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Abstract

In this acticle a semi-smooth Newton method for frictional two-body contact problems and a
solution algorithm for the resulting sequence of linear systems is presented. It is based on a mixed
variational formulation of the problem and a discretization by finite elements of higher-order.
General friction laws depending on the normal stresses and elasto-plastic material behaviour with
linear isotropic hardening are considered. Numerical results show the efficiency of the presented
algorithm.
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1 Introduction

Frictional, elasto-plastic multi-body contact problems play an important role in mechanical engineer-
ing [16] 23] [26]. The nonlinearities caused by geometric contact and frictional constraints combined
with the nonlinearity in the material law result in challenging numerical problems in forms of vari-
ational inequalities and therefore efficient solving methods are needed. In the mortar context active
set strategies have been established as powerful methods for solving contact problems of various kind
[25]. As shown in [I1I] these strategies can be interpreted as semi-smooth Newton methods. Active
set strategies for geometrical contact and frictional constraints as well as multi-body contact are an-
alyzed in [12] I5]. Linear and quadratic finite elements have been regarded in [I4] whereas plastic
yield conditions are described by NCP functions in [J]. Besides Mortar methods there exist a series
of strategies for the numerical treatment of contact problems. One approach form classical fixpoint
methods [7]. General ideas with penalty methods and lagrange multiplier techniques are described
in [I6]. A combination of both are augmented lagrage multiplier techniques [24]. Domain decompo-
sition methods as FETT techniques [§] or Dirichlet-Neumann algorithms in combination with Mortar
discetizations [I8] are efficient parallel computable solvers. By monotone multigrid constructed global
convergent solvers are suggested in [I9]. A cascadic multigrid algorithm for variational inequalities
is presented in [3]. Under the use of higher-order DG-discretizations active set strategies have been
applied to linear-elastic obstacle problems [I].

We transfer the approach of active-set strategies that have been developed for mortar methods
[12, [15] to mixed finite elements introduced by Haslinger [I0] and higher-order discretizations presented
in [4 22]. Lagrange multipliers capture the geometrical contact and frictional constraints. They are
discretized on a coarser mesh and with ansatz functions of different polynomial degree than the primal
variable. This ansatz is conforming if d-linear or d-quadratic finite elements are chosen to discretize
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the primal variable and becomes nonconforming for higher degrees. In [I7, 22] a solution scheme
for linear-elastic, frictional multi-body contact problems and higher-order discretizations is suggested.
It is based on the dual formulation of the discrete mixed variational formulation and leads to an
optimization problem in the lagrange multipliers. This problem is solved by a SQP method, which
instantiates the contact constraints as sign- and the frictional constraints as nonlinear constraints. To
include nonlinear material behaviour inside a Newton iteration a contact problem has to be solved
in every step to full accuracy. A more convenient ansatz in the context of nonlinear material is the
application of an inexact, monolitic Newton method based on active sets.

In the presented work the discrete weak formulations of the constraint inequalities are reformulated
by NCP functions in terms of equations. As premis for this proceeding we choose a convenient com-
bination of basis functions for the higher-order Lagrange ansatz spaces and quadrature rules. Within
the regarded discretization the coupling matrices are nonquadratic and nondiagonal in contrast to the
Mortar ansatz. On the other hand the construction of basis functions is easier. Concerning plasticity
we use a primal-mixed formulation in the displacements and project the stresses onto the admissible
set [2I]. The nonlinearity in the material is processed by linearization and damping strategies. We
present efficient inexact strategies to solve the arising full saddle point systems. A block triangular
preconditioner is adapted from [2] and a cheap but effective preconditioning method for the Schur
complement matrix is suggested. Representative for one time step of a quasi-static process a static
problem is regarded. A generalization to quasi-static or dynamic multi-body problems can easily be
performed [I3], [17].

This paper is organized as follows. In Section 2 we present the regarded frictional, elasto-plastic
two-body contact problem in its strong as well as mixed variational formulation. A higher-order
discretization is given in Section 3 whereas in Section 4 semi-smooth Newton methods for contact and
general frictional contraints are developed for the described mixed finite elements. Numerical results
of problems in two and three space dimensions are shown in Section 5.

2 Problem formulation

In this section we give the strong and weak formulations of the regarded frictional two-body contact
problem with an elasto-plastic material law and linear isotropic hardening. We consider two deformable
bodies Q™ with m = 1,2 in d = 2 or 3 spatial dimensions, on which volume forces f™ € L?(Q2™,R%) are
acting. Their boundaries are denoted by I'"*, m = 1,2. With the outer normal vector n on I'"* one can
define the surface stresses o, (u™) := o(u™)n. The normal part of these stresses is given by the scalar
value oy, := n'o(u™)n, whereas the tangential stress vectors are calculated by o, ; := n' o(u™)t;.
The matrix ¢t € R9*9~1 contains the tangential vectors on I',, that build an orthonormal system with
the outer normal n. Define the trace operators 7% : H(Q™) — L?(M) for M C T™ and

Hp(Q™) :={ve H(Q™)|yrm(v) =0} .

Their d-dimensional cartesian product space is denoted by V := (Hp (Ql))d x (H (QQ))d. We are
interested in the displacements v = (u!,u?) € V, which fulfill the following conditions for m = 1, 2:

e(u™)=A"c (um) +emP in Q™ (1)
—dive(u™) = in Q™ (2)
Pr - a(um)) >0 Vr with F™0(7, [e™P|p) <0 in Q™ (3)

=0 on I' (4)
on(u™) =p™ on I'y . (5)

Relation describes the material law, the relation between the linearized strain
e(u™) =1 (Vu™ + Vu™T) and the stress o(u™). The strain is split up into an elastic part A™o(u™)
with the fourth order compliance tensor A™ corresponding to isotropic material and a plastic part



e™ P, Equation ensures that outer and inner force are balanced. The deviatoric part of a tensor
7 is denoted by 7 := 7 — L trace(r)laxq and | - |p indicates the Frobenius norm. Defining the flow
function F™° (7, n) = |tP|r — (o + 4%n) with the yield stress of and the isotropic hardening
parameter ;7 the complementarity condition ensures that plastic strain only may occur if the flow
function is zero. The bodies are fixed at some closed subset of their boundary I'; C I'"* with positive
measure. These Dirichlet boundary conditions are described in equation . At parts 't C I'™ the
two bodies may come into contact. We assume that the open set I'%% fulfills 1;m C I'"\I'}. On the
remaining part of the boundaries IRy =T\ (Fm U I‘m) surface stresses p™ € L2 (1"}(}7 R%) act on each
body Q™ by relation (5). Let @ : Fc — T'Z, be an appropriate, bijective, sufficiently smooth mapping
between the contact boundarles of the slave body Q! and the master body Q2. In order to model
contact conditions we define a generalized normal vector for z € I'! by

P(z)—x 7x7é(1)($)
e(x) = J TB@ -z
5(@) := {nl(x) =-n?(x) ,r= ()

and corresponding tangential vectors ¢ € L2(I'")4*(4=1) guch that (ns(z),ts(z)) form an orthonormal
system. We define the normal jump

[0]s (2) := s, (1) (2) - 5 (@) — Yr2, (V) (D(2)) - 16 ()
and the tangential jump
[0]¢s (2) = ts(2) T, (V1) (2) — ts(2) Typz, (v°) (2(2))

on I't. The distance of Q! and Q2 is given by the gap function g(x) := |®(z) — z|. With this notion
the contact conditions, which are defined on the slave body, read as follows:

[ulns < g on I'} (6)

Onsns (ul) <0 on Fé (7)

Onsns (ul)([u]na - g) =0 on F%}’ (8)
Ons (ul) = —0%0p, (u2) on I‘lc . (9)

The bodies are not allowed to penetrate each other (6)) and only negative or vanishing contact forces
are allowed @ By the complementatity condition (8) the property that either contact occurs or the
normal contact forces vanish is modeled. Equation (9) contains the adjoint ©* of a transfer operator
O : L*(T%) — L*(T'}) which is defined by ©(v?)(z!) := v(®(z')) and ensures equality of the contact
forces on I‘lc and I%. Besides the described normal contact we regard frictional constraints on I‘lc :

||O'n6té(ul H $(Onsns( (u')) (10)
|onsts ("] < $(Tngns (u)) = [u]s; =0 (11)
lonsts Wh)|| = $(Tnsns (u')) = T € Rso : [ule; = a0y, (w) (12)
with the euclidean norm ||-||. The tangential stresses are bounded by a functional s which represents a

general friction law depending on the normal stresses of the slave body. If this threshold is not achieved
the bodies stick . Otherwise the slip condition holds and a tangential movement occurs, that
is proportional to the tangential stresses. Equations — generate a strong formulation of the
regarded static, frictional, elasto-plastic two-body contact problem.

Following [2I] we introduce a primal-mixed formulation of the frictional elasto-plastic two-body
contact problem — and project the stresses onto the admissible set by the projector

P T ’ |TD|F < U(T)n
T) 1= m m m
1 (7) ( Vito 4 (1 — Jliso _ ) 29 ) D4 %trace(r)[dxd PR > o

24T, T, ) T
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with the shear modulus p™ of the m-th body material. This yields a variational inequality in the
displacements

a(u)(p — 1) = fexi(p —u) +j(@) —j(u) >0 Vo e K
on the konvex set
Ki={veV|l.<g} C V

containing the contact conditions and with the functional

ite)= [ sliglllas

C

describing the frictional constraints. The semi-linearform a is defined by

a:VxV =R, a(v)(w) = Z / Py ((A™) " te(v™)) s e(w™)dz |
m=1

and the linear form )

foal®) = 300" + (07,0

m=1
corresponds to the external energy. Introducing the Lagrange functional,
1
g(vvunaut) = 50’(’0)(7}) - fext(v) + <:U’n7 [v]ﬂ - g> + (/Lh S[’U]t>071“}7

the dual cone

1 !
A= H(08) = ({ne HA(TE) ‘ p=0act)
and
Ap:={pe L2Te)" | ull < s}

we replace the contact and the frictional constraints and end up in a mixed formulation of the form:
Find (u, A, A\t) € V x A, X Ay such that

a(u)(v) + bn()‘nv’I)) + bt()‘tav) = fext(v) VU (S V (13)
br (i — Ans ) + b (e — Ay u) < (o, — Ay ) Vit € A, Vi € Ay . (14)

Here, the bilinear forms that include the contact and frictional conditions are defined by

bn: Ap xV = R, b (1, w) = (p, [w]n),
bt : At XV — IR,, bt(uaw) = (,U,S[U)]t)()’l"c .

3 Discretization

In this section we introduce a higher-order discretization for the described problem — that
was mentioned in [4]. Denote by ., and $By triangulations of Q,,, m = 1,2 respectively I'c with
corresponding affine transformations

Fpr:T:=[-11*>Te¢e Jhnm

and R
Fp:E:=[-1,11""1 % Ec %y.



Let S] be the polynomial tensor product space of order 7 on the reference element [—1, 1)!. We define
ansatz functions of polynomial degree p € N on body m = 1,2 by

V}f”m = {ve (Hp(Qn))? | VT € T+ V|roFpr e SHT) } =: span{¢)"}im

and the tensor space
— P1 P2
Vh = Vh,l X Vh,2 .

The cumulated dimensions of the discrete spaces V,f m are named n := n; +na. By introduction of the
space

MY = {vel*T¢) | VE€ By :vlgo FgeSi_(E)}

with a polynomial degree ¢ € N the admissible set for the lagrange multipliers concerning geometrical
contact is defined as follows:

AN = {veMl| VEe€ By :VxeCy:v(Fg(x) <0 } =: span{¢l} .

The sign condition v(Fg(z)) < 0 is only defined on the finite set C; C [—1,1]?~! which consists of the
(g + 1)9~! Gauss-quadrature points because for polynomials of higher degree a uniform condition is
hard to satisfy. For constant ansatz functions we define Cy := {04_1}, whereas for ¢ = 1 the set C;
consists of the corners of the reference element [—1,1]~!. The non-conforming ansatz was proposed
in [6] and convergence is shown for an elastic two-body problem in [4]. In the case of lower polynomial
degrees ¢ = 0, 1 this ansatz becomes conforming, since the choice of C, leads to a uniform sign condition
on the elements F € Ap. Accordingly the discrete space for the lagrange multiplier concerning friction
is defined by the non-conforming ansatz

Ay = {ve MY VE € By Vo €Cy: v(Fr(r)) <1} := span{yf}7?

and becomes conforming again for ¢ = 0,1. Here, the dimension is given by mg := (d — 1)m;. In two
space dimensions we chose coinciding bases for A, g and A; g whereas in three space dimensions the

choice is as follows
P
< 2 ) , 1even
pi={% "

L 0
< " ) ,iodd.

it

2

Stability of the described discretization is proven for the elastic case and balanced h, H, p, and ¢ in [4].

It is shown that if )

Z (hH_lmax{l,q}Qp_l)em <e

m=1

holds for an € > 0 sufficiently small and 1 + 0,,-regularity of the solution u there exists an o € Rx>g
independent of h, H,p and g such that the Brezzi-Babuska condition

« ||(Mn,Ha,ut7H)H_1/2 < sup (bn(Mn,H, Uh) + bt(/JaH,'Uh))
v € Vi, llon ||=1

is fulfilled for all (pin r, pe, ) € An g X Ay . Practical investigations show that the choice ¢ =
max{p™} — 1 and H = 2max{h™} leads to a stable discretization, c.f. [I7]. Eventually the discrete
problem is to find (up, A #r, Ae,ir) € Vi, X Ay g X Ay g with

a(up)(vn) + bn(An, 1, v) + b (A1, v) = fexe(vn)

15
b (b, 1 — A i, un) + (e — Mem, un) < (i, 5 — An,H, 9) (15)

for all vy, € Vi, pin,m € Ap o and pip g € A .
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4 Semi-smooth Newton methods

Following the work [I2] we transfer the presented active-set strategies for mortar methods to mixed
finite elements, which were introduced by Haslinger [I0] for low order. We generalize the solving
methods to higher-order discretizations that are proposed in [4] and general friction laws depending
on the contact forces.

4.1 Active-set strategy for contact

We begin with presenting a semi-smooth Newton method for geometrical contact constaints. For
simplicity we skip the subscript d of the generalized normals ns in the two-body contact formulations.
The point of departure is formed by the weak version of the contact conditions @—

/ ([uh]n — 9)1/)11 do <0
I

/ An,qHYH do <0 (16)

T

/ A B ([Un]n — )0 do=0 .
ry
Define the coupling matrix N = [Ny Nj| of size N,, € R™*" concerning the bases of V}, and Ay,
by

M)y o= [ 6@y (@})(e) - do.

(Vi i= [ 02 @ () (@) - do

as well as the mass matrix

M S lexm17 Mij I:/ Q/J?wln do
Iy

and the gap vector

gi:/ gyi do .
r'g

In the following a bar generally indicates the vector-valued representation of the corresponding discrete
function in the belonging basis. The vector-valued formulation of reads

Nup —g <0, MA\p g <0, (M, g),(Nup —g), =0Vi=1,...,m . (17)
To reformulate these in terms of an equation we define the NCP function
Cy:R"xR™ — R™
CN (tin, A1) i= (MM, 1); — max {O, (MM, 1)i + cn(Nip, — g)z}

with a positive constant ¢, . Following the arguments in [I2, Chapter 4] the discrete, weak contact
conditions can equivalently be expressed by

CN(’EL;L, )\n,H) =0. (18)
With variations du, 57)\27 5 and characteristical functions y; defined by

o 1 ,(Mj\n,H+Cn(Nﬂh—g))i>O
X0 . (Mg +cn(Nup —g)), <0

i —



the generalized derivative of the NCP function reads

O (U, M) (Oun, 6An,1)i = —Xi (MO 1 + o Nouy,)
+ (Mé)nH)

i
i
We apply a semi-smooth Newton’s method
k1 Yk—1v/c k Ak k1 k-
O (@, ) (9w, 0, ) = =C (@, AT

to solve . The new iterates are calculated by @ = af ™' + du;, and Moo= A+ 5;\]:L7H. Let
active and inactive indices in Newton step k£ be determined in the following way

Ay ={ie{l,...,mi} | (MAn g+ ca(Nup—3)), >0} (19)
I ={ie{l,....m} | (MAng +co(Nup —g)), <0} . (20)

Then the iterate (ﬂ’fb, 5\’;7 ) of Newton’s method can equivalently be expressed by

(Nuf); = gi, i€ AF
(MXe p)i= 0, i€}

foralli=1,...,m;.

4.2 Active-set strategy for friction

In this subsection we present an active-set strategy for frictional constraints in the context of higher-
order finite elements. The discrete analogon of the frictional constraints — read

ot (un)ll < s(onn(un))
[ome(un)ll < s(onn(un)) = [un]; =0 (21)
lont(ur) |l = s(onn(un)) = Ja € R : [un)e = aopi(up) -

Instead of these pointwise conditions (21)) we use a weak formulation with test functions ,, € A, resp.

Py € Ay

/ el $n do < / $Chn,tr)n do
r}j rl

C
/ [[Ae, 2] ¥ do < / $(An,m1)n do :>/ [ur]tts do =0
Tk rt rt
C C C
/ [[Ae,e || n do :/ S(An,m)¥n do = 3a € Rx>o : / [ur]ethy do = a/ A, g do .
rg ry ré ré

We replace the the normal and tangential stresses oy, (un) and o,:(up) by the corresponding la-
grange multipliers A, and A;. The integrals [, |[Ae#| ¥} do and [, A} do are approximated
c C

respectively integrated exactely by a (q¢ + 1) !-point gaussian quadrature with weights a;. The

nodes of the lagrangian basis of A, g and Ay are placed in the these gaussian quadrature points
Cq := {&1,...,&(g41)2-1} on the reference element [—1,1]%"*. Define the matrix T' € R™2*" with
partition T = [T} T5] by

() = [, 410 o) o (@) (e) do
1

(B2),y = [, ¥ia) ts(@) oz (6) (@) do

i w;



8 4. SEMI-SMOOTH NEWTON METHODS

The weight w; is given by w; := a;|detVFg(2;) ' VFr(2:)| > 0 on E = supp(¢)!). Let
1
8; = — s(A, )it do (22)
Wi JTL, '
with
A b = min{0, A\, g}
be the algebraic representation of the positive friction bound s. The resulting discrete friction con-
straints read
Atz < si
Azl < si = (Tﬂh)z(i) =0 (23)
||)‘t,H,I(i)H =3, = da € ]RZO : (Tﬁh)I(i) = OéAt,H,I(i) .

for the dimension-dependent index map

LG d=2
I(Z)'_{{zz'—mz'} L d=3"

In this sense for a vector u € R™? the selection uz(;) is a scalar value in the case of two space
dimensions and a vector in R? if d = 3. Following [12, Section 5] we express the conditions by
the NCP function

Cr: R" xRZ7j x R™ — R™2,

Cr(@n, A, M)z (i) = max {si, || (A mrziy + L (@n)z) |} Az
— si (Momze) + T (Un)zey)
with ¢; > 0 and i € {1,...,m1}. Analog arguments to the proof in [I2, Theorem 5.1] lead to the

equivalence of the equation Cr(p, An, i, 5\t7 ) = 0 and the frictional constraints . Defining the
characteristical functions

A, = L, ||§\t,H,I(i) +Ct7jﬂh,1(i)” —si >0
o 0 , | Amze) +aTunzm| —si <0
and - B
Xz = L, ||{\t,H,I(i) +Ct7jah71(i)” —s <0
o 0 , | Amze +cTunzm| —si >0
the generalized derivative for 5\7% i < 0 is given by
Cor (U, Myt Ay i) (OUn, A, 1 0N 1) 7()
< < - T
At,H,Z(3) (>\t H,I() T Ct(T'ah)I(i)) = _ -
= XA, % — =— O m1, 70y + ce(Toun)z(;
" At b, z00) + ce(Tun)ziy | (Ohezo el )7(»)
+ 60Xt z(y max { s, || (A, m,z0) + co(Tun)ziay) ||}
— Si((s)\tl(i) + ct(Téuh)I(i))
— i, 5 OAn 1) N 1,26) + o(TUn)17(5))
FXTSEa (Ohn) Arz(i) -

We formulate the semi-smooth Newton method

Cr (™ A A ) (G, O, 00 i) = =Cr(a, ™ X A ) (24)



with increments 5_ul,z = af — ﬂi_l, 6_)\2}[ = j\th — Xﬁ_}} and 5_)\3;]{ = vaH - S\f’}fl. The Newton
equation is equivalent to
k=1 Yk—1 yk—1\ 7Yk k-1 Yk—1 Yk—1y 7Yk
- U (uy, 7)‘n,H7>‘t,H )i )‘t,H,I(i)w do + - 7 (uy, 7)‘n,H7>‘t,H )i A w0 do
C C

+ [ T NN (T2 do = /Fl Ry N A )i do
C

e

(25)

for all i € {1,...,m1} and ¢ € A,, y. We define the dimension-dependent index map J(j) = {%1—‘

and seperate the set of indices {1, ..., ms} into sticky indices with contact

A = {je{l,...,m2}| z‘::j(j):’

yk—1 r=k—1
Armze T T )za)

—siT >0, M <o) (20)
slip indices in contact

7

TF={je (L oma}l 1= T0) HXZEE,I@)JrT(ﬂZ’l)zu) S0, Nl <o) (@D)

and indices without contact
Tk = {j e{l...oma} | N = 0} . (28)
We obtain for j € AF and i := J(j) the functions
k=1 (yk—1 7 k—1
/\t,H,I(i)(/\t,H,I(i) + (T, )I(i))T
H()‘2;1171(1) + ¢ (Taﬁ_l)I(i)) ”

+ L(a—1)x(a-1) (H(;\f}{l,z(i) +e(Tay )zl - Sf_l) ;

k—1 Yk—1 yk—1
U (uy, ’)\n,H’ )‘t,H )i =

“f/(ﬂffl» 5‘2,71{17 5‘?,;11)1' = _(SQ,AH,H)k_IO‘f,}{l,I(i) + CT(alffl)l(i)) )
I ML SO el (Tay ) za) T
V/(afjl, )\23}7 /\fjl)z — ¢ t,H,Z(i)\"\t,H,Z(i) h (1)

k—1
I 2z + (T )zl '

— ctl(a-1)x(a-1)$

and

yk—1 Nk—1 A_k—1 T

AL H,Z() ()\t,H,I(i) + et (T, )Z(i))
||5‘f,;{1,z(i) +c(Tay )zl

- (SQ,AH,H)k_l(j‘ﬁﬁl)(j‘i;ll,z(i) + Ct(Tﬂliczil)I(i)) :

Ry N N )i = A rz + a(Tay " za)

In the slip case j € ZF the functions w; = 0,

1 vEh—1 Yh— 1
U (SN N )i = o ld-nx@-1

kel k1 ke = (s, )E—t
V(A A )i = (T )z P
and
—13k—
(CPN Lo eyt

G Yh— Ne— —k— s‘a)‘n,
Ry N N ) = (Ta )z —=
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determine the Newton equation . In the limit case j € ZF, of no contact we choose S‘t, 7)) = 0 and
therefore vanishing %;, #; and %; as well as #; = I(4_1)x(4—1)- We define the matrices U = [U; Us] €
Rm2xn Ve Rm2X™ W € R™2%"™2 and the vector 7 € R™2 by

(Ur)ji = o %(ﬂﬁilaj‘ﬁ}}j‘fﬁl)ﬂj) t6(x)T7rlc(¢})(x)¢§(x)dJ
(Uz2)ji = L %(ﬂzilj‘ﬁ}}vxfﬁl)J(j) té(f)—r%lc (@2)(5”)1/1;(@(55))61‘7
Vie= | V(A A ) gy Vi o
W= [, W (X MGy Yivido
Tj= . (T A M)y ido .

Then the Newton equation is equivalent to the vector-valued equation

Ut + Vg g + WAy =7 .

4.3 Algebraic representation of the saddle-point system

In this subsection we give the linear systems that have to be solved during the Newton iteration.
Furthermore we present the resulting algorithm and the used solving techniques. According to T let
the unscaled matrix T' = [T7 T3] € R™2*™ be defined by

() o= [ 0ta) toe) e (0)) (o) do.
(Ta)y = [ h(o) 1) e (0)(@(0) do

as well as the block-diagonal matrix

K* = diag(K}, K§) = (a'(uf ) (g7, 6]"))

ij=1,...n

by the Frechét derivative of the semi-linearform in direction uﬁfl. Define the vector

Lruy™h) = [LF L5]T = (aluy )(61)ir 0

)

and the Newton right hand side of the plastic problem
= Ky — L (™) + fon -

With this linearization of the plasticity and the described introduction of active-sets for contact and
friction we approximate the solution of the discrete mixed formulation by a semi-smooth Newton
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method in which step k£ corresponds to solving the linear system

Kf 0 [Nl N | TV Tl Tp af fi

0 K§ [Ny Nip | T T Ty af , fo
Ny No | 0 0 0 0 0 Ny b gk
0 0 [Myrze Mzize| O 0 0 Mgz | =0
Uyt Up ot | Vasar Vaszs (Wazar Warzs Wasze, | | A ga Taf
TLItk TQ’Itk VI{“AEL VI?L’? 0 0 0 j\iHltk ’FItk
00 0 0 0 0 I | _Xf; HIE 0

Thereby for a matrix A € R**! the submatrix

Azg = [Aijlier jeq € RFXV

(29)

consists of the rows and columns of A, whose indices belong to the sets Z resp. J of indices. If only
rows of Z are selected the notation is

with partitions

and

—C* =

0

Az

|

0

M a7 Mrige

= [A; ], € REXE.

The linear system corresponds to a saddle point problem of the structure
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12 4. SEMI-SMOOTH NEWTON METHODS

In general the system matrix of the problem is unsymmetric. The matrices B; and B} are
nonquadratic whereas the quadratic matrix C* might be singular. To solve the discrete contact problem
we have to solve a sequence of saddle point problems (30). This semi-smooth Newton method
can be summarized in the following Algorithm

Algorithm 1: Semi-smooth Newton method

for k£ = 0 to maxIter do
assemble linearization K* and right hand side f*

calculate active and inactive sets A¥, Z% for contact
calculate friction bound ( .
calculate active and inactive sets Af, I, Zf, for friction (26} . .
assemble Newton matrlces Uk, vk, W]~C and right hand side 7
solve linear system to tolerance toly
calculate residuals

N 0 ok W N e

2
D KN = Lh (@ ) + 7

T'€Splast =
m=1
C(N = C ( h» 5‘ )
OT = C (_;CL 5‘n H> /\ )

8 if |C% |l + |ICE|l + resplast < tol then
| stop

9 perform damping if k£ > 2 :

~0 ._ =k — ._
Upy, = Up, ,,, TESQ 1= I€Splast, WO i= 0.5
for j =0 to ngamp do

~j ., =k k—1

Uy, = w]uhm@ + (1 wj)uh m

vesj 1= Y0y | KCh i, — Li (@) + ™|
if res; < resj.; then
‘ Wwj = 0.5 Wij—1
else
af = a7t
break

In every Newton step the linear system is solved to a tolerance tol,. We apply an inexact strat-
egy and start with a relatively high value of toly und succesively reduce it. Because the system matrix
is unsymmetric we use a GMRES solver. Furthermore we specify a block triangular preconditioner of

the form
Kk BT
P’“z[o s}v}' (31)

The matrix S* is defined as the generalized Schur complement matrix
S¥ = —(By(K*)"'B] +C").

This approach was proposed in the work [2] Section 10.1.2]. We choose an approximation Sk to Sk
implicitly by the action of (5' ¥)~1 on a given vector v. The Schur complement matrix is unsymmetric
and not given explicitly, so the approximation S* to S* is given by the solution with GMRES to a given
tolerance. In an analogous manner we define an approximation K* to K*. Because the approximation
(K ¥)=1 has to be calculated once per GMRES step at the solving process with S* we calculate a LU-
decomposition of K* and define (K ¥)~1y as a direct solution. This direct solution can be computed
in parallel on the bodies because the system is not coupled. Due to the bad condition of the Schur
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complement matrix we precondition it with
_ —1
Pk — [diag (—(B§ (diag(K*)) " B + ck))} . (32)

The explicit form of (77’“)71 reads

e =[S 5]

Basically the effort of applying P¥ equates to one solution with the Schur complement matrix and one
direct solution with K*. The solution process of is terminated if the residuals concerning contact,
friction and plasticity C,, Ck and resplast as defined in Algorithm [1f underrun a given tolerance tol.
Due to the plastic material we damp the displacements by a line search strategy [20] beginning in the
step k = 3 of the algorithm.

5 Numerical Examples
In this section we apply the presented algorithms to concrete selected numerical examples in two and

three space dimensions. We can validate the successful operation of the method and the effectivity of
the proposed preconditioning methods.

5.1 Twodimensional example

We consider the contact of an elasto-plastic and a linear-elastic body, which are represented by Q! =
[0,1] x [0,1] and Q* = [0.91,1.91] x [0,1], cf. Figure [l| (a). The body Q! is subjected to Neumann

S T

rL Q Q0 |2

(a) (b)
Figure 1: 2D Twobody contact Problem (a) and FE meshes (b)

boundary conditions given by p* = (0,30) on its lower side and by p' = (30,30) on its upper side.
Homogeneous Dirichlet boundary conditions hold on T}, = {0} x [0,1] and T% = {1.91} x [0,1].
The two bodies may come into contact on the contact boundaries I't, = {1} x [0,1] respectively
I'Z, = {0.91} x [0,1], which is caused by the overlapping of Q; and 3. Resulting displacements
calculated on a globally refined mesh of size n = 197.632 and my = mo = 128 with polynomial degrees
p = 2,q = 1 are depicted in Figure For stability reasons we choose a meshsize of I't, that fulfills
H = 2h. The Young’s moduli E! = 10*, E? = 10? and Poisson’s ratios v' = 0.25, v? = 0.22 define
the compliance tensors A! and A%, We choose hardening parameters 7., = 0.01,72, = 1.0 and yield
stresses o = 102, 0§ = 10'°. The norm of the deviatoric part of the stresses |o(uj)”|r and the
portion of plastified quadrature points are shown in Figure[3] A friction law is given by the functional

o= (s (1)
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Figure 2: Deformations in x- and y-direction

Figure 3: Deviator |o(u')P|r (a) and yielding part of Q (b)
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with parameters p = 2, 4 = 0.1 and Yy = 10. Furthermore the constants in the NCP functions are
chosen by ¢, = 1 and ¢; = E', whereas the tolerance of Algorithm [I}is set to tol = 1071°. Calculated
Lagrange multipliers A, and A; for selected polynomial degrees on a locally refined mesh (cf. Figure
(b)) are depicted in Figure df The nonoscillating course of these functions indicate the stability
of the underlying mixed schemes. The development of the plastic, frictional and geometrical contact
residuals for different polynomial degrees as defined in Algorithm [I] are presented in Figure [f] For
both choices of discretizations p = 2, ¢ = 1 and p = 3,¢q = 2 the frictional residual dominates the
others permanently. Due to the simple geometric contact situation of exclusively active indices the
quantity C% tends to zero very fast. After some iterations in which the displacements have to be
damped (a = 0.5) the residuals C% and 7espqs: also decrease rapidly. Overall the general behaviour
appears to be similar for both discretizations.

step 12 3 4 5 6 7 8 9
no prec. |# iter |589 5.401 10.569 16.838 15.463 5.694 1.595 316 267
Pk #iter | 5 4 4 4 4 3 3 2/
H#iterg| 19 382 1.036 54 36 27 105 1.016 /
Pk Pk |#iter | 3 3 3 3 3 3 3 2/
Hiterg| 13 27 27 27 27 27 21 18

Table 1: Comparison of preconditioners with p =1, ¢ = 0 on a uniform refined mesh, n = 288, m; =
me = 4,tol = 107?

Table [ shows a comparison of different choices for preconditioning methods applied at the solution
process of a problem of very small size. The number of iterations of a Restarted GMRES solver
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Figure 5: Residuals for different polynomial degrees
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without any preconditioning is opposed to those of a supplemental application of a block triangular
preconditioner P* defined in . In the third version the generalized Schur complement matrix
S within the evaluation of PF is additionally preconditioned by PE given in . The number
of outer GMRES steps is named as iter, whereas iterg labels the accumulated number of GMRES
iterations that are performed to solve with the Schur complement. Every evaluation of S* includes a
direct solution with the block-diagonal matrix K*. Due to the chosen friction law and the start value
A0 g = 0 the friction bound and therefore A ¢ g vanishes. This results in a well-conditioned system
matrix and a moderate amount of solving iterations in the first semi-smooth Newton step. In the
following steps the number of outer iterations rises rapidly if no preconditioning is performed. This
indicates the bad condition aroused by the Newton system concerning frictional contraints. In the
later Newton steps due to the revising starting value the amount of solving iterations decreases again.
The preconditioned versions reduce the number of Newton steps by one. Furthermore preconditioning
the Schur complement matrix decreases iterg and therefore the costly amount of direct solutions with
K* considerably. The condition of the system matrix appears basically due to the frictional contraints
to be very bad in this application, which necessitates preconditioning. An acceptable effort is achieved
by the suggested combination of preconditioners.

5.2 Threedimensional example

As an application from mechanical engineering we consider a two-body contact problem that models
a grinding process. The first body €21 represents a cylindric mounted point with diameter 2.2. Its
spindle is clamped at the end. A hexahedral body Qs = [-2,3] x [1.1,3.1] x [-2.5,2.5] represents a
workpiece, which is machined by the mounted point. An overview of the contact situation and mesh
as well as resulting deformations of both bodies are depicted in Figure [} Around the contact zones
and the clamped part of the shaft the meshes are locally refined. Dirichlet boundary conditions hold
on its side surfaces and the bottom. We consider a Coulomb-Orowan friction law [26] Section 4.2.5]

(a) (b) (©)

Figure 6: Overview of contact situation (a) and magnitude of deformations of mounted point Q; (b)
and workpiece Qs (c)

s(An) == min{u|A,|, Yo}

with constants p = 0.5 and Yo = 1.1. In contrast to the twodimensional example the present meshes are
nonmatching. The elasto-plastic material parameters are chosen by E' = 102, E? = 102, v! = v? = 0.3,
ob =3,08 =2 and 7., =~2, = 0.1. Resulting deviators and portions of plastified quadrature points
are pictured in Figures [7] and As might be expected the workpiece plastifies at the contect zone.
In contrast at the mounted point, the deviatoric part of the stresses gets maximal around the clamped
part of the spindle. Resulting langrange multipliers for frictional and geometrical contact constraints
are shown in Figure[9] The discretization appears to be stable again because no checkerboard patterns
is observed.
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Figure 7: Deviator |o(u!)P|r (a) and portion of plastified quadrature points (b) of mounted point Q4

deviator
209 1o

Figure 8: Magnitude of deformations u3 (a), deviator |o(u?)?|r (b) and portion of plastified quadrature
points (c) at the contact zone of workpiece g
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Figure 9: Lagrange multipliers \,, and A\; for p =1, ¢ = 0, no = 65.895, ny = 20.358, my = 256, my =
512

A comparison of different choices for the constant ¢; inside the NCP function is shown in Figure
(10). The development of the tangential and plastic residual is pictured. As values of ¢; the Elasticity
modula E' = 102 and E? = 10? are chosen. It is conspicuous that the number of Newton iterations
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is significantly larger for ¢; = 10%. Furthermore for this constant the development of the residual C%
appears more unstable. This behaviour indicates the sensitivity of the method concerning the choice
of the constant ¢;.

T T IT
1e3 JE‘mping ] T@Splast 1e3 J_ [r-... damping I N
lel [ Al ck lel | 7 e el S N
le-1 - le-1 -
T:u le-3 n T:v le-3 f
< le5 f © leb5 B
$ le7 : 3 le7 -
le-9 n le-9 B
le-11 = le-11 N
le-13 R le-13 N

le-15 | | | | | le-15 | | | | |
10 20 30 40 50 60 10 20 30 40 50 60

newton step k newton step k
(a) et = 102 (b) ¢t = 103

Figure 10: Development of C% and C% for ¢; = 102 (a) and ¢; = 10® (b) (p = 1, ¢ = 0, ny =
65.895, no = 20.358, my = 256, mo = 512)

6 Conclusions and outlook

In this paper an active-set strategy for frictional two-body contact problems and mixed higher-order
discretizations based on [10] and [4], 22] is presented. Compared to Mortar discretization for this ansatz
a construction of higher-order dual basis functions is not necessary. We suggest a block triangular
preconditioner for the the full saddle point system and an appropriate preconditioner for the generalized
schur complement matrix. Numerical results show the successful operation of the semi-smooth Newton
method and a considerable reduction of the condition by the preconditioners. In further work following
[9] we will extend this solving method by reformulating plastic material behaviour in terms of an
additional NCP function. This will end up in a larger and more ill-conditioned saddle point system
and neccesitate the development of suitable preconditioners. Furthermore an extension of the contact
model by including effects like adhesion [5] and seperation of two bodies [26] as well as the development
of appropriate adaptive strategies are planed.

Acknowledgement

The authors gratefully acknowledge the support by the German Research Foundation (DFG) through
subproject A5 "Simulation supported NC-shape grinding as a finishing operation of thermally coated
deep drawing tools" within the Collaborative Research Center (SFB) 708 "3D-Surface Engineering of
Tools for Sheet Metal Forming — Manufacturing, Modeling, Machining".

References

[1] L. Banz. hp-Finite Element and Boundary FElement Methods for Elliptic, Elliptic Stochastic,
Parabolic and Hyperbolic Obstacle and Contact Problems. PhD thesis, Gottfried Wilhelm Leibniz
Universitat Hannover, 2011.

[2] M. Benzi, G.H. Golub, and J. Liesen. Numerical solution of saddle point problems. Acta Numerica,
14:1-137, 5 2005.



REFERENCES 19

13l

[4]

15]

[6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

H. Blum, D. Braess, and F.T. Suttmeier. A cascadic multigrid algorithm for variational inequali-
ties. Comput. Vis. Sci., 7(3-4):153-157, 2004.

H. Blum, H. Kleemann, and A. Schréder. Mixed finite element methods for two-body contact
problems. Preprint, Institut fir Mathematik, Humboldt-Universitit zu Berlin, 11-02, 2011.

T. Dickopf and R. Krause. Efficient simulation of multi-body contact problems on complex geome-
tries: A flexible decomposition approach using constrained minimization. International Journal
for Numerical Methods in Engineering, 77(13):1834-1862, 2009.

P. Dorsek and J.M. Melenk. Adaptive hp-fem for the contact problem with tresca friction in linear
elasticity. Appl. Numer. Math., 60(7):689-704, 2010.

Z. Dostal, J. Haslinger, and R. Kucera. Implementation of the fixed point method in contact
problems with coulomb friction based on a dual splitting type technique. Journal of Computational
and Applied Mathematics, 140(1-2):245-256, 2002.

Z. Dostal, D. Horak, Radek Kucera, V. Vondrak, J. Haslinger, J. Dobias, and S. Ptak. FETI
based algorithms for contact problems: scalability, large displacements and 3d coulomb friction.
Computer Methods in Applied Mechanics and Engineering, 194(2-5):395 — 409, 2005.

C. Hager and B.I. Wohlmuth. Nonlinear complementarity functions for plasticity problems with
frictional contact. Comput. Methods Appl. Mech. Engrg., 198(41-44):3411-3427, 2009.

J. Haslinger. Mixed formulation of elliptic variational inequalities and its approximation. Apl.
Mat., 26:462-475, 1981.

M. Hintermiiller, K. Ito, and K. Kunisch. The primal-dual active set strategy as a semi-smooth
newton method. SIAM J. Optimization, 13(3):865-888, 2003.

S. Hiieber. Discretization Techniques and Efficient Algorithms for Contact Problems. PhD thesis,
Universitdt Stuttgart, 2008.

S. Hiieber and B.I. Wohlmuth. A primal-dual active set strategy for non-linear multibody contact
problems. Computer Methods in Applied Mechanics and Engineering, 194(27-29):3147 — 3166,
2005.

S. Hiieber, M. Mair, and B. I. Wohlmuth. A priori error estimates and an inexact primal-dual
active set strategy for linear and quadratic finite elements applied to multibody contact prob-
lems. Applied Numerical Mathematics - Selected papers from the 16th Chemnitz finite element
symposium 2003, 54, 2005.

S. Hiieber, G. Stadler, and B.I. Wohlmuth. A primal-dual active set algorithm for three-
dimensional contact problems with Coulomb friction. SIAM J. Sci. Comput., 30(2):572-596,
2008.

N. Kikuchi and J. T. Oden. Contact Problems in Elasticity: A Study of Variational Inequalities
and Finite Element Methods. STAM, Philadelphia, 1988.

H. Kleemann. Adaptive FEM fiir Mehrkérperkontaktprobleme. PhD thesis, Technische Universitét
Dortmund, 2011.

R. Krause and B. Wohlmuth. A Dirichlet-Neumann type algorithm for contact problems with
friction. Comput. Vis. Sci., 5:139-148, 2002.

R.H. Krause. Monotone Multigrid Methods for Signorini’s Problem with Friction. PhD thesis,
Freie Universitaet Berlin, 2001.



20

REFERENCES

[20]

[21]

[22]

[23]

[24]

[25]

[26]

J. Nocedal and S.J. Wright. Numerical Optimization. Springer Series in Operations Research,
1999.

R. Rannacher and F.T. Suttmeier. A posteriori error estimation and mesh adaptation for finite
element models in elasto-plasticity. Comput. Methods Appl. Mech. Engrg., 176:333-361, 1999.

A. Schroder, H. Blum, A. Rademacher, and H. Kleemann. Mixed FEM of higher order for contact
problems with friction. Int. J. Numer. Anal. Model., 8(2):302-323, 2011.

T. Siebrecht, D. Biermann, H. Ludwig, S. Rausch, P. Kersting, H. Blum, and A. Rademacher. Sim-
ulation of grinding processes using finite element analysis and geometric simulation of individual
grains. Production Engineering Research & Development, 2014.

J.C. Simo and T.A. Laursen. An augmented lagrangian treatment of contact problems involving
friction. Computers € Structures, 42(1):97-116, 1992.

B. Wohlmuth. Variationally consistent discretization schemes and numerical algorithms for contact
problems. Acta Numerica, 20:569-734, 2011.

P. Wriggers. Computational Contact Mechanics. Wiley, 2002.



	Introduction
	Problem formulation
	Discretization
	Semi-smooth Newton methods
	Active-set strategy for contact
	Active-set strategy for friction
	Algebraic representation of the saddle-point system

	Numerical Examples
	Twodimensional example
	Threedimensional example

	Outlook

