P;f)=0iff Q= P. Optimization problem has good properties.

How to scale up to ergodic problem?
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*Variational representations for continuous time processes, Budhiraja, Dupuis and
Maroulas, 2011.
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Properties of relative entropy/KL divergence

Chain rule and Markov models. For the bounds to be useful, the
quantities involved should scale and take concrete form. For Markov
systems, done (in discrete time) via the chain rule. (In continuous time,
for systems driven by Brownian and Poisson noise, see*.) Suppose

Q, P € P(X?) with decompositions

Q(dxo x dx1) = v(dxp)q(xo, dx1),
P(dxo x dx1) = u(dxo)p(xo, dx1).

Then relative entropy decomposes as

R(Q|P) = /X2 [Iog <Z:(x0)) + log (ZZXE:;(X;L))] v(dxo)q(xo, dx1)
— R(v|p)+ /X R (90, ) (0. -)) v(dko)
— R(v[ln) + EqR (40X, ) (X6, "))

*Variational representations for continuous time processes, Budhiraja, Dupuis and
Maroulas, 2011.



Properties of relative entropy/KL divergence

Chain rule and Markov models. Now let P+ be a Markov measure on
{0,1,..., T} with initial measure u and transition kernel p(x, dy), and
similarly for Q7 with v and g(x, dy). Then repeated use of chain rule gives

T-1
R(QTIPT)=Rwlln)+ > EqrR(a(Xe,) Ip(Xe:-)),
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where Eg, means expectation where (X, X1,..., X7) has distribution
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Properties of relative entropy/KL divergence

Chain rule and Markov models. Now let P+ be a Markov measure on
{0,1,..., T} with initial measure u and transition kernel p(x, dy), and
similarly for Q7 with v and g(x, dy). Then repeated use of chain rule gives

T-1
R(QTIPT)=Rwlln)+ > EqrR(a(Xe,) Ip(Xe:-)),
t=0

where Eg, means expectation where (X, X1,..., X7) has distribution
Q7. If p(x, dy) is ergodic with stationary distribution 7, and q(x, dy)
with g, then

(alle) = Jim ZR(@rIPr) = [ R(a(x.) (. ) )

is called the relative entropy rate (RER).
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Suppose the Qol is a functional of the empirical measure, e.g.,

=
XD = £ 3 (X0,

t=0

Then
11 11 T-1 T-1
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< ol f(c) + *7R(QT 1PT)



Performance bounds for large time (ergodic) problem

Suppose the Qol is a functional of the empirical measure, e.g.,

. lT 1
XN = 32 8(x0)
t=0

Then
T-1 T-1
11 11 1 1
—E7APT,f(—C) - E7R(QT IPr) < 7 Eor gg(xt) — 7 Epr gg(Xt)
11- 11
< *7/\PT r(c) + _FR(QT[[Pr).
By chain rule all terms scale oc T. Send T — oo to get

A=) = <r(allp) < Er,lg] - Er,lg] < TA() + r(allp).

A(c) = _lim %IongT o€ X0 g(Xe)—Enplel

T—oo



Performance bounds for large time (ergodic) problem
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A(c) = lim —log Ep, [ecZLol g(xt)—Ew,,[g]}

is a centered cumulant generating function on path space.



Performance bounds for large time (ergodic) problem

1 .
A(c) = lim —log Ep, |e>is 6X)~Ersle]

is a centered cumulant generating function on path space.
“Small model error” version of bounds useful and frequently tractable.
Optimizing bounds over ¢ > 0 (separately LHS and RHS) in

1

—r
C

—A(-0) ~ r(qllp) < Ex,l8] — Exlg] < () +r(allp)

gives

|Exyl8] — Ex,l8]| < \/volel2r(allp) + O(r(qllp))

volgl = 2 E[(g(Xe) — Ex,lg]) (8(X0) — Ex,[8])]-
t=0



Sensitivity bounds for ergodic problem

For sensitivity bounds we assume q is a small perturbation of p. Thus

p(x,dy) = p(x,dy;0) and q(x,dy) = p(x, dy; 0 + ev),

where the parameter 0 takes values in a subset of some Euclidean space.
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Sensitivity bounds for ergodic problem

For sensitivity bounds we assume q is a small perturbation of p. Thus
p(x, dy) = p(x,dy;0) and q(x, dy) = p(x, dy; 6 +ev),

where the parameter 0 takes values in a subset of some Euclidean space.
Assume reference measure so

p(x, dy;0) = p(x,y; 0)R(dy).

Then one can expand the relative entropy rate:

allp) = /R(( ) lp(x,)) mq(dx)
= // xy9+)€v) (x,y;0 +ev)R(dy)mq(dx)

le]

= 5 (v,Z(p(0))v) + O(?),

where

Z(p(9)) = /){2 Vo log p(x, y:0)[Valog p(x, y: )] p(x, y: 0)R(dy)mp(dx)



Sensitivity bounds for ergodic problem
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is called a path Fisher Information Matrix.



Sensitivity bounds for ergodic problem

T(6(6)) = | Vilogplx.iO)Valog p(x. i ] plx.y: )R (e ()

is called a path Fisher Information Matrix. From

|Erylg] = Ex,lg]| < \/wolgl2r(qllp) + O(r(qllp)),

and expansion of RER, for any Qol g one has bounds

Eryoeon 8]~ Eryol6]] < /Yoo [elV/ V. Z(p(0))v) + O(c)

1
el




Sensitivity bounds for ergodic problem

The sensitivity bound
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allows for sensitivity screening: which parameters are less important.



Sensitivity bounds for ergodic problem
The sensitivity bound
1

121 | Evsorcoll] = Ery 8] < /081 . T(0(0))V) + O)

allows for sensitivity screening: which parameters are less important. The
path FIM

1(6(6)) = | , Volog p(x,yi)[Valog p(x,yi ] plx.yi )R (e)mo(c)

can be obtained via Monte Carlo since by ergodic theorem, with
{Xt} ~ p(Xv dy: 9)
T-1
1
T D Oxexe) (dx dy) = mp(dX)p(x, v: 0)R(dy)
t=0



Sensitivity bounds for ergodic problem

Example: glycerol reforming. With 6 = vector of rate parameters, and
“information percentage” is fraction of trace of Z(p()) associated with
given parameter’

Forward and Reverse reactions
Total i?formation percentage not including "Other" = 0.9976251

Information percentage
o o o o o
I O

o
s

o

Other 4016 7791 3973 3893 3894 7792
Reaction channel index and information percentage

fComputations courtesy Pedro Vilanova
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solve
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T qrta < Fmolo]



Other uses

Optimally robust for ergodic cost. Suppose g = g, with o € A. Now to
solve

min  max E )
T qrta < Fmolo]

Then choose « according to

iy [ty (Bl + 1=l
= min [minmax | E;_[ ]—lr( Ip) +Er
€A |c>0 g mol8a c 71p ¢

1
“RREg (Al



Situations that require new ideas/open problems

o Issue: Want alternative measures that are not absolutely continuous
w.r.t. design. Possible solution: Distances not limited to
divergences, e.g., Wasserstein. However chain rule only for product
measures, and in general there is dependence on probability space.
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Situations that require new ideas/open problems

o Issue: Want alternative measures that are not absolutely continuous
w.r.t. design. Possible solution: Distances not limited to
divergences, e.g., Wasserstein. However chain rule only for product
measures, and in general there is dependence on probability space.

@ Multi-scale problems, e.g., models of form
dX® = b(X®, Y®)dt + o(X®, Y°)dW,

1 1 -
dY® = —g(X%, Y )dt + —=~(X*, Y*)dW,

c c1/2
Issue: relative entropy counts fast process more heavily. Possible
solution: “multi-level” exponential integral and corresponding

variational inequalities.

o Issue: Qol is itself risk-sensitive (i.e., depends of rare events). KL
divergence is not suitable for robust bounds.
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Rare event performance measures and Rényi divergence

Recently derived variational formula relates risk-sensitive Qol and Rényi
divergence. Let 0 < 8 <. Then

1 1 1
: Nl - Bfl _ 4
5 log Ep {e } = sip { log Eg {e } 5 szﬁ(Q ||P)] ;

where for mutually absolutely continuous P, Q and o > 1

Ra(QIIP) = e | (3";) 40.

As 3 | 0 recover Kullback-Leibler formula. Bounds on risk-sensitive Qol
for various @ at level 5 in terms of one at level 7y in terms of design:

1
B

Example use: sensitivity bounds

log Eg [eﬁf] < ilong [evf} + 71:’i’wwq(QHP)

B



Rare event performance measures and Rényi divergence

Let P = P?, Q = PP+, where P?(dx) = p(x; 0)R(dXx).



Rare event performance measures and Rényi divergence

Let P = P?, @ = P%*¢¥, where P?(dx) = p(x; 0)R(dx). Then

1 1 R(P?||P?) + log [ e’ Ver(:6)4p?
i—log Epo [eﬁf} < — inf ( JE] H ) gf |
dEﬁ ﬂ c>0 c

where
gpt — €dP”
B T ebfdpo’

and corresponding lower bound.



Rare event performance measures and Rényi divergence

Let P = P?, @ = P%*¢¥, where P?(dx) = p(x; 0)R(dx). Then

1 1
i—Iog Epo {eﬁf} < — inf [

de 3 [ >0

R(PS||P?) + log [ ecﬁvaP<~:@)dp€]
c )

where
ePf ap?

[P dpPo’
and corresponding lower bound. Again decomposes into term depending
on g and term plays role of Fisher information matrix. With f = —ool4c,

0 _
dPB_

—log P(A) + log 1l eBvTVop(::0) ypo
c

)

de B 2

d1 1
—Zlog PY(A) < =5 inf [
ﬁ c>0

with bounds uniform w.r.t. events A with uniformly bounded — log PY(A).
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Negatives of Rényi:
@ A chain rule for product measures, but not for Markov measures

@ Quantity one would optimize over in robust design (here ) appears

also in R%(Q |P). Complicates formulation of robust optimization
Y—F



Rare event performance measures and Rényi divergence

Negatives of Rényi:
@ A chain rule for product measures, but not for Markov measures

@ Quantity one would optimize over in robust design (here ) appears

also in R%(Q |P). Complicates formulation of robust optimization
Y—F

Positives of Rényi:
@ Bounds still scale with meaningful limits large time/system size, even
for Markov measures

@ Bounds independent of underlying probability space



Summary

Variational formulas relating Qol and information
divergences/distances provide a natural way to quantitatively deal
with model uncertainty and robust design

Can treat various issues such as sensitivity bounds, optimal robust
design, etc.

Important properties are (i) preservation of bounds under scalings, (ii)
computationally tractable, (iii) bounds should not depend on
underlying probabilistic formulation

Variational formula with nicest properties seems to be that of
Kullback-Leibler divergence and ordinary Qol

However for some problems this framework is not appropriate, and for
these alternatives are being (or need to be) investigated
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