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Model Introduction
[o]e]

The Beginning...

Starting point of modeling: function f that describes the
fundamental behavior of the series
But:

m a deterministic function will not describe measuring errors

m for a prediction, uncertainties are very important

< in the following: comparison of two approaches which include a
stochastic behavior
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Model Introduction
e0

Nonlinear Regression versus Stochastic Process

Z_:(t’ ¢) = b(e, t, F(1)), f(to) = yo
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Model Introduction
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Nonlinear Regression versus Stochastic Process

Z_:(t’ ¢) = b(e, t, F(1)), f(to) = yo

v

_yn = f(tn7 ¢) + 6"7
€n ~ N(0>512(727 tﬂ)),
n=0,..,N
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Model Introduction
e0

Nonlinear Regression versus Stochastic Process

Z_’:(t, @) = b(o, t, (1)), f(to) = yo

v

N

_yn = f(tn7 ¢) + 6"7
€n ~ N(0>512(727 tﬂ)),
n=0,..,N

dYe(9) = b(o, t, Ye) dt + 2(¥2, t, Vi) dW,
Yo =yo
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Model Introduction
o] ]

The Pros and Cons

nonlinear regression: stochastic process:

= mathematically simple m exact likelihood only known
model (likelihood is product with explicit solution
of normal densities) (approximation required in

m for prediction, the many cases)
information of the last m for prediction of the process,
observation cannot be used the Markov property can be
(no Markov property) used
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Bayesian Estimation
9000000000000

Hierarchical Models

Observation variables: yjo, ..., yin;, i =1,...,1 for I individuals.
Assumed models (with { W, t € [0,00)} Wiener process):

nonlinear regression: stochastic process:
Yin = f(tinv ¢I) + €in Yin = Yt/n(¢i)7 n= 07 sy Niv i = 15 ey /

€in ™~ N(O’ 5]?(’727 t,',-,)) dYt((ﬁ) = b(¢, tu Yt) dt + 52(727 tv Yt) th

= 0= (¢1, ..., b1, 1, Q,7?) large vector
= Gibbs Sampler
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Bayesian Estimation
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Gibbs Sampler

Choose starting values and sample from the full conditional
posteriors for k =1, ..., K:

G4 ~ P(Di] Yios s Vin Vo 15 i1, 1), i =1, ..., ] (MH-step)
i~ PRl Piks s Plics V1)

Qi ~ p(Qf P1ks s Plics 1)

Ve© ~ (V2] {Yintn=o,...Nisi=1,...1s Dk - D)

= (dﬁkv ooy Dl P k"Yk*) ~
p(¢1v ey ¢/7 1, Q7 ’72|{yin}n:O,,..,N,-;i:l,,..,l)7

k =1,...,K (neglecting a burn-in phase and a thinning rate)
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Bayesian Estimation
00®0000000000

Full Conditional Posterior p(u| ¢1, ..., 91, Q)

With the prior i ~ N(m, V) (which is conjugate to the normal
likelihood) we get the posterior distribution:

,LL| ¢1, ceey ¢I,Q ~ _/\/‘(mPOSt’ Vpost)
VPost — (VT 17T

/
mPost — \/pPost . (V‘lm + ZQ—1¢/‘> .

i=1
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Bayesian Estimation
0008000000000

Full Conditional Posterior p(Q| ¢1, ..., ¢, 11)

For ¢i = (¢i1, ..., ip) € RP and Q = diag(w?, ...,wg) choose the
priors w ~ 1G(c ,BQ) Then the posterior distribution is given by

w.12| ¢1,j7"'7¢/,j7/’1/1 IG <O{ + /BS‘2 Z(¢I,j ) ) 9

j=1,..,p.
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Bayesian Estimation
0000800000000

for the nonlinear regression model
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Bayesian Estimation
0000080000000

Likelihood in the NL Regression Model

For the estimation of ¢, ..., ¢; with the MH algorithm, we only
need the likelihood (the prior distribution is given by the model
definition):

p(yiO; "'7yiN'| ¢i772) =
1

ex —— (v, — 3 )2
H \/%51(7 , tin) p( QSf(vz,t;n)(y'" Ftin 1) )
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Bayesian Estimation
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Metropolis-Hastings Step

Draw
psand ~ N (&f(x_1) “proposal variance”)

and set ¢% = ¢ with probability

min{l p(yio, .- yiny| 652" vr )p(68™ i1, Q1) }
7p(yf07 ooy YiNg] ¢7(k_1)a’)’k_1)P(¢;(k_1)| /ik_pQT(—l)

otherwise set ¢, = d)j‘(k_l), i=1..1
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Bayesian Estimation
0000000800000

Full Conditional Posterior for 2

Assume s2(72,t) = 42 - 5%(t) and 72 ~ IG(cw, 3,) prior. It follows

Y2 {Yintn=o0....Niii=1.. ,I7¢17-~-,¢/

~IG [ ay + = Z(N +1), 8, + = ZZ(y’" ~ F(tm, 61))°

i=1 n=0 sz(ti”)

For other functions s?(v2, t), nonlinear in 72, a MH-algorithm can
be implemented.

‘ Katja Ickstadt, TU Dortmund University ‘ Prediction for Stochastic Growth Processes, 3rd GAMM Workshop on UQ ‘ 13/41



Bayesian Estimation
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for the diffusion model
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Bayesian Estimation
0000000008000

Euler-Maruyama Approximation

For the estimation of ¢1, ..., ¢; and 72 without an explicit solution
of the SDE, an approximation method is needed. The Euler
approximated variables are given by

Yio = yio(¢i)
Yin = Yita—1) + b(, tin—1, Yien—1))Din + $2(72, tign—1)s Yi(n—1))V Dinkin

Aip := tin — ti(a—1)
Ein~N(0,1)iid., n=1,...,N; i=1,..1
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Bayesian Estimation
0000000000800

Likelihood in the Diffusion Model

For the Euler variables, we have the transition distribution
Yinl Yi(n—1), 9ir 7> ~
N (Yi(n—l) + b($7, tign-1)> Yiin—1))8in: 55 (72, tign—1); Yi(n—l))Ain> ,
n=1,..., N;, that builds up the joint distribution
N
p(Yit, .., Yin| ¢i,7°) = I_IIP(YM Yi(n-1)> 6,7
n=

(often called pseudo-likelihood).
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Bayesian Estimation
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Full Conditional Posterior for ~?

For s3(72,t,y) = 72 - 3%(t,y) and the prior v2 ~ IG(cv, B,), the
posterior is given by

VAN nmt, o N1ty D1y eey G ~ 1G(aBe*, gPot)

L O (Yin = Yign—1) — b(&1, tign—1), Yi(n-1))Bin)?
$2(ti(n—1), Yi(n—1))Din
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Bayesian Estimation
0000000000008

Summary Gibbs Sampler

For k =1,..., K draw iteratively:

O ~ P(Dil Yios - Vi Veo1> k-1, 1), i =1,...,1 (MH-step)
i ~ Pl DLk s Phics 1)

Qe ~ p(Q P1ks s Plics k)

Ve~ P(V| {Yin}nmo,... Nisie1,o s Blis --os D)

= p(¢1, ...,(b,,,u,Q,72|{y,-,,},,:o,,,,,Ni;izl,_,‘,/) stationary distribution
of Markov chain
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Bayesian Prediction
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Bayesian Prediction for the Hierarchical Regression Model

Vin = F(tin 63) + i

61 ~ N(11,9) id.

% 1 €in ™~ N(0,512(72, tin))?

£ o= n=1,..N; i=1,..1

10 20 30 40 50

crack lengths
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Bayesian Prediction
0®000000000

Predictive Distribution, NL Regression

Prediction for the /th series in t]' > ty;:

p(y/| {}’in}nzo,...,N,;i:L...,/)
Z/P(}/ﬂ 61,7%) - P(61,7%] {¥in}n=0.... Nyi=1...1) d(b1,7?)
1 al * * 2%
s kz: Pyl Pl Vi),
—1

with (¢%, %) ~ p(é1,7?| {Vin}tn=o.,...Nii=1,..1) coming from the
Gibbs sampler.
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Bayesian Prediction
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Bayesian Prediction for the Hierarchical Diffusion Model

Yin = Y4, (0i)
¢i ~ N(ﬂ, Q) iid.
dY; = b(, t, Yy) dt 4+ s5(72, t, Yz) dW,
n=0,..N; i=1,..,1

number of load cycles / 10000

10 20 30 40 50

crack lengths
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Bayesian Prediction
00080000000

Diffusion Model, First for a Single Series

Assume that the process {Y:, t € [0,00)} defined by
dYe(¢) = b(¢, t, Y2) dt + (7%, £, Vi) dWs, Yo = yo

is discretely observed in ty, ..., ty. The observation variables can be
approximated by

Yo = o

Yn= Y1+ b(¢7 th—1, Yn—l)An + 52(72a th—1, Yn—l) V Angn
Api=th—th

€0~ N(0,1) iid., n=1, ..., .
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Bayesian Prediction
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Prediction with Euler

Possible problems:

m the distribution of the approximated variables is normal, but
this will not be the case for the true underlying distribution in
general

m for t* > ty the approximation can get very poor

— Propose a stepwise prediction procedure
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Bayesian Prediction
00000800000

Iterative Prediction Procedure

At first choose a sampling partition ty =19 <71 < ... < T\ = £,
for example

t* — ty

=m- A" =0,...M, A*:=
Tm m + tn, m 05 s VI, M

=form=1,..,Mand Yj = Yy~ Y;,
YI‘):'I| Y:w—la¢772 ~
N( Yr:—l + b(¢77m—1, Y;—1)A*, 522(’7/2’ Tm—1, Y,:—1)A*)

builds an Euler approximation for Y, .
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Bayesian Prediction
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Practically

Take the samples ¢} and fy,%*, k=1,..., K resulting from the
Gibbs sampler.

0 Setm=1,Y " =vyk=1..K
@ Draw K samples Y,f,(l), - Y,f,(K) from

1 o * * *
Rl;-p (| ¢ka7]% 7Y(,-,(~,k_)1))

® If m=M stop
else m= m+ 1 and go to step @
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Motivation
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Bayesian Prediction
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Properties

m Advantage: with rejection sampling, for each m=1,..., M the
distribution is calculated once = the algorithm gets very fast
in contrast to drawing trajectories

m whole distribution of the last time point goes in, not only one
sample (— more information)

m Disadvantage: one only gets the pointwise distribution, no
trajectories of the process
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Bayesian Prediction
00000000080

Simulation Study

| Katja Ickstadt,

For an SDE with explicit solution we compared our proposed
prediction method with a pointwise prediction based on the
explicit solution in a simulation study.

For different simulation settings we compared the prediction
of the explicit solution with Euler approximations with
different partitions (i.e. different A*).

The proposed iterative prediction procedure works nearly as
good as the one based on the explicit solution and much
better than the one step Euler prediction.

A* must not be too small.

Prediction with Euler for t* > ty in one step leads to
approximation errors.

TU Dortmund University ‘ Prediction for Stochastic Growth Processes, 3rd GAMM Workshop on UQ



Bayesian Prediction
0000000000 e

Prediction in the Hierarchical Model

For the prediction of Yi+(¢) in ]
= take samples ¢}, and *y,%*, k=1,...,K from the Gibbs sampler
= choose sampling partition t)y, =70 <71 < ... <Tpm = t]

m start presented prediction procedure in the last Euler
approximated observation variable, i.e.,

v = v k=1, K

m resulting samples Y,\*ﬂ(l), e Y,\*J(K) simulate the predictive
distribution of the Euler approximation of Y¢:(¢/)
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Application
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The Data

15 20 25 30
!

cycle counts / 10000

10
L

T T T T T
10 20 30 40 50

crack length

Figure: 68 series resulting of experiments with aluminum alloy, Virkler et
al. (1979), independent variable: crack length

Katja Ickstadt, TU Dortmund University ‘ Prediction for Stochastic Growth Processes, 3rd GAMM Workshop on UQ ‘ 2



Application
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Paris Erdogan law

The Paris Erdogan law for crack length a:
da(t)
dt

= 013(1.’)92.
For 6, > 1:

a(t) = {0102 — 1)(0o — £)} 7

for some g with t < 6.
For the specific data set of Virkler et al. (1979), the inverse
function is given by:

1
f(t)=a *(t) =0 — ——t "
()= a7 (1) =t~ 5y
with corresponding derivation that leads to the differential equation
df(t) 1, f6—1 1 44 6-1 .
i 6t Tt ne-n (6o = £(2))-
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Application
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Other Functions in Comparison

Logistic:
A 1 A
f(t7¢)_1+Be_Ct' b(¢,t,y)—Cy(1_Zy), y0(¢)_1+B
Weibull:

f(t,8) = A—Be ", b(p,t,y) = CDEP Y A—y); y(¢)=A—B
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Results

. 3 . 3
g o | £ o]
e o g o
S g
¢ 3 £ 2q
O« | — Logistic O o | — Logistic
S —— Weibull S —— Weibull
o | — Pars o | — Pars
° T T T T T T ° T T T T T
25 30 35 40 45 50 25 30 35 40 45 50
crack length crack length
(a) hierarchical regression model (b) hierarchical diffusion model

Figure: Coverage rates
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Application
[e]e]e]e] o)

Results

P ————
<+ o N
L Logistic @ 7
3 — Weibull &
§ « o — Pars ‘§ B
< < — Logistic
o 3 — Weibull
— Paris
T T T T T T T T T T T T
25 30 35 40 45 50 25 30 35 40 45 50
crack length crack length
(a) hierarchical regression model (b) hierarchical diffusion model

Figure: Average sizes
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Prediction for the First Series

g s 4
g g "
g 8 g .
g .| ; -
S & ogistic S Q- — Loqislic
e . : =
- o first data series R o first data series
T T T T T T T T T T T T
25 30 35 40 45 50 25 30 35 40 45 50
crack length crack length
(a) hierarchical regression model (b) hierarchical diffusion model

Figure: Prediction intervals for the first series

Katja Ickstadt, TU Dortmu i Growth Processes, 3rd GAMM Workshop on UQ



Summary

Summary

m Non-linear regression models for predicting crack growth have
been used before

m Our Bayesian prediction approach for diffusion models based
on the Euler approximation is new

m For the data set of Virkler et al. (1979) the advantage of the
SDE model turned out to be very small

m Alternatives: other variance functions s; and s

m Possible extensions: transfer of theory to other approximation
schemes than Euler
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Summary

Simulation Study for the Gompertz Process

With ¢ = (A, B, C) and the example SDE

dYy = BCe Y, dt +~vY;idW;, Yo=A-e B
we get the explicit solution

Yi(¢) = exp (Iog(A) — Be ¢t — %’yzt + nyt>

and can compare the proposed method with the pointwise
prediction based on the explicit solution.
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Summary

Prediction Based on the Explicit Solution

It is
|0g( Yt*)‘ |Og( YtN)7 d)v ’72 ~
. 1
N (Iog(vm) — B(em " — &) — So2(t" — ), 22(t" tN))
= predictive distribution

p(log(Y:-)

- / p(log(Yer)| 10g(Yar), 6, 72)P(6:72] Yoo You) d(:77)

Yoo Yon)

K
1 * *
~ue D pllog(Yer)| log(Ye,). é%. 7%")
k=1
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Simulation Settings

m draw 1000 series with the explicit solution in
to=0,...,t100 =1

m truncate the series, use the first 81 points for the estimation
and the last 20 for prediction (t* € {ts1, ..., ti00})

m estimate ¢ and 2 with the explicit solution (K = 1000

samples)
m predict
o with the explicit solution
o with Euler and A* = 0.01 as in the observation variables
o with Euler and A* = 0.001 for comparison
o with Euler and M =1, i.e., no partition of the interval, to

check whether there are any approximation errors
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Example, one Series

o
o simulated data series
o |
oo,
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o
oo o0,
o
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oo
Uuﬂoqauuo
o
000
© 1 UDUDQQQODDOGDDDUOQDQOGDGODD
T T T T T
0.0 0.2 0.4 0.6 0.8 1.0

Summary

Katja Ickstadt, TU Dortmun

Prediction for Stochastic Growth Processes, 3rd GAMM Workshop



Example, one Series

@ o
o simulated data series
explicit
— Euler
© ——— Euler, fine partition
—— Euler, one step
00
. o 09, 00 ©
) 0 0O te.n
DUDOGDUOQDUDOO ° B
o0
o
50
~ o
500
£000°°%°
600000
° Emaauannuanoﬂoﬂuﬂouaononosoﬂo
T T T T T T
00 02 04 06 08 10

Figure: Pointwise prediction intervals for the four 9 different methods,
first with the explicit solution, second with Euler and A* = 0.01, third
with Euler and A* = 0.001 and fourth with Euler without any partition

Summary
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Summary

Example, one Series

o - o simulated data series
explicit

Euler

Euler, fine partition
Euler, one step

8
L
T

Figure: Pointwise prediction intervals for the four 9 different methods,
first with the explicit solution, second with Euler and A* = 0.01, third
with Euler and A* = 0.001 and fourth with Euler without any partition
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Coverage Rates

o
T @
s o
<3
g
o 9~
3 o
3
© _| — explicit
< — Euler
—— Euler, fine partition
w _| —— Euler, one step
=)

T T T T
0.85 0.90 0.95 1.00

Figure: Coverage rates for the four different prediction methods, first
with the explicit solution, second with Euler and A* = 0.01, third with
Euler and A* = 0.001 and fourth with Euler without any partition
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Mean Interval Sizes

explicit
Euler
Euler, fine partition
Euler, one step

interval sizes
4
1

0.85 0.90 0.95 1.00

Figure: Interval sizes in average for the four different prediction methods,
first with the explicit solution, second with Euler and A* = 0.01, third
with Euler and A* = 0.001 and fourth with Euler without any partition

‘ Katja Ickstadt, TU Dortmu versity ‘ Prediction for Stochastic Growth Processes, 3rd GAMM Workshop on UQ ‘ 41/41



	Model Introduction
	Bayesian Estimation
	Bayesian Prediction
	Application
	Summary

