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Abstract. An optimal control problem for 2d and 3d Stokes equations is investigated with pointwise
inequality constraints on the state and the control. The paper is concerened with the full discretization of the
control problem allowing for different types of discretization of both the control and the state. For instance,
piecewise linear and continuous approximations of the control are included in the present theory. Under certain
assumptions on the L°-error of the finite element discretization of the state, error estimates for the control are
derived which can be seen to be optimal since their order of convergence coincides with the one of the interpolation
error. The assumptions of the L°°-finite-element-error can be verified for different numerical settings. The
theoretical results are confirmed by numerical examples.

1. Introduction. This paper is concerned with the finite element discretization for the following
linear quadratic optimal control problem subject to the Stokes equations and additional constraints on
the control and the state:

1
minimize  J(v,u) := 3 / |v — 2|2, dx + % / |ul3a d
Q Q

subject to —Av+Vp=wu 1in
(P) V-v=0 1in
v=0 onl:=00

and wve K cL®®)?
a<u(z)<b ae. inQ,

where u denotes the control, v and p are velocity and pressure, respectively, and z is the given desired
state. Furthermore, Q C R%, d = 2,3 is a bounded domain with boundary I and o > 0 is a given number.
Moreover, a,b € R? are given vectors, whereas K denotes a closed and convex subset of L> (€)%, where
Q' is a fixed (not necessarily proper) subset of 2. Possible examples for K are box constraints for v or
restrictions on the Euclidian norm of v, i.e.,

KW = {ve L®Q) v, <v(x) < vy ace. in Q'}
K@ = {v e L>(Q)|v(z)[3: < 0 a.e. in '}

with given bounds v, v, € R%, and o > 0. In view of the no-slip conditions on the boundary, it might be
reasonable to require the state constraints only in the interior of ). The presented theory is applicable
for both cases, i.e. ' # Q and Q' = Q.

It is well known that, if certain constraint qualifications are satisfied, then the generalized Karush-Kuhn-
Tucker theory allows to derive first-order necessary conditions that include the existence of Lagrange
multipliers associated to the state constraints in (L°°(€')%)*, i.e., the dual of L>(Q')¢ with respect
to the inner product of L2(Q")? (cf. [35] or [7]). This lack of regularity of the multipliers complicates
the numerical analysis of state-constrained optimal control problems. Nevertheless, in the recent past,
some progress has been achieved concerning the finite element error analysis of state-constrained elliptic
problems. We exemplarily mention Casas [8], where a semilinear elliptic control problem with finitely
many state constraints is considered, and Casas and Mateos [9], where convergence of a finite element
discretization for state-constrained semilinear elliptic problems is proved in a general setting. Moreover,
we refer to Deckelnick and Hinze [14, 15], where a variational discretization of state-constrained elliptic
problems is considered, and to [17] for problems with pointwise constraints on the gradient of the state
variable. Furthermore, in [16], Deckelnick and Hinze also investigated piecewise constant approximations
of the control in the presence of pointwise state constraints and obtained an order of convergence of
h|logh| in the two dimensional case and h'/? in case of three dimensions. Afore, slightly worse results
for the same setting are proven in [30] by employing a completely different analysis.

In this paper, we show that the analysis of [30] can be transferred to the Stokes equations and piecewise
linear and continuous ansatz functions for the control. In particular, the use of piecewise linear ansatz
functions requires to significantly modify the theory presented in [30], which is performed by using a par-
ticular quasi-interpolant introduced by Carstensen in [6]. Moreover, to deal with different discretization
techniques for the Stokes equations, we have to allow for discrete states which may not be feasible for the
continuous problem. This constitutes another significant difference to the existing theory. The presented
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analysis covers results for different settings such as for instance the following: Let Q € R? be a convex
polygon and Q' be strictly contained in Q and suppose that the Stokes equations are discretized with the
Taylor-Hood element, while we use piecewise linear ansatz functions for the control. Then there holds
for every € > 0

@ — @nllr2e0)2 + |0 = Onll a2 + 1P — Dull 20y < C RS,

where (@, ,p) is the solution of (P), while (@, 0y, pr) denotes the solution of its discrete counterpart.

To the authors’ best knowledge, this is the first note that deals with the discretization error for the
optimal control of the Stokes equations in the presence of pointwise state constraints. There are several
papers considering finite element discretizations of the unconstrained optimal control of the Stokes and
Navier-Stokes equations (see for instance [3, 13, 24, 25]) as well as contributions for the purely control-
constrained case [32]. However, the analysis in case of pointwise state constraints differs significantly from
these settings since, among other things, optimal L°°-error estimates for the finite element discretization
of the Stokes equations are required.

The paper is organized as follows: after stating the main assumptions and known results for the continuous
problem (P) in the following section, we introduce a general framework for a discretization of (P) in
Section 3, which covers different concrete discrete schemes. Thereafter, in Section 4 we discuss some
special interpolation results to be used in Section 5, where a priori error analysis for the problem under
consideration is presented. Finally, Section 6 is devoted to concrete discretization schemes and their
practical realization, whereas the numerical examples are presented in Section 7.

2. Notation and Assumptions. In all what follows, |z|ge = (Zle 22) /2 denotes the Euclidian
norm and inequalities of the form z < w with w,z € R?, are understood componentwise. Moreover
the natural inner product of L*(2)% and the associated norm are abbreviated by (-, ) := (-, ) p2(q)e and
Il -1l :== 1 - lL2()e. Furthermore, we introduce the Hilbert spaces

Vi=Hj()?% L:={peLl*(Q) /Qp(x) dz = 0}.

Throughout this article, let o be a real number satisfying 1 < o < d/(d — 1). Then we define the
conjugate exponent by o’ = o/(o — 1). In addition, W, denotes the Sobolev space W17 (Q)?, whereas
we set Vo := L>(Q')%. The dual spaces associated to W, and V,, with respect to the inner product of
L2(2)% and L2(Q)%, respectively, are denoted by W} and V.

ASSUMPTION 2.1. On the quantities in (P), we impose the following conditions:

Q is an open, simply connected domain Q C R%, d = 2,3, while Q' denotes an open subset of €.

[
e K is a closed and convex subset of L>()')?
° a,bERd with a < b
o z € L2()4
Let us introduce the variational formulation of the Stokes equations by

(Vo,Vo) = (p, V- 9) + (V-v,0) = (u,0) V(p,¢0) €V x L. (2.1)

It is well known that, for a given right-hand side u € L2(Q)9, there exists a unique solution to (2.1)
and the associated solution operator, denoted by G : u + (v,p), is continuous from L?(Q)? to V x L.
Moreover, we introduce the control-to-state operator S: L?(Q)¢ — V which maps the control variable
u to the velocity component of the solution Gu, i.e., S: u — v. Sometimes S and G are considered
in different spaces (e.g. L>(Q')9), for simplicity also denoted by S and G, respectively. Based on the
control-to-state operator, we define the reduced control problem by:

i =J(S
Lo f(u) = J(Su,u)

(P) st. Sue K
a<u(z)<b a.e. in .

We assume the following mapping properties of S:
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ASSUMPTION 2.2. There is a positive number ¢ < d/(d — 1) such that S continuously maps Wr =
(Whe (@) to W (Q)4 for all o € [7,d/(d — 1)[. Hence, due to &' > d, Sobolev embedding theorems
give

S LA W - W Q) Vo Vo el[a,d/(d—1)]. (2.2)

For the rest of the paper, let o be a fixed, but arbitrary number in [7,d/(d — 1)[. We point out that, if
has a smooth boundary, then (2.2) is satisfied, see Temam [34, Ch. I, Prop. 2.3]. Furthermore, in case of
Lipschitz domains, (2.2) is proven in three dimensions by Brown and Shen [5, Theorem 2.9] and, under
certain conditions on the Lipschitz constant of T' (the angles in the corners should not be too acute),
Galdi et al. proved (2.2) for two and three dimensions [22, Theorem 2.1].

As already mentioned in the introduction, a certain constraint qualification is needed to derive the
existence of Lagrange multipliers by means of the generalized Karush-Kuhn-Tucker theory. Here, we rely
on

AssUMPTION 2.3 (Slater condition). There is a @ € L>(Q)? N W,, satisfying

Sue€int K
a <d(x) <b ae. in Q.

In order to state necessary optimality conditions for the solution of (P) we introduce the set of admissible
controls which incorporates both the control and the state constraints:

Uad := {u € L)%Y a <u(z) <bae. inQ, Suc K}.

THEOREM 2.4. Under Assumption 2.3 there exists a unique solution of (P), denoted by 4. This solution
provides some additional regularity, namely u € W, and satisfies the following variational inequality

(Su—z,Su—Su)+a(@,u—1u)>0 Vu€Uuyg (2.3)

where Uyq is defined as above.

Proof. The existence and uniqueness result is standard. To show the additional regularity of @, we
make use of the generalized Karush-Kuhn-Tucker theory (cf. Zowe and Kurcyusz [35]). To this end, set
v = S(u). Under the Slater condition in Assumption 2.3, the generalized KKT theory guarantees the
existence of a Lagrange multiplier i € V such that @ satisfies

=1, { - é S*(E2(v— 2) + Exoft) } (2.4)

with the adjoint operator S*: (W17 (Q)%)* — W, (see Assumption 2.2). Moreover, Ey: L2(Q)? —
(W' (Q)4)* and Ex: V3 — (W' (Q)7)* are the associated embedding operators. Furthermore, IIj, 4
denotes the component- and pointwise projection operator on the interval [a,b]. Since this projection
operator maps W, to itself, we have u € W,. Finally, the derivation of the variational inequality follows
standard arguments. O

REMARK 2.5. We point out that the convergence analysis, presented below, does not involve dual variables,
i.e., the adjoint state or Lagrange multipliers. In this context, the existence of Lagrange multipliers is
Just required to guarantee the additional regularity of u which is needed for the derivation of interpolation
error estimates (see Lemma 4.4 and 4.5 below).

3. Discretization. Now we turn to the discretization of (P). First, let us introduce a family of
meshes {7;,} with mesh size h > 0. The mesh 7}, consists of open cells T' (triangles, tetrahedra, quadri-
laterals, hexahedra) such that

o=\ 1

TeT),
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fulfilling usual assumptions on the finite element mesh, see, e.g., [4]. Notice that this implies that the
cells lying on the boundary of Q may be curved if T" is smooth (see Section 6.1 for details). The mesh
size is defined by

h:= max hy  with  hp = diam (7).

With each T' € 7}, we associate the diameter of the largest ball contained in 7', denoted by Rp. We
suppose the following regularity assumptions for {7, }:

ASSUMPTION 3.1. There exist two positive constants p and R such that

hold for all cells T' € Up>o7T},.

To each mesh, we associate finite dimensional subspaces of V' and L, denoted by V}, and Lj. The discrete
counterpart of (2.1) is then given by

(Von, Veon) = (0n, V- on) + (V- on, ¥n) = (u, o) Y (@n,¥n) € Vi X Ly, (3.1)

with associated solution operator Gru = (vn,pp) € Vi, x Lp. Concrete choices for the pairs (Vy,, Ly),
allowing for existence of the solution operator Gy, will be discussed in Section 6. Analogously to above,
we define the discrete control-to-state operator S, mapping given control u to the velocity component vy,
of Gru. In all what follows, we rely on the following conditions on S}, that will be verified in Section 6
for different settings.

ASSUMPTION 3.2. The following error estimates hold true

|Su— Shullv,, <cd(h)l|ullpeeq)e (3.2)

with some function §: RY — RT satisfying 6(h) — 0 if h | 0, and a constant ¢ independent of h and u.
Next, we turn to the discretization of the control. To this end, we define the associated ansatz functions.

ASSUMPTION 3.3. Let n € N be given and suppose that n ansatz functions ¢; € L>*(Q), 1 < i < n, are
given such that for everyi € {1,...,n}

max ¢;(x) =1, ¢i(x) >0 a.e. in Z(bz(:zr) =1 a.e. in Q. (3.3)

€ i1

Moreover, we assume that the patch w; := supp ¢; is a set of positive measure and contained in the union
of M; adjacent cells that share at least one common vertew.

Notice that Assumption 3.1 implies the existence of a constant M € N, independent of h, such that
M; <M for alli € {1,...,n}.
REMARK 3.4. If Q is a polygon (d =2) or polyhedron (d = 3), the assumptions on the ansatz functions

i, i =1,...,n are clearly fulfilled for different common finite elements such as:

e piecewise constant elements,
e linear finite elements in case of triangles and tetrahedrons, respectively,
e bi-/trilinear elements for quadrilaterals and hexahedrons, respectively.

The assumption ¢;(x) > 0 a.e. in ) is not needed for the derivation of interpolation error estimates, but
for the feasibility of interpolated controls (see Lemma 5.5).

The discrete control space is given by Uy, := span {¢; |1 <i < n}?. Now we are in the position to define
the discrete counterpart to (P):

i f(u) o= J (S un, un)
(Ph) s.t. Spup € K,

a<up(x)<b ae. in Q.



Optimal Control of the Stokes Equations 5
Notice that (Pp,) is not a fully discrete problem, since K and z are not discretized. The discretization of

K and z is postponed to Section 6.3. One shows by standard arguments:

THEOREM 3.5. Assume that the feasible set for (Pp) is not empty, i.e., there exists a discrete control
up € Up with a < up(x) < b ae. inQ and Spup € K. Then there exists unique solution of (Pp), denoted
by up, € Uy, which satisfies the following discrete variational inequality

(Spup, — z, Shuh—S’hah)—i—a(ah, up —up) >0 Yuy € U:d (3.4)
with

Ul = {un, € Upla < up(z) < b ace. in Q, Spup, € K}

4. Interpolation estimates. In this section we discuss some interpolation estimates for functions
in W,. For the error analysis in the next section we need an interpolation operator which provides
interpolation estimates of optimal order among other things in negative Sobolev norms (cf. Lemma 4.5)
and additionally has the following property:

a<u(z)<bae inQ = a<u)(z)<ba.e. inQ. (4.1)

To this end we consider the quasi-interpolation operator introduced in [6]. For an arbitrary u € L'(Q),
the construction is as follows:

yu = Z i (u) @i, (4.2)

where

B fwi ug; dr
Analogously, the quasi-interpolation operator for vectorial quantities is defined componentwise for sim-

plicity also denoted by IIj,. The property (4.1) is obviously fulfilled due to the above construction and
Assumption 3.3.

(4.3)

i (u)

In the following we discuss error estimates for u — Il u in different norms on the computational domain
Q c R d=2,3. To keep the discussion concise, we argue for a single component for the rest of this
section. The results for vectorial quantities immediately follow from norm equivalence in R9.

LEMMA 4.1. For each i € {1,...,n}, there is a constant ¢; which may depend on diam w; such that
=7 (W)|| L2y < €l Vullpsq,) Yue WH(w)

foralld2—J"f2§s§2.

REMARK 4.2. The condition s > % is required for the embedding W'+ (w;) — L2(w;). It obviously
holds:
2d d
— < — d=2,3.
dv2<a-1 fri=®

Proof. Leti € {1,...,n} be arbitrary. For the proof we use an indirect argument. If the proposed assertion
is false, there exists a sequence {uy} C Wi (w;) with

1
||u;€ — Wi(uk)HL%wi) =1 and ||Vuk| Ls(wi) < T Vk e N.

We consider vy, = ug, — m;(uy) and obtain in view of Vr;(ug) =0

VkeN. (4.4)

el

”'Uk”L?(wi) =1 and ”vvkl|LS(wi) <
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Therefore, thanks to s < 2, {vy} is bounded in W*(w;) and there exists a subsequence denoted again
by {vi} with

v — v in WS (wy)
and therefore
v — v in L (w;).
Due to (4.4), Vuy, is a Cauchy sequence in L*(w;) and therefore
v — v in W (w;).

Hence, Vv = 0 and v = const. Moreover there holds by the definition of ;:

/ vp@; dr = 0,

/ vo; dr = 0,

which implies v = 0. Due to the embedding W*(w;) — L?(w;), we have vy — v in L?(w;) and therefore
lv]|22(w,) = 1. This is a contradiction. O

and therefore

LEMMA 4.3. There is a constant ¢ which is independent of h such that
= ()| 2wy < RGN |Vl o) V€ WH(w))

for allie{1,....n} and all d2—f2 <5< 2.

Proof. The proof uses the assertion from Lemma 4.1 on a reference patch w; and a standard transformation
argument. For convenience of the reader, we shortly sketch the arguments for a domain with polygonal
(d = 2) or polyhedral (d = 3) boundary and the case of triangles and tetrahedra, respectively. Let w;
be an arbitrary patch consisting of the cells Tj(z)7 j=1,..,M;. As mentioned above, M = max;{M,} is
bounded independently of h. To each patch w;, we associate a reference patch w; whose vertices lie on
the surface of the unit ball in R?. Moreover, it consists of M; congruent cells Tj(z). Due to M; < M, the

number of possible references patches is finite and they can be constructed such that |TJ(1)| is bounded

from below and above by constants independent of h. Now denote by F;, F;& = x, the bi-Lipschitz

transformation from w; to w;, and set F j(i) = Fl-|T<i), i.e. the affine-linear transformation from Tj(i) to
j

Tj(i). Analogously to (4.3), let 7; be defined by

_ f@h q;ivd‘% - fa, (¢i°Fi)Udi'

i

#i(v) = I bidi [ dioFide

where (;ASl denote the ansatz function on ;. Then, due to uo F; € Wl’s(dji), we obtain

flu— ﬂ—i(u)H%?(wi) = Z

Day — () i
2 |T(l)| (u(F] ) m(u)) di
=
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with a constant ¢ > 0 independent of h. If quadrilaterals or hexahedra are used, one argues analogously
using suitably defined reference patches. In case of smooth boundaries, where F9 is not longer affine-
linear, the result follows from similar transformation arguments known from the theory of interpolation

on curved domains (see [2, Lemma 2.3]). o
LEMMA 4.4. There is a constant ¢ which is independent of h such that

lu — Mpul 20) < chd(E=1)+1 [Vullpe) Yue WH(Q),
with 24 < s < 9.

a+2
Proof. For all v € L?(Q2), we find

(u—Tpu,v) = <uz¢z Zm )i, )Zi/ u—m;i(u)) ¢; vde,

i=1 i

l l .
< R BN Tul| ey 0] 22

i=1

< entlit)s (

Using the fact that % > 1 since s < 2, we have

1/s n 1/s
) <Z ||U|SL2(wi)> .
i=1

s/

n n s’ 2
S/ 7

> lollzewy = D (0132, ) (Zuvm ) .

i=1

i=1
Hence,
1_1
|(u — Hh’u, ’U)| S Chd(Q 3)+1 ”quLS(Q) ”’UHLQ(Q)'

Notice that Assumption 3.3 implies Y., HVwHLq (w) S € ||Vw||%q(m for every w € Wh4(Q) and every
1 < ¢ < 0. Setting v = u — IIu, we complete the proof. O

LEMMA 4.5. There exists a constant c, independent of h, such that
|u = pullws @) < ch2d(3=3)+2 [ullwre@) YueWhs(Q)
with 24 < 5 < 2.

a+2
Proof. We consider for all v € W15(Q):

(U_Hhu ’U ( Z¢z Zﬂ'z ¢17 >—Z/(U_7T1(u)>¢zvdxa

where we have used Z?:l ¢; = 1 and the definition of II;. Due to definition of 7;, we have

/Mm—m-(u)wid:c—o,

and therefore we continue with

n

(u — Mpu,v) = Z/(u —7i(w)) ¢i (v —m;(v)) dx

< eh?ME3=92 37Vl ooy V0]l o)

i=1

< o)+ (

o -

)
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Using the fact % > 1 since s < 2, we obtain

!
s
n

Lo(w) = Z (HVUHSLs(wi)) < (Z |VU|SLs(wi)>
1=1

i=1

> IVl
i=1

such that

1
|(u — Tyu, v)] < ch243—%)+2 <Z |VU||is(wi)> <Z ||VU||$LS(M)>
=1 i=1
< B2 G942 [ufl e @) [0 llws@)-

This completes the proof. O
LEMMA 4.6. For every u € L*(2), there holds

ITTn wll Loo () < [Jull Loo(q)-

Proof. In view of (4.3), we obtain
[mi(w)] < ullpe) Vie{l,..,n}.

Together with (3.3), this implies

Zm(u) ¢i(z)

< max{mi(u)} 3 6i(x) < Jull ey V€9,
=1

which gives the assertion. O

5. Convergence analysis. With the above results at hand, in particular Lemma 4.4 and 4.5, one
can extend the theory from [30] to problem (P). The analysis of [30] is mainly based on the existence
of functions ug € Up, and u. € U which are feasible for one of the problems (P) or (Pj), but in some
sense close to the solution of the other problem. In [30], the proofs are presented for the case of box
constraints on the state. With the help of the support functional, the arguments can easily be adapted
to the more general state constraint in (P). For convenience of the reader, this is demonstrated in the
following section. We characterize the convex set K by means of the support functional: since the interior
of K is not empty by Assumption 2.3, the supporting hyperplane theorem implies

itk = () {veVel(n, v)verve <sw} (5.1)
eV, n#0

where s : V3 — R denotes the support functional, i.e. s(11) = sup,¢ g {(1t, v)vz v, (see, e.g., Luenberger
[29]). Hence, in view of Assumption 2.3, there is a 7 > 0 such that

Wy Sthyveve <s(u) =7 VpeVL,u#0. (5.2)
Recall that o is a fixed, but arbitrary number in [7,d/(d — 1)[ and W, = W1 (Q).
DEFINITION 5.1. Given o € [7,d/(d — 1)[ and h > 0, we set
(o, h) = hzd(%—g)ﬂ
B(o, h) :=max{n(o, h),5(h)},
where §(h) is defined as in Assumption 3.2. Moreover, we define

Ue = Up + 0 (h) (@ — tp)
ug =+ vq 6(0’, h)(Hh u — 11, 1_1,),
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with constants v.,vq4 > 0 defined in the subsequent.

LEMMA 5.2. There exist a constant v. independent of h and an hy > 0 such that the function u. is
feasible for (P) for all h < hy.

Proof. First we show Swu. € K. To this end, let u € VX, i # 0, be arbitrary and define

1

e
lleallves

such that |||

vz = 1. Then, one obtains

—~

I/\ ININ =

s Suc)ve v, = (1 —=7e6(h)){fi, Stn)vs v, +7e0(h) (i, St)vs v,
(L=~8(h) [(it, Snanyve va + (s (S = Sn)tn)ve vio | +7e0(h) (s() — 7)
s(f) =70 (h)T + (L =y d(h) N allve 1(S = Sh)anllv..

s(f1) = 6(h) (yer — (1 = 7eb(h))|[an | Lo ()

where we used Assumption 3.2, (5.2), and the feasibility of uj, for (Pp,) which implies (@i, Sy an) < s(f).
In view of the control constraints in (P), we obtain for the second addend in the last inequality

(5.3)

YeT = ¢(1 =70 (h))[[an| Lo (@) = veT — ¢ max{|al, |b]}
such that (i, Su.) < s(f) is fulfilled if we choose 7, > ¢ max{]al, |b|}/7. Hence, u. satisfies

(s Suehve vee = lpllve (s Sue)vz vie < llpllvy s(i) = s(w),

since the support functional is clearly sublinear. As p was chosen arbitrary, (5.1) implies Swu,. € K if
~e > ¢ max{|al,|b|} /7. Furthermore, if we choose h small enough, then u. is a convex linear combination of
two functions in {u € L=(Q)?|a < u(z) < b a.e. in Q} and therefore also satisfies the control constraints
in (P). Consequently the assertion holds true. |

To prove a similar result for the other direction, i.e., the feasibility of u4 for (P}, ), we need some auxiliary
results which are presented in the subsequent.

LEMMA 5.3. Suppose u € W, is given. Then
[S(u =1y u)llv, < enlo,h) |lullw,

holds true with a constant ¢ only depending on €.

Proof. The mapping properties of S in Assumption 2.2 imply
15 (u =Ty w)llvee < e ISl cows wrer@)ay lu =T ullw; < enlo,h) [[ullw,,

where we used Lemma 4.5 and the definition of 7. O

LEMMA 5.4. Let ji € VZ with ||fillv= =1 be arbitrary. Then, for every u € Wy N L>°(Q)?,

(i, Shllpuyve v, < (i, Suhve v, + ¢ B(o,h) (Jlullw, + [[ul| o))

is satisfied with a constant ¢ > 0 independent of h and w.
=1, we find

Proof. In view of ||a||v

(i, Sp Il u)ve v,
= (i, Sz v, + (1, STpu—u))ve v + (i, (Sh— S pupvse,ve
<A@, Swyve vio + [|@llve 1S(Mpw —u)lve, (Sh = S)p ullva,
< (@i, Supve .. + ¢ (n(o,h) [[ullw, + 8(h) [lu]l o))

V*

where we used Lemma 5.3, Assumption 3.2, and Lemma 4.6. With the definition of 3 (cf. Definition 5.1),
the assertion is verified. 0
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LEMMA 5.5. There exist a constant vq depending on @ and o, but not on h, and a mesh size hy so that
ugq is feasible for (Py) if h < ha.

Proof. Let pn € VX again be arbitrary and define i = u/||u|
to (5.3), we estimate

v as in the proof of Lemma 5.2. Similarly

(i, Shud)vz va
= (1 —~aBlo.h))ii, Splpu)vs vo, +vaBloh) (i, Spllp @)y v,

< (1= aBlo,h) [{t, Sy v +eB(oh) (llhw, + ]l 1w oye) |

9aBo. W) [, S i) v +eBlonh) (lallw, + ] @)

IN

s(jz) — p(o, h) [%ﬂ' —c(llallw, + lall L@ + lallw, + [[dll @) )}

= Cy

Hence, if we choose 74 > cc, /T, then one obtains (fi, Sp ug) < s(ft) which gives in turn S, uq € K by
the same arguments as in the proof of Lemma 5.2. Notice that 4 is independent of h, but depends on
||@|lw, and therefore on @ and o. Moreover, we have that

a < (Mpu)(z) <b ae. in
see (4.1). Hence, the same arguments as in the proof of Lemma 5.2 give
a<ug(r) <b ae. in

if h is sufficiently small. Since uq € Uy, by construction, we therefore end up with u, € U,. |
Now we are in the position to prove our main result which reads as follows:

THEOREM 5.6. Let @ and ap, denote the optimal solutions of (P) and (Py), respectively. Then, under
Assumptions 2.1-2.83 and 3.1-3.3, the following estimate holds true

1% — anl| + S @ — S anl| < C v/max{n(o, h),6(h)}

with a constant C' > 0 which depends on u and o, but not on h.
Proof. Based on a technique introduced in Falk [20], it is shown in [30] that the variational inequalities
(2.3) and (3.4) imply
1
3 i —anl? + S 1@ — Sy anl”

<ec [Huh —all>+ (lalw, + 1S —z|)(lu— anllws + llun — llw:) (5.5)

+ [lun = allfy,; + [1(S = Sh)unl|?
+||Sa— Z||(||(S — Sp)ap| +1(S = Sh)uhH)} Vu € Uyg, up € U;ld'

Here, the constant ¢ depends on «, but not on u, 4y, u, and up. Thanks to Lemma 5.2 and 5.5, we are
allowed to insert u = u. and up, = ug in (5.5). Then, by means of Lemma 4.4 and 4.5 and the definition
of (3, we obtain

ug — ull < || TMpa — all +vq B(o, h) [|[TTpt — Tal

) ) (5.6)
< c(llallw, + llallw, ) max{y/n(o.h), B(a, 1)}
Jua = allw: < |Tpa — allws +va B(o, h) |Hpt — Iy ws (5.7)

< c(llalw, + lalw,) 8o, h).

In case of u = u., we have

[ue = anllw; < cved(h) |[@ = anllw, - (5.8)
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For the remaining expressions in (5.5), (3.2) implies
1(Sh = S)udl < cd(h) [Hpt — va 0(h)(Iptd — Hpw)|| Lo ()
< e (llull o aya + [l Lo (0ya) 5(h)

1(Sh = S)unll < ¢6(h) [[an]| L (0)e, (5.10)

(5.9)

where we used Lemma 4.6 for the estimation of the right hand side in (5.9). Notice that @ and @ are
bounded in W, and L>(Q)? due to Assumption 2.3 and Theorem 2.4, whereas iy, is uniformly bounded
in L>(Q)? due to the control constraints. Inserting (5.6)—(5.10) in (5.5) finally implies

e R R &
<c [maX{n(ff, h), B(o,h)?*} + (lallw, + S — =) (B(o,h) + 6(h))
+ B, h)2 +6(h)2 + ||Sa— 2| 5(h)2]
< C? max{n(o, h),(h)}

thanks to the definition of 3. An inspection of the proof yields that C' depends on @ and o, but not on
h. O

COROLLARY 5.7. Suppose that, in addition to the assumptions of Theorem 5.6,

1(Gh — G)ull g ()ax @) < cV(R) (|l oo ()e
is fulfilled with ¥ : R™ — RT, 9(h) — 0 as h | 0. Then, (v,p) = G and (0n,pn) = Gp, Uy satisfy

[0 = vl @)e + 1P = Drll2) < € max{d(h),\/d(h), v/n(o,h)}
with a constant C independent of h.

Proof. The proof is almost standard. The mapping properties of S imply

GV — Gronll g1 )ix L2
<||G(a — )| g1 (@yaxr2 @) + (G — Gr)anll g1y x (@)
<N Gllz2@)e,mr (@i x L2 @) 1 — @nl| + cI(R) [|Un]| Los )as
such that Theorem 5.6 yields the assertion. o
6. Concrete numerical settings. In the subsequent, several control problems and discretization
techniques are discussed that are covered by the above theory. The critical point is to verify (3.2) for
a concrete discretization such that d(h), i.e., the L*-error of the finite element approximation, is not
worse than n(o, h), i.e., the interpolation error. To keep the discussion concise, we restrict ourselves to

discretization schemes that fulfill the discrete inf-sup condition so that there is no need for stabilization.
We rely on the following assumptions:

ASSUMPTION 6.1. The spaces Vi, CV and Ly, C L satisfy the following conditions
o There is a number k € N, k > 1, such that

Vi € C(), P(T)? C Vilp, Proi(T)C Lylr YT €T, (6.1)

Consequently, there exist interpolation operators i} and i} that fulfill standard approximation

properties. In particular, ift € {0,1} and q,7,s € [1,00] are given such that W27 (2) — WH4(Q)
and W5(Q) — L4(Q), then there holds:

[V (v — i} v) || agry < ch?mtrd/a=1/m) V20| ey Vo€ W>"(T) (6.2)

Ip = & pllacry < ch V) VD) Ly Vp € W (wr) (6.3)

for all T € Ty,. Here, wp denotes the union of patches associated to the ansatz funtions that are
non-zero on T'.
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e Inverse property: For all vy, € Vj,

ol oo (rye < ¢h™% opllp2rye VT € T (6.4)
is valid.
e Discrete inf-sup condition: There is a real number v > 0 such that
) V.
sup CINALD) =27 lprll Vpu € Ln.

PrEVH HnghH

The conditions in Assumption 6.1 are fulfilled by many standard finite elements, in particular by all
examples mentioned in the following. Beside Assumption 6.1, we suppose Assumptions 2.1-2.3, 3.1, and
3.8 to be satisfied in all what follows. The aim of the subsequent sections is to verify Assumption 3.2.

6.1. Smooth domains with Q' = Q. Before we start the discussion, let us point out that we
assume a triangulation that exactly fits the boundary which is fairly artifical in case of a smooth boundary.
Moreover, we tacitly supposed that the integrals in (3.1) are exactly evaluated which is clearly hard to
implement if €2 is not polygonally bounded. Therefore, a realistic discretization would cause other types
of errors which are neglected here since this would go beyond the scope of this paper. Notice that these
problems do clearly not arise if 2 has a polygonal boundary as in case of the subsequent sections. We
apply a result of Chen [10], which requires some additional assumptions on the discretization, in particular
a local L2-error estimate of the Ritz-projection, see [10, Section 2] for details. The additional conditions
are verified by Arnold and Liu [1] for different types of finite elements such as

e all stable discretizations formed with Lagrange elements such as for instance the Taylor-Hood
element (i.e. P2/ Pi-element)
e the Mini element, i.e., the unstable P /Pi-element enriched with bubble functions.

Using a technique developed in [33], Chen proved the following result:

THEOREM 6.2. Assume that the solution of (2.1) satisfies (v,p) € Wh>(Q)4 x L>(Q). There is a
constant ¢ > 0, independent of h, v, and p, such that the solution of (3.1), denoted by (vn,pr) € Vi, X Ly,
satisfies

[v—vnllLe) < ch| log(h)|m(ng‘f/h v —wllwree @) + qien‘ﬁh llg — p||L°°(Q))7

where m =0 ifk>1andm=1if k=1.

If Q is of class C2, then G: LP(Q)? — W2P(Q)4 x WP(Q) for all 1 < p < oo (see Temam [34, Proposition
2.3]). Therefore, together with (6.2) and (6.3), Chen’s result yields

COROLLARY 6.3. For every € > 0, there is a constant c. > 0, independent of h and u, so that

[v = vallpoe e < ce B [|ul| oo (0)a-

THEOREM 6.4. For every € > 0, there holds

o o o _d_

@ — tinl r2)e + 10 = Ol oya + 10— Prllp2) < Ch*27° (6.5)
with a constant C' > 0 which depends on e, but not on h.
Proof. Let € > 0 be given. In view of Corollary 6.3, Assumption 3.2 is fulfilled with a constant ¢ depending

P d—1ve
(cf. Definition 5.1). Thus, Theorem 5.6 and Corollary 5.7 together with standard finite element results
give the assertion. 0

on ¢ and §(h) = h?~2¢. Moreover, by choosing o = max{& d }, we obtain 7(o,h) < hi=d=%

REMARK 6.5. Notice that C depends on e firstly because of the constant c. from Corollary 6.3 and
secondly due to the coupling of o and €.

REMARK 6.6. As above, let 0 = o(e) = max {5, d—;‘li-ra} with a fized, but arbitrary € > 0. Then Lemma
4.4 implies

lu — Mpull p2ys < ch®> 57 lullw, ., Yu€ W (6.6)



Optimal Control of the Stokes Equations 13

and therefore, the order in (6.5) coincides with the one of the interpolation error.

6.2. Convex domains with polygonal or polyhedral boundary. First, we consider the case
Q' = Q. In case of polygons and polyhedrons, respectively, the following regularity result is known. For
the proof, we refer to [12] and [27].

THEOREM 6.7. Let Q2 be a convex domain with polygonal (d = 2) or polyhedral (d = 3) boundary. Then,
for all w € L?(Q)?, the unique solution (v,p) € V x L of (2.1) belongs to H*(Q)% x H*(Q).

Based on this result and standard finite element error estimates, one proves for an arbitrary u € L*(Q)
9_4d
[v = vnllLee(@ya < ch™" 2 [|ul| 2(a)e,

where v = Swu and v, = S, u and ¢ > 0 only depends on §2 (see for instance [32, Lemma 3.2]). Therefore,
by setting 6(h) = h?~%? and 0 = max{,4/3} (notice that 4/3 < d/(d — 1) for d = 2,3) such that
n(8,h) < h?~4/2 Theorem 5.6 and Corollary 5.7 imply

THEOREM 6.8. Suppose that ) is a convex domain with polygonal (d = 2) or polyhedral (d = 3) boundary.
Then, we have

o o o _d
@ — @nllr2e0) + 10— Ol o) + 1B — Prllr2g) < CR'TE
with a constant C' > 0 independent of h.

Notice that the order of convergence now differs from the one of the interpolation error. The situation
changes if we restrict to two dimensional domains with polygonal boundary and a maximum angle of less
or equal 7/2. To see this, let us define the weighted L?-norm as follows:

lall2 = /Q 9(@)? s()” de, g € ()7, (6.7)

where ¢ : Q — R is defined by

¢(z) := |z — 3o|? + 62, (6.8)

with given zg € Q and 6 > h > 0.

THEOREM 6.9. Let Q C R? be a convex polygon whose mazimum aperture angle is less or equal /2.
Moreover, suppose that (Vy,, Ly,) satisfies the discrete weighted inf-sup condition, i.e. there is a constant
¢ > 0 independent of h such that, for every 6 > 0,

(Pn,V - o)

> c|log )~ |pnllc—>  Vpn € Ln. 6.9
¢nEVR |‘V¢h||§2 © ( )

Then, for every e > 0, the discrete solution satisfies
@ = anll 202 + 10 = o)l @)z + 15— Brllz) < Ch'F

with a constant C' > 0 which depends on €, but not on h.

Proof. According to a result of Mazya et al. [28, Section 5.8.1], for all ¢ € [1, oo, the solution v € (V x L)
of (2.1) belongs to W24(Q)% x Wh4(Q), provided that u € L(£2)2, and there holds

llvllw2a)y2 + Ipllwiaq) < ellullpag)?- (6.10)

Moreover, Duran and Nochetto proved in [19] that, for all discretizations fulfilling Assumption 6.1 and
(6.9), there exists a constant ¢ > 0 independent of h such that

3/ . .
lv = vn| Lo ()2 < ch|log(h)] (wlg‘f/h llv — wllywr.0 )2 + qlen\gh llg — pHLoo(Q)).

Hence, together with (6.10), (6.2) and (6.3) give the existence of a constant ¢, > 0, depending on &, but
not on h, such that for every € > 0

||1) — vhHLao(Q)2 <ce h2e HUHLm(Q)z.
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Then an argument, analogous to the proof of Theorem 6.4, finally implies the assertion. O

REMARK 6.10. The discrete weighted inf-sup condition (6.9) is satisfied by various common stable finite
elements, as proven in [19]. We only mention

e the Taylor-Hood element on triangles or quadrilaterals (i.e., P2/P1- and Qa/Q1-elements, re-
spectively)

e the Mini element

e the Crouzeiz-Raviart element of different order k > 2, i.e., the Py/Pr_1-element enriched with
bubble functions.

If the state constraints are only imposed in the interior of €, the results of [19] allow to get same the order
of convergence as in the interpolation error (6.6), even if the maximum angle is larger than /2. Notice
that, in the presence of no-slip boundary conditions, it appears natural to consider the state constraints
only in the interior of 2, as illustrated in the introduction.

THEOREM 6.11. Assume that Q is a convex polygon and let Q' C Q be given. Furthermore, we
assume that, for every h, a union of cells of Tp,, denoted by Q, exists that contains Q' and fulfills
dist(V,Q\ Q) =:d > 0 and dist(Q”,T") =: § > 0 with d and & independent of h. Furthermore, suppose
that (Vi, Lp) satisfies the discrete weighted inf-sup condition (6.9). Then, for every e > 0, there is a
constant C' > 0 depending on €, but not on h, such that

1@ — @l L2 ()2 + 10— Onll )2 + 11D = Brllz2(@) < C A2

Proof. The proof is similar to the proof of [19, Theorem 4.1]. In view of Theorem 6.7 and embedding
theorems for d = 2, we have Vv € L) for all ¢ < co. Thus, Theorem 4.1 in [21] yields for every
q € [1,00] that (v,p) € W2(Q)2 x W,29(Q) if w € LY (Q)? which is clearly fulfilled due to the control

constraints. Thus we obtain (v, p) € W*4(Q")2 x W14(Q") for all ¢ < co. Based on (6.9), it is shown in
[19] that

h? . . .
[v—vp)2-a < e 7 |log 0| (HV(U —ipv)|12 + o —ipol|?-a + lp — Z;angfz) (6.11)

holds for all § > h > 0 provided that €2 is a convex polygon. Here, ¢ and the associated norms are defined
as in (6.8) and (6.7). Recall that V., = L% (£)')2. We start by estimating

lv —vnllvy, < llv—=ipvllvy, + llvn — ipvllv.. -

Since |vp, — i¥v| € C(Q'), there is an zg € Ty C & such that [|v, — i%v|lye = |vp(20) — i¥v(z0)|. In all
what follows, we use this z( in the definition of ¢ in (6.8). The inverse estimate (6.4) implies

lvn(z0) — ihv(zo)| < [lon — dvll Lo (1)
_ . 62 .
<chHlon = igvllaen)e < e 7 lon = ipolle-s,

where the last estimate follows from the definition of || - |-« because of § > h. Now, one can apply (6.11)
and continue with

" Y » )
o = vnllvee < llo = 50l + 6110201 (V0 = i70) -2 + o - =)
ﬁ 3/2 v
te( &+ 011080172 o — il

For an arbitrary w € L*°(£2) and v > 0, we obtain

14+v/2 7(1+u/2)HL2(

[wllg-cor < ™ O L2y + [lwe

(240 1
< ||w||Lao(Q/) /Q,,g (2+ )dCC2 —|—C||1,U||L2(Q)7

Q\Q”)
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where we used the norm equivalence of ||-|| -+ and ||| .2 on Q\€Q” which holds due to dist(zg, 2\ ) >
d > 0. Together with

—(2+v) ch™, v>0
///g dx§{0|10g9|,V—0

(see [19]), it follows with ¥ = 0 and v = 2, respectively, that
v = vnllve < llv = ihollLe @2
+ 1088 (V0 — o)l @z + V(0 — i50)] 2o

+ lIp = #pll o + Ip = pll 2o )
9 -V -V
+ C(ﬁ =+ |10g9|3/2) (||U — 0| Loz + v — Zhv||L2(Q)2)-

Because of the regularity of (v,p) stated at the beginning of the proof, choosing § = h|logh| > h and
applying (6.2) and (6.3) yields the existence of a constant ¢. > 0, depending on &, such that

||’U — ’UhHVOO < ce h?—¢ H’U,HLoo(Q)z Ve > 0.

Notice that the assumption dist(Q”,T') =: § > 0 implies dist(wz,T) > 0 for all T € T;, C Q" if h is
sufficiently small. Hence, the above regularity result implies

pEWl’q< U wT> Vg<oo
TCQ

such that (6.3) applies to ||p — i} p|| o (). For the rest of the proof, we argue as in the proof of Theorem
6.4, which gives the assertion. o

6.3. Discretization of the data. Up to now, problem (P},) is no finite dimensional optimization

problem since we have not discretized the problem data, i.e., the desired state z and the set K. To this

end, let us introduce the space of linear (bilinear) finite elements Vh(l) C Vj, and a nodewise interpolant

i;ll): c(Q)? — Vh(l). In addition, we introduce a discretization of K, denoted by K, C V,. The
corresponding completely discrete problem for

up =y uidi,
i=1
for simplicity also denoted by (Py), is then given with
. 1 (1 o
min i (vn,un) = 5 [lon = 05 2l 32pe + 5 lunlFa oy
s.t. v, = Spup

and i;ll)vh e Ky,
up €Up, a<wu; <b Vie{l,..,n}

REMARK 6.12. Notice that it depends on the concrete structure of K and its discretization whether
(Pp) represents a finite dimensional optimization problem or not. In the cases, discussed in this paper,
1)

the linear (bilinear) interpolation operator i, allows to formulate (Py,) as a finite dimensional problem,
which can be solved numerically (see below).

To shorten the description, we assume in all what follows that Assumption 3.2 is fulfilled with §(h) =
ch?7¢ with a fixed but arbitrary ¢ > 0 (see Sections 6.1 and 6.2). If this is not fulfilled, the subsequent
analysis can easily be modified.
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ASSUMPTION 6.13. Beside Assumptions 2.1-2.8 and 3.1-3.3, assume that z € H?(Q)%. Furthermore, let
Assumption 3.2 hold with

§(h) = ch®** (6.12)

with some fized but arbitrary € > 0 and assume that S: L°°(Q)? — W24(Q")? for all ¢ < 0o, where Q"
1s a union of cells containing Q. Moreover, suppose that K}, is convex with associated support functional
s+ VE — R that fulfills

|s(k) = sn()| < es P~ flpllve, YieVE (6.13)
with a constant ¢s > 0. To guarantee the existence of a solution to (Py), we require the existence of a
feasible point, i.e., there is a 4 € Uy, with a < 4; <bVi € {l,....,n} and i;ll) Shup € Kp,.

REMARK 6.14. Notice that the hypothesis on S and §(h) agree with the theory presented in Sections 6.1
and 6.2 (c¢f. in particular Corollary 6.3 and the proofs of Theorem 6.9 and 6.11).

LEMMA 6.15. Suppose that Assumption 6.13 holds. Let u € L>®(Q)¢ be arbitrary and set as before
vy, = Spu. Then, for every € > 0, there is a constant ¢ > 0, independent of u and h, such that

(1 _
o — i opllvee < B2 [|ul| po (qya-

Proof. The arguments are standard. For convenience of the reader, we sketch the proof for a single
component of vy, for simplicity also denoted by vp,. Let € > 0 be arbitrary. We start by estimating

lon — it onllves < 1liD 0 = vn)lvee + [l =i vl vee + [l = va v~
with v = Swu. Similarly to Lemma 4.6, one proves

13 (0 = on)llvee < [l = vnll e r)-

Moreover, the standard linear (bilinear) interpolation operator satisfies
(1 _
lo = a5l e @) < 79 V20] oy V< o0

(cf. [4] or [2]). Thus, by choosing ¢ = d/e < oo, the mapping properties of S together with Assumption
3.2 and (6.12), i.e.

lv = wvnllvee < eh=Flull L= (o,

gives the assertion. O
THEOREM 6.16. Assume that Assumption 6.13 is fulfilled. Then, for every e > 0, the unique solution of
(Pr) satisfies

2—%—5

@ — an| + |9 = Onllgr)e + 1P = Prll2ye < Ch
where the constant C' > 0 depends on € but not on h.

Proof. Since z is sufficiently smooth by assumption, we have ||z — ig)zHLz(Q)d < ¢h?||z]| g2(q)e due to
standard interpolation estimates. In view of this, the discretization of z can easily incorporated in the
presented analysis. The underlying arguments are presented in detail in [30, Section 7]. In addition, due
to Assumption 3.3, it is sufficient to require the control constraints only in the nodes as done in (Py).
If K is discretized, then the proofs of Lemma 5.2 and 5.5 have to be modified, more precisely (5.3) and
(5.4), respectively. We exemplarily consider (5.4), the arguments in case of (5.3) are similar. Using (6.13)
and Lemma 6.15, we obtain for all fi with [|/il[v. =1

(i, 57 Shuayve v < (i, Shta)ve vee + 1S ua — iy Spuallve.
< (1) — ch® ™27 (yar — u) + ¢h?F |[ua]| Lo (e

S Sh(,&/) — Ch,27g76('}/d7- — Cy — CS);
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where ¢, is defined as in (5.4). Hence, if we choose 4 > (¢, + ¢5)/7, then the same arguments as in the
proof of Lemma 5.5 imply that u, is feasible for (P,). Again 4 depends on @ and o, but not on h. Based
on the feasibility of u. and w4, one can argue as in the proof of Theorem 5.6 to verify the assertion. 0O

Let us investigate two exemplary state constraints that are also used for the numerical tests in Section 7:
KW = {v € Vie|va(z) < v(z) < vp(x) ace. in Q'}
K® .= {v e Vellv(z)[fa < 0 ae. in Q'}.

First, we consider K| i.e., the cases of box constraints. Let us assume that €’ coincides with a union of

cells of 7, and denote the set of all nodes of 7;, by N (7). We consider the following finite dimensional
optimization problem

min  Jp(vp, up)
up€eUp

(Pgll)) s.t. v = Spup
and v p(x;) < vp(xi) <wvpn(z) Yo, € N(Tp) N
a<u; <b Vie{l,..n},

with v, = i;ll) v, and v, ;, defined analogously.

COROLLARY 6.17. Suppose that Q is a convex polygon and let Q' C Q be a union of cells of Ty, for all
h > 0. Assume in addition that Q' fulfills the assumptions of Theorem 6.11. Furthermore, suppose that
z € H2(Q)? and vy, vy € W2(Q')4. Then the solution of (Pg)) satisfies for every € >0

1@ — tnll L2 (02 + 119 = Onll @2 + 1P — Prll2) < Ch'5,

where the constant C' > 0 depends on €, but not on h.

Proof. We apply Theorem 6.16. Thus, we have to verify (6.13). To shorten the demonstration, we just

consider the upper bound v,. The case with lower constraint can be discussed analogously. Let ¢,
i =1,...,m, denote the ansatz functions associated to the linear (bilinear) interpolant i;ll). Since they are
non-negative and satisfy o;(x;) = d;;, the state constraints in (P;Ll)) are equivalent to (i;ll) op) () < wvpp(x)

a.e. in . Thus, K,(Il) is given by
K,(Ll) = {v € Voo |v(z) < wvpp(z) ace. in O}

Given an arbitrary v € KM, we define o (v)(z) == min{v(z),vp,n(2)}, hence [[v — M. (v)llv., <
h h

|lvy — vp.n|lv... Therefore we have for every u € VX

Vp — 'Ub,h”Voo Yov e K(l).

(s Vv vee < (s e (V) v ve + vz

oo

Since IT .1y (v) € K,(ll), this gives

(1)
Kh

s(p) < sn(p) + [lpllve, llvs = venllvi (6.14)

An analogous argument with I (v)(z) := min{v(z), vs(x)}, v € K,(ll), implies
<

Vb — Vb1 | Vi - (6.15)

Together with (6.14), this verifies (6.13) provided that v, is sufficiently smooth, for instance v, €
W2 ()4, The remaining conditions in Assumption 6.13, in particular (6.12), are verified by the
proof of Theorem 6.11 which gives the assertion. O

sn(p) < s(p) + lullve

Now, let us turn to K@, i.e., constraints on the Euclidian norm of v. For this case we set K,(f) =K®,
The completely discrete problem is now given by

min  Jp(vp, up)
up€Up

(P(z)) s.t. wp = Shpup
and  |op(z)3e <o Vo, e N(T) N Y
a<u; <b Vie{l,..,n}
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COROLLARY 6.18. Suppose that ) is a convex polygon and Q' C Q fulfills the assumptions of Corollary
6.17. Furthermore, assume that z € H*(Q)?. Then, the solution of (ng)) satisfies for every e >0

@ — tn| 22 + |0 — Onllm 2 + 1P — Prllrz@) < C RS,

where the constant C' > 0 depends on €, but not on h.

Proof. Similar arguments as in the proof of Corollary 6.17 together with the convexity of |'|]12§2 imply that

the state constraints in (ng)) are equivalent to |(i§11)vh)(:1:)|]12§2 < g a.e. in . Thus, Theorem 6.16 and
the same arguments as in the proof of Theorem 6.11 give the assertion. O

7. Numerical experiments. In this section we perform numerical tests in order to verify the finite
element error estimates obtained in the previous sections. The convex polygonal domain € = (0,1) % (0, 1)
was discretized using a uniform triangular mesh. Boundary conditions of Dirichlet type were imposed
on the boundary. On the upper boundary the horizontal velocity takes the value one, while the vertical
component is zero. On the remaining boundary the condition is of no slip type. This problem is known in
the literature as the ”driven cavity flow”. It is easy to see that the non-homogeneous Dirichlet boundary
conditions do not influence the above theory since the solution of the Stokes equation can be seen as a
superposition of a fixed contribution caused by the inhomogeneity on the boundary and a variable part
associated to the control to which the presented analysis applies. For the finite element discretization,
we use Taylor-Hood elements with quadratic ansatz functions for the velocity and linear functions for
the pressure. The controls were also discretized using piecewise linear polynomials consistent with the
conditions in Assumption 3.3. The discretized inequality constrained optimization problems are solved
by applying a semi-smooth Newton method as stated in [26]. The inequality state constraints are added
to the cost functional through a penalized Moreau-Yosida regularization term, see, e.g., [18]. For the
solution of the discretized systems appearing in each semi-smooth Newton step a penalty method is
applied (cf. [23, p. 125]). This method considers, for 0 < ¢ << 1, the modified Stokes system

(5) ()= (%)

where A, B, and M are the matrices resulting from the finite element discretization of (2.1), I is the
identity matrix, and v, p, and @ are the vectors for the velocity, pressure, and control, respectively. A
similar penalty scheme was used for the adjoint equations. For convergence results on this approach we
refer to [23].

The semi-smooth Newton algorithm stops if the L?-residuum of the discretized control is lower than a
given tolerance, typically set as 10~4. The method is initialized setting the controls equal to 0 and solving
successively the Stokes and the adjoint equations. With this values at hand, the active and inactive sets
are determined for the first iteration.

The resulting linear systems in each semismooth Newton iteration were solved using MATLAB exact
solver. All algorithms were implemented in MATLAB 7.4 and run on a 300 GHz machine with 24 GByte
RAM and a precision of eps=2.2204e-16.

7.1. Example 1: box constraints. First, we consider simple box constraints on the state, i.e.,
constraints of the form K. To be more precise, the state constraint is given by y; > —0.15 in Q, =
[0.1,0.9] x [0.1,0.9]. The target is to diminish the backward flow velocity and, as a consequence, the
intensity of the vortex. The desired state is given by z4 = 0. Thus, the example fits to the setting
of Corollary 6.17. The Tikhonov regularization parameter is set to o = 0.1, while we choose 10° as
penalization parameter for the state constraints.

With a mesh size h = /2 /32 the algorithm stops after 20 iterations. The horizontal and vertical compo-
nents of the optimal control are depicted in Figure 7.1, for h = v/2/64. In Figure 7.2 the active set for
the horizontal velocity component is depicted. From the graphics, the concentration of the irregular part
of the horizontal control on the active set can be observed.

In Table 7.1 the convergence history is registered. The experimental error norms for different values of
h are tabulated. We consider as optimal solution the one obtained numerically with a mesh step size
h = 1/2/160. The quantity #it refers to the number of semi-smooth Newton iterations. We observe that
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Fic. 7.1. Example 1: horizontal and vertical components of the optimal control; h = \/5/64.

1

0.8]

0.6
0.4 |

0.2]

00 0.2 0.4 0.6 0.8 1

FIG. 7.2. Ezample 1: active set for the horizontal component of the velocity; h = /2/32.

TABLE 7.1
Ezxample 1, convergence history.

V2/ho 5 10 20 40 80
#it 4 8 20 20 32
[un = u*||L2 1.1601 0.7982 0.4804 02572  0.1098

the algorithm does not appear to be mesh-independent. To illustrate the convergence behavior, we define
the quantity

 tog(lun, — wlz2) — log(llun, — u*1z2)
BOGy{u) = Toa(n) — Toa(h) 1)

as the experimental order of convergence for the L?-norm of u. Here, hy and ho denote two consecutive
mesh sizes. In Table 7.2, EOCy(u) is evaluated for the current box constrained case. From Table

TABLE 7.2
Ezxzample 1, experimental order of convergence.

V2/ho 8 16 32 64

EOC,(u) 0.5394 0.7325 0.9013 1.2280

7.2, the coincidence between the theoretical and experimental convergence order can be inferred, since
the experimental order of convergence order averages 1 — . This observation confirms the theoretical
predictions of Corollary 6.17.

7.2. Example 2: constraint on the Euclidian norm of the velocity vector. In this example,
we consider the state constraint v?(z) + v3(x) < 10~* in the center of the driven cavity. With this
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FIG. 7.3. Ezample 2: velocity vector field; h = /2/24.

constraint the norm of the velocity vector field is restricted pointwise in the domain Qg = [1—76, %]2
Hence, the example is covered by the setting of Corollary 6.18. The Tikhonov parameter is set to
a = 0.1, while we used 10° for the penalization of the state constraints. The desired state is again given
by zq = 0. The resulting velocity vector field is shown in Figure 7.3. The obstacle effect of the state
constraint can be observed in the plot. The evolution of the finite element error and of the convergence
rate as h — 0 is registered in Table 7.3. In average, the order 1 — € for the L?-norms of control can be
observed also in this example. Thus, the theoretical error estimate of Corollary 6.18 can be seen to be

experimentally verified.

TABLE 7.3
Ezxzample 2, convergence history.

V2/hso 5 10 20 40 80
#it 4 8 20 20 32
[Jun — u*[|Lz 54043  3.3571 1.6865 1.1680  0.5171
EOCy(u) - 0.6868  0.9931 0.5299 1.1755
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