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Abstract

Developing a numerical and algorithmic tool which accurately detects un-
yielded regions in yield stress fluid flow is a difficult endeavor. To address
these issues, two common approaches are used to handle singular behaviour
at the yield surface, i.e. the augmented Lagrangian approach and the reg-
ularization approach. Generally, solvers do not operate effectively when the
regularization parameter is very small in the regularization approach. In this
work, we use a formulation involving a new auxiliary stress tensor, wherein
the three-field formulation is equivalent to a regularization-free Bingham for-
mulation. Additionally, a monolithic finite element method is employed to
solve the set of equations resulting from the three-field formulation accurately
and efficiently, where the velocity, pressure fields are discretized by the higher
order stable FEM pair Q2/P

disc
1 and the auxiliary stress is discretized by the

Q2 element.

Furthermore, this article presents a novel adaptive discrete Newton method
for solving highly nonlinear problems, which exploits the divided difference
approach for evaluating the Jacobian. The step size of the solver is dynami-
cally adjusted according to the rate of nonlinear reduction, enabling a robust
and efficient approach. Numerical studies of several prototypical Bingham
fluid configurations (”viscoplastic fluid flow in a channel”, ”lid driven cavity”
and ”rotational Bingham flow in a square reservoir”) are used to analyse the
performance of this method.
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1. Introduction

Viscoplastic fluids have been the topic of interest since more than 100 years.
These fluids are the prominent part of our daily life e.g. mayonnaise and
toothpaste [1]. Apart from the daily life applications, viscoplastic fluid also
has high significance in industrial processes e.g. food industry, cosmetic
industry, cement industry and the paper making industry. On one hand,
the viscoplastic fluids are often considered as highly viscous fluid regime [2]
instead of true solid. On the other hand, the clear transition of the rheology
from solid to liquid is justified in [3].

It is not possible to accurately predict the solid and liquid regimes of a fluid
due to the complex rheological transition such as yield stress fluids, which are
the main focus of this work, are particularly dependent on their flow history.
These fluids have useful applications in viscoplastic lubrication (hydraulic
fracturing) and macro encapsulation [4], such as the transportation of heavy
crude oil along pipelines, coal-water slurry transportation and co-extrusion
operations. The suppression of interfacial instabilities in multi-layer shear
flows [5] and in multiphase flows [6] can be achieved using viscoplastic lubri-
cation.

The threshold value concept of the viscoplastic fluid is reviewed by Barnes
et al. [2], accurately knowing or predicting this value for different materials
having different properties is really a challenging task. The main difficulty
arises because of different regions i.e. rigid zone (fluid moving with uniform
velocity) and dead/plug zone (zero velocity region). For acquiring the pre-
control of viscoplastic fluids in real life situations, several constitutive models
have been proposed. Bingham [7] constitutive model is the most widely used,
which includes a discontinuity in the viscosity function, where the shear rate
is zero and this discontinuity raises complexities in solving the Bingham
model not only analytically but also in the numerically.

In order to circumvent this problem, there are some proposed methods in lit-
erature e.g. the augmented Lagrangian method was introduced by Hestenes
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[8] in 1969 and has been widely used in different studies [9, 10, 11, 12]. Af-
terwards, Glowinski [13] and Fortin et al. [14] applied it on linear Stokes
and nonlinear problems e.g. Bingham fluid flow. The accurate solution of
the Bingham fluid is determined by the determination of the yield surfaces,
which needs highly refined meshes and are computationally very expensive.
One possible remedy was to include a continuous function [13, 14], leading
to the idea of the regularization technique [15, 16, 17]. The main advantage
of such techniques was ”easy numerical implementation”. Therefore, a trend
of the regularization technique was adopted during 1980’s and 1990’s. How-
ever, in 2001 Samarito et al. [18] again worked on the augmented Lagrangian
method to show its accuracy in the prediction of the yielded zones. In con-
sequence, a competition has been developed between regularization and aug-
mented Lagrangian approach. The disadvantage of the later approach is the
requirement of the large computation time for complex problems. Whereas,
former one is faster for nonlinear complex problems.

2. Mathematical model

Bingham viscoplastic is the limited case of shear thinning fluids, which re-
quires a finite value of the applied stress τs before it begins to flow, described
by its constitutive law (dependent on the yield stress properties) defined as:

τ =

2ηD(u) + τs
D(u)

||D(u)||
if ||D(u)|| 6= 0

||τ || ≤ τs if ||D(u)|| = 0

(1)

where D(u) = 1
2
(∇u+ (∇u)T ) denotes the strain rate tensor and τs denotes

the yield stress. The nonlinear viscosity is defined as:

η(||D(u)||) = 2η +
τs

||D(u)|| (2)

which becomes undefined in the rigid region (||D(u)|| = 0), leading to non-
differentiability in the flow domain. In this work, we use a regularization
technique based on the Bercovier and Engelman function (eq. 3) to resolve
this issue and ensure smoothness of viscosity throughout the domain.

ηε(||D(u)||) = 2η +
τs√

ε2 + ||D(u)||2 (3)
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To numerically approximate these regularized equations, a wide range of
iterative solvers can be employed. However, due to the difficulty of obtaining
the real viscoplastic solution when the regularization parameter ε → 0, the
solvers tend to become inefficient. To counter this challenge, we use a new
auxiliary stress tensor σ [19] in the formulation, resulting in a regularization-
free Bingham model. The three-field (u,σ, p) system of stationary Bingham
fluid flow equations is given as follows:

||D(u)||ε σ −D(u) = 0 in Ω

−∇ · (2ηD(u) + τsσ) +∇p = 0 in Ω

∇ · u = 0 in Ω

u = gD on ΓD

(4)

where the auxiliary stress tensor σ is defined as follows:

σ =
D(u)

||D(u)||ε
(5)

The system of eq. (4) is a mixed formulation which can be used to solve
both the regularized and regularization-free (ε = 0) Bingham problem. This
formulation not only improves the performance of numerical solvers but also
yields an accurate solution, demonstrated by numerical results in the subse-
quent sections. A monolithic finite element method is employed to solve the
set of equations (4), which is converted into the weak formulation, shown in
the next section.

3. Weak formulation

We consider three test functions v, q and τ for velocity, pressure and stress,
respectively, and multiply with the system of eq. (4). Then, the resulting
weak forms read: ∫

Ω

(
||D(u)||ε σ −D(u)

)
τ dx = 0 in Ω∫

Ω

(
−∇ ·

(
2ηD(u) + τsσ

)
+∇p

)
v dx = 0 in Ω∫

Ω

∇ · u q dx = 0 in Ω

(6)
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For simplicity, we consider u = 0 at ΓD and after taking the integration by
parts for the second order derivative and the pressure term in the momentum
equation, the simplified weak formulation reads:∫

Ω

(
||D(u)||ε σ : τ

)
dx−

∫
Ω

(
D(u) : τ

)
dx = 0 in Ω∫

Ω

(
2ηD(u) : D(v)

)
dx+

∫
Ω

(
τsD(v) : σ

)
dx−

∫
Ω

p ∇ · v dx = 0 in Ω∫
Ω

q ∇ · u dx = 0 in Ω

(7)
Let V = H1

0(Ω) := (H1
0 (Ω))

2
, Q = L2

0(Ω), and M = (L2(Ω))
2×2
sym be the spaces

for the velocity, pressure and stress, respectively, associated with ||.||1,Ω and
||.||0,Ω. Let V′, Q′, and M′ be their corresponding dual spaces. Furthermore,
we set X := V ×M and X′ := V′ ×M′. We introduce the following linear
forms:

A1 defined on V −→ V′

〈A1u,v〉 :=

∫
Ω

2ηD(u) : D(v) dx (8)

A2 defined on M −→M′

〈A2σ, τ 〉 =

∫
Ω

τs||D(u)||εσ : τ dx (9)

The associated bilinear forms a1(., .) and a2(., .) defined on V −→ V′ and
M −→M′

a1(u,v) = 〈A1u,v〉, a2(σ, τ ) = 〈A2σ, τ 〉
Let B1 and B2 defined on V −→ Q′ and V −→M′

〈B1v, q〉 :=−
∫

Ω

∇·v q dx , 〈B2v,σ〉 :=−
∫

Ω

τsD(v) : σ dx (10)

〈A(u,σ), (v, τ )〉 = 〈A1u,v〉+ 〈A2σ, τ 〉+
〈
BT

2 v,σ
〉

+ 〈B2u, τ 〉
The corresponding operator form reads:A1 BT

2 BT
1

B2 −A2 0

B1 0 0


uσ
p

 =

rhsurhsσ

rhsp
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The associated bilinear form for U = (u,σ) and V = (v, τ ) are

a(U ,V) = a1(u,v) + a2(σ, τ ) + b2(v,σ) + b2(u, τ )

Find (U , p) ∈ X×Q such that:{
a(U ,V) + b(V , p) = 0 ∀V ∈ X
b(U , q) = 0 ∀q ∈ Q

(11)

3.1. Existence and uniqueness of the solution

In the work of Aposporidis et al. [19], it is shown that the weak formula-
tion of the three-field Bingham (eq. (2.8) of [19]) is equivalent to the weak
formulation of the two-field Bingham (eq. (2.4) of [19]) with the regularized
viscosity approach. The following theorem states the well-posedness for the
weak form of eq. (11)

Theorem 1. (for proof see [19])
The mixed formulation has a unique solution {u,σ, p} from H1

0×L2
sym×L2

0

such that

||u||21 + ετs ||σ||2 ≤ ||f ||−1 , ||p||0 + ≤ c(||f ||−1 + τsmin{1, ε−1 ||f ||−1}). (12)

where ε is a regularization parameter and c is a constant. Moreover, σ ∈ L∞sym
and ||σ||L∞ ≤ 1.

There is no extension of this theorem for the well-posedness of regularization-
free Bingham case i.e. ε = 0. Therefore, It is still an open problem in the
theory.

4. Finite element method

FEM finds the approximated solution of the weak problem instead of finding
the exact solution of the differential equations (strong form). There are
different possible ways for the improvement of the approximated solution
e.g. by refining the grid/mesh of the geometry or assuming the higher order
polynomials for the interpolation. Let the bounded domain Ω ⊂ Rd be
partitioned by a grid Th consisting of elements K ∈ Th which are assumed
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to be open quadrilaterals such that Ω = int
(⋃

K∈Th K
)
. For an element

K ∈ Th, we denote by E(K) the set of all 1-dimensional edges of K. Let
Ei :=

⋃
K∈Th E(K) be the set of all interior element edges of the grid Th. We

introduce the approximation spaces as:

Vh =
{
vh ∈ V,vh|K ∈ (Q2(K))2

}
Mh =

{
τ h ∈M,σh|K ∈ (Q2(K))2×2

}
Qh =

{
qh ∈ Q, qh|K ∈ P disc

1 (K)
} (13)

The velocity, stress and pressure are discretized using Q2, Q2, P
disc
1 finite el-

ements, respectively. The approximate discrete problem is now defined as:
Find (Uh, ph) ∈ Xh ×Qh such that:{

a(Uh,Vh) + b(Vh, ph) = 0 ∀Vh ∈ Xh

b(Uh, qh) = 0 ∀qh ∈ Qh
(14)

By keeping the test and basis functions same, the discrete formulation will
be similar to the system (11) and will provide an approximated solution.

5. Newton method

The three-field Bingham problem (4) is highly nonlinear and poses a challenge
for nonlinear solvers. Usually, Newton’s method is preferred as a non linear
solver due to its faster convergence rate; however, it is sensitive to the initial
guess of the solution and relies heavily on the characteristics of the Jacobian
matrix during iterations. In order to achieve a fast convergence, not only the
initial guess must be close to the final solution; other factors of the Newton
method, such as damping factor (when the solution is non-smooth), must also
be taken into consideration for numerical stability. In this work, this factor
is determined using the line search method [20, 21]. The system of nonlinear
equations is linearized using the Newton method, where U = (u,σ, p) and
RU denote the discrete residuals. One Newton iteration is as follows:
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un+1

σn+1

pn+1

=


un

σn

pn

− ωn


∂Ru(Un)

∂u

∂Ru(Un)

∂σ

∂Ru(Un)

∂p

∂Rσ(Un)

∂u

∂Rσ(Un)

∂σ

∂Rσ(Un)

∂p

∂Rp(Un)

∂u

∂Rp(Un)

∂σ

∂Rp(Un)

∂p



−1
Ru(Un)

Rσ(Un)

Rp(Un)


(15)

The Newton method necessitates first derivatives of the residual in each non-
linear iteration (Jacobian matrix). Generally, the Jacobian is either deter-
mined analytically or approximated via the divided difference approach. The
benefit of the latter is its black box nature, which allows for the automatic
handling of any nonlinear equation without the need for manual derivation
of the calculations [22, 23]. In this work, the Jacobian matrix is approxi-
mated using divided differences and the corresponding j-th column is given
as follows [

∂R(Un)

∂Un

]
j

≈ R(Un + χδj)−R(Un − χδj)
2χ

(16)

here, δj is the vector with unit j-th component and zero otherwise, χ is
the step size and chosen as a free parameter, the right choice might be a
delicate task. Theoretically [24], for double machine precision the value of

the χ
1
3 = 10−6 is suggested but practically, the step size is chosen to be

χ
1
2 = 10−8.

5.1. Bingham viscoplastic fluid flow in a channel

We analyse the solvability of the problem along with the Newton method for
Bingham fluids by doing numerical study for this prototypical configuration,
where the two dimensional channel is considered as a domain between two
parallel plates with unit length apart and long. The following boundary
conditions are prescribed on the respective boundary parts [25, 26]:

u2 = 0 at inflow and outflow

u = 0 at upper and lower walls

τn.n = LC at inflow

τn.n = 0 at outflow

(17)
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where L is the length of the channel (which is unit in our case) and C is the
prescribed normal stress, which reduces to pressure in this case, C = ∂p

∂x
= 1

and n is the unit normal vector. The analytical solution for the Poiseuille
flow in case of Bingham fluid is calculated in [19, 27]. The exact solution for
the unit length and width channel reads:

u1 =



C

2η
y(1− y)− τs

η
y 0 ≤ y <

1

2
− τs
C

C

2η
(
1

2
− τs
η

)2 1

2
− τs
C
≤ y ≤ 1

2
+
τs
C

C

2η
y(1− y)− τs

η
(1− y)

1

2
+
τs
C
< y ≤ 1

(18)

p(x, y) = −C(x− L) (19)

A comparison study is carried out for the two-field (u, p) and the three-field
(u,σ, p) formulation, presented in Table [1], consisting of Newton iterations
”NL” and L2 norm of the velocity error ||u− uex||.
It can be clearly seen, that the two-field formulation could only solve for
non-vanishing regularization parameter up to ε = 10−2. On the other hand,
the three-field formulation can not only solve very small ε but also achieve
the goal to solve the regularization-free Bingham ε = 0 accurately, quanti-
tatively shown by ||u− uex|| in Table [1], which assures the true viscoplastic
solution. Fig. 2 presents the velocity magnitude for the regularized as well
as regularization-free case, as it is already mentioned that the value of the
regularization parameter has a great influence on the velocity profile inside
the channel domain, therefore the interface of the plug zone is not accurately
captured for ε = 10−3. On the other hand, when the value of the regular-
ization parameter vanishes (i.e. ε = 0), the solution of the velocity in the
plug zone perfectly matches with the exact solution shown in Fig. 1. The
pressure distribution inside the channel is completely linear throughout the
domain based on the Poiseuille theory in the infinite channel. Moreover, the
magnitude of the new auxiliary stress tensor shows that the ||σ|| < 1 in the
rigid zone, as expected in this channel flow.
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Table 1: Bingham flow in a channel: A comparison of the two-field (regularized vis-
cosity approach) (u, p) and three-field (u,σ, p) formulations in terms of Newton iterations
”NL” and ||u− uex|| for different mesh refinement levels L and regularization parameter
ε, with the yield stress value τs = 0.25.

Two-Field Three-Field

ε L NL ||u− uex|| NL ||u− uex||
10−1 3 3 3.346× 10−3 6 2.598× 10−3

4 3 2.790× 10−3 3 2.597× 10−3

5 2 2.563× 10−3 2 2.597× 10−3

10−2 3 9 1.760× 10−3 45 5.873× 10−4

4 6 1.041× 10−4 4 5.818× 10−4

5 3 6.771× 10−4 3 5.818× 10−4

10−3 3 - - 14 6.257× 10−5

4 - - 6 6.415× 10−5

5 - - 4 6.416× 10−5

10−4 3 - - 49 6.407× 10−6

4 - - 5 6.262× 10−6

5 - - 4 6.298× 10−6

10−5 3 - - 39 6.788× 10−7

4 - - 13 6.378× 10−7

5 - - 5 6.297× 10−7

0 3 - - 18 2× 10−11

4 - - 4 7× 10−12

5 - - 3 4× 10−12

0 0.2 0.4 0.6 0.8 1

y-axis

0

0.005

0.01

0.015

0.02

0.025

0.03

0.035

V
e
lo

c
it
y

exact

 = 10
-3

 = 0

Figure 1: Bingham flow in a channel: Velocity magnitude at x = 0 for ε = 10−3 and
ε = 0, plotted with exact velocity profile for τs = 0.25.
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(a) ||u|| with ε = 10−3 (b) p with ε = 10−3 (c) ||σ|| with ε = 10−3

(d) ||u|| with ε = 0 (e) p with ε = 0 (f) ||σ|| with ε = 0

Figure 2: Bingham flow in a channel: The visualization of ||u||, p and ||σ|| at mesh
refinement level 5 (h = 1/32) for ε = 10−3 (a,b,c) and ε = 0 (d,e,f) for system of eq. (4)
with τs = 0.25.

6. Adaptive discrete Newton

Devoting our attention back to the details of Newton method explained in
section 5, which uses the approximated Jacobian matrix, where χ is a free
parameter and plays a very important role in the convergence rate of the
discrete Newton solver and the choice of the χ is really important because
it has a strong impact on the accuracy and robustness of any difference
method [24]. Based on the perturbation analysis for the residuum, it can
be a fixed constant and often chosen according to the machine precision
[28] (corresponds to the Newton method described in section 5). On the
other hand, the sensitivity study of the nonlinear behaviour of the Power law
models w.r.t. the step size parameter χ, the mesh width h and the strength of
the nonlinearity suggests an adaptive choice [29]. Indeed, choosing χ too big
leads to the loss of the advantageous quasi-quadratic convergence behaviour
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of Newton method. On the contrary, if we choose very small value of χ, the
divergence occurs due to the numerical instabilities.

This conclusion lead to the idea of choosing the suitable step size χ adap-
tively during the approximations. Therefore, a test is performed in [30] for
the regularization-free Bingham by changing the step size manually after
achieving a certain reduction in the residual R(Un), where two different con-
stant step sizes χc1 and χc2 are considered. Initially, the big step size χc1 is
given and after obtaining a certain reduction in the residual, the step size
is reduced to the smaller value i.e. χc2 . The implemented idea of changing
the step size between the iterations χa produced remarkable results, as the
convergence was faster after the χ was changed to χc2 .

However, to implement this strategy smartly, we allow a process which
chooses bigger step size in the start and changes afterwards between the
nonlinear iterations. The ratio of the residuum’s norm can be used as a
step function for the choice of the step size and to relate this ratio continu-
ously to the successive nonlinear reduction, we use a characteristic function
introduced in [31] or the slightly modified one in [32] as:

f(rn) = 0.2 +
4.0

0.7 + exp (1.5rn)
(20)

where

rn =
||R(Un)||
||R(Un−1)||

(21)

By doing so, the new strategy uses this function to adapt the step size with
the following relation [33]:

χn+1 = f−1(rn)χn (22)

6.1. Bingham viscoplastic fluid flow in a channel

To test the efficiency and robustness of our newly developed adaptive dis-
crete Newton method, a comparison of the new adaptive discrete Newton
and the classical Newton for the two and three-field formulation under the
same geometry and boundary conditions described in subsection 5.1. The
number of nonlinear iterations for each method is shown in Table [2] with
the yield stress value τs = 0.23, it is observed that the two-field formulation
coupled with the classical Newton method had difficulty converging when the
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regularization parameter ε → 0. In contrast, the adaptive discrete Newton
solver is able to converge even for very small values of ε, highlighting the
advantages of this newly developed solver. Moreover, the efficiency of the
three-field formulation and the robustness of the adaptive strategy are also
demonstrated in Table [2], indicating the superiority of this newly developed
solver.

Table 2: Bingham flow in a channel: Comparison of the Newton and adaptive Newton
iterations for the two/three-field formulation at different mesh refinement levels L and
regularization parameter ε, yield stress τs = 0.23.

↓ L/ε → 10−1 10−2 10−3 10−4 10−5 0 10−1 10−2 10−3 10−4 10−5 0

Newton Adaptive Newton

Two-Field

3 2 3 - - - - 4 4 5 5 9 -

4 2 3 - - - - 4 4 5 5 9 -

5 2 3 - - - - 4 4 6 5 9 -

Three-Field

3 2 3 4 6 9 1 2 2 2 5 1 2

4 2 3 4 8 9 1 1 2 2 4 2 2

5 1 2 3 9 5 2 1 1 1 1 3 1

Furthermore, to highlight robustness of our newly developed solver, a com-
parison study for different yield stress values τs i.e. 0.23, 0.3, 0.4 is carried
out, presented in Fig. 3 for mesh refinement levels L=2 and L=3, respec-
tively. All of these tests are carried out for the regularization-free (ε = 0)
Bingham case, it can be observed in each case of χc, the solver either con-
verges very slowly or it starts to oscillate. On the other hand, χa is very fast
to meet the convergence criteria because initially χa is relaxed and once the
solution enters the radius of convergence, then the χa dynamically changes
to achieve the accuracy of the solution. The adaptive discrete Newton solver
exhibits the remarkable performance for every τs, even for the hardest case
(when τs = 0.4), where the plug zone covers a very big area in the centre of
the channel and the situation becomes very difficult for the fluid to flow.
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Figure 3: Nonlinear convergence w.r.t. χ for adaptive Newton method: The
norm of the residual versus number of iterations w.r.t. two strategies (constant (set as
χc1 = 10−1, χc2 = 10−2,..., χc7 = 10−7) and adaptive (χa)) at refinement level L=2
(hx = 1/4, hy = 1/12) and L=3 (hx = 1/8, hy = 1/24) for τs = 0.23, 0.3, 0.4.

6.2. Lid-driven cavity

The numerical simulation of Bingham fluid flow for the lid-driven square
cavity benchmark is performed for the system of eq. (4). The underlying
geometry consists of a unit square domain Ω = [0, 1]2. Dirichlet boundary
conditions are imposed for u|y=1 = (1, 0)T and u = 0 everywhere else. The
viscosity of the fluid is set to be η = 1. A validation study for the three-field
formulation with the results of [19] is carried out, applying both Newton
and the adaptive discrete Newton solver, specifically for the extreme case i.e.
regularization-free Bingham, where the yield stress value is set to τs = 2.0,
shown in Table [3]. Again, the nonlinear iterations of the Newton solver is
faster than the Picard’s iterative solver (used in the validation study) and
the adaptive discrete Newton is the fastest among all.
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Table 3: Lid-driven cavity: Validation of the Newton and adaptive Newton iterations
with the Aposporidis et al. [19] for regularization-free (ε = 0) Bingham, for the three-field
formulation at different mesh refinement levels L, with the yield stress τs = 2.0.

L Aposporidis et al. [19] Newton Adaptive Newton

4 21 13 5
5 23 21 5
6 15 18 6

(a) Adaptive Newton (b) Aposporidis et al. [19] (c) E. Mitsoulis [34]

Figure 4: Lid-driven cavity: The superposition of unyielded zones on the streamline
contours for the regularization-free (ε = 0) Bingham, for the three-field formulation at
mesh refinement levels L=6 (h=1/64), where the yield stress is set to τs = 2.0.

The accuracy of the solution in terms of validation is presented in Fig. 4,
shows a good agreement with the results of [19] and [34]. Fig. 5 illustrates
the efficiency of the adaptive discrete Newton solver for both values of τs
for the regularization-free Bingham, as it converges in very less number of
iterations. On the other hand, the constant step size either oscillates or
converges very slowly. In order to test the limit of the complexity handled by
the adaptive discrete Newton, in terms of the threshold value τs of Bingham
fluid. The forthcoming tests are carried out by increasing the value of τs,
given in Table [4]. The adaptive discrete Newton shows faster convergence
with significantly less number of nonlinear iterations. The effect of increasing
the τs on the growth of dead zones in the cavity can be seen very clearly in
Fig. 6, where the unyielded zones grows significantly (which increases the
no flow area (shaded in black)). This implies that the adaptive discrete
Newton solver is not only efficient but also solves accurately by predicting
the accurate unyielded zones.
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Figure 5: Nonlinear convergence w.r.t χ for adaptive discrete Newton method:
The norm of the residual versus number of iterations w.r.t. two strategies (constant and
adaptive) at refinement level L=4 (hx = 1/16, hy = 1/16) for τs 2.0 and 5.0.

Table 4: Lid-driven cavity: Summary of the adaptive discrete Newton iterations for the
three-field formulation, for different yield stress values at different refinement levels L, for
regularization-free (ε = 0) Bingham.

↓ L/τs → 2 5 7.5 10 15 20 40 50

3 5 5 2 101 79 3 8 18
4 5 6 6 4 5 5 6 7
5 6 6 2 3 5 5 6 9

(a) τs = 10 (b) τs = 30 (c) τs = 50

Figure 6: Unyielded zones: The unyielded zones of the regularization-free (ε = 0)
Bingham for different yield stress values τs = 10, 30, 50 at refinement level L=5 (h = 1/32).
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6.3. Rotational Bingham flow in a square reservoir

In this section, a numerical study of the rotational Bingham flow in a square
reservoir benchmark [35, 36] is carried out, specifically for the regularization-
free (ε = 0) case. This configuration should produce the true viscoplastic
solution of the problem. The benchmark is validated with a recent numerical
results presented in [36]. The configuration settings includes a wall driven
force f described as:

f(x1, x2) = 300 (x2 − 0.5, 0.5− x1)

over the domain Ω = [0, 1]2 with the yield stress value τs = 14.5. In this
numerical experiment, the flow behaviour is analysed with the motion on the
boundaries.

(a) Velocity field (b) Velocity field [36]

(c) Plug zones (d) Plug zones [36]

Figure 7: Bingham flow in a square reservoir: Velocity field (a,b) and plug zones
(c,d) of regularization-free (ε = 0) Bingham at mesh refinement level L=5 for yield stress
value τs = 14.5.

Fig. 7 presents the validation in terms of the velocity field and the plug
zones prediction, respectively. A central solid rigid zone is expected as a true
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solution of the Bingham viscoplastic fluid in this application. Our results
are in good agreement for the velocity field Fig. 7 (a) as well as for the
calculation of the unyielded zones Fig. 7 (c). This assures the accuracy and
the efficiency of our monolithic solver with adaptive discrete Newton method
for regularization-free Bingham model.

7. Conclusions

In this work, a three-field regularization-free Bingham solver and a new adap-
tive discrete Newton solver for the simulation of viscoplastic flows have been
developed. This formulation uses an auxiliary stress tensor, enabling a true
regularization-free viscoplastic solution, and thus, does not alter the shape
of the yield surfaces. Furthermore, the adaptive discrete Newton method
changes the step size very intelligently in the evaluation of the Jacobian ma-
trix with the divided difference approach, which is more efficient and accurate
than the classical Newton. Through numerical studies of several benchmark
problems, this method provides an efficient and robust monolithic solver for
Bingham fluid flow problems. Additionally, the adaptive discrete Newton
solver can be applied to other nonlinear problems due to its capability of
handling any nonlinearity of the system of equations and providing a fast
speed of convergence with an accurate solution.
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