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Bathymetry reconstruction using inverse
shallow water models: Finite element
discretization and regularization

Hennes Hajduk, Dmitri Kuzmin, Vadym Aizinger

Abstract

In the present paper, we use modified shallow water equations (SWE) to
reconstruct the bottom topography (also called bathymetry) of a flow domain
without resorting to traditional inverse modeling techniques such as adjoint
methods. The discretization in space is performed using a piecewise linear
discontinuous Galerkin (DG) approximation of the free surface elevation
and (linear) continuous finite elements for the bathymetry. Our approach
guarantees compatibility of the discrete forward and inverse problems: for a
given DG solution of the forward SWE problem, the underlying continuous
bathymetry can be recovered exactly. To ensure well-posedness of the modified
SWE and reduce sensitivity of the results to noisy data, a regularization term
is added to the equation for the water height. A numerical study is performed
to demonstrate the ability of the proposed method to recover bathymetry in
a robust and accurate manner.
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1.1 Introduction

The shallow water equations are among the most popular mathematical
models for applications in environmental fluid mechanics. The geometry of a
computational domain for SWE simulations of coastal, riverine, and estuarine
flow problems can be determined using inexpensive and highly accurate
measurement techniques for boundaries corresponding to coastlines and the
free surface. However, the resolution and accuracy of experimental data for
the bottom topography (also called bathymetry) of many regions are very
poor. As an alternative to direct measurements, the missing bathymetry
data can be reconstructed by solving a (modified) SWE system as originally
proposed in [7, [§]. The bathymetry enters the momentum equations as a source
term which has a strong influence on the accuracy of simulations. In many
applications such as tsunami predictions, numerical results are highly sensitive
to errors in bathymetry data. The most common measurement techniques for
bathymetry and their respective limitations (see [14 [I8]) are as follows:

e Surveys by ships are suitable only for local measurements in small regions;

e LiDAR/LaDAR (Light/Laser Detection And Ranging) using equipment
installed on ships or aircraft is expensive and has limited coverage;

e Multi-spectral satellite imaging is only practical for shallow and clear water.

Discussions of other issues associated with direct bathymetry measurements
can be found, e.g., in [I4] [I6] 20]. In the present paper, we explore the
possibility of using SWE-based models for bathymetry reconstruction from
the water surface elevation which is much easier to measure remotely (e.g.
by satellite altimetry). The proposed approach involves solving a degenerate
hyperbolic inverse problem, in which the roles of the free surface elevation and
the bottom topography are interchanged [12]. The first proof of concept for
bathymetry reconstructions by this technique was proposed by Gessese et al.
in [8] using a finite difference discretization of a one-dimensional SWE system
for stationary sub- and transcritical configurations. A generalization to the 2D
case was presented in [7] and further developed in [9] [I0]. The main objective
of the present work is the design of a special finite element discretization
that ensures compatibility of the forward and the inverse problems. We also
address the ill-posedness issue by adding a regularization term which also
improves the reconstruction quality in the presence of noise.

1.2 Formulation of the forward and inverse problems

The shallow water equations are derived from the incompressible Navier-Stokes
equations using the hydrostatic pressure assumption and averaging in the
vertical direction [5], [19]. The result is the system of conservation laws
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where u = [u,v]” is the depth-averaged velocity, and H = ¢ —b is the total
water height, that is, the difference between the free surface elevation £ and
the bathymetry b both measured with respect to the same level. The terms
depending on 7, and f. are due to the bottom friction and the Coriolis force,
respectively. In a compact form, the SWE system can be written as

v F(U) = S(UW), (1.4)

where
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In the context of bathymetry reconstruction, the forward and inverse problems
require numerical solution of system 7. In the forward problem, the
free surface elevation is given by £ = H + b, where b is a known bathymetry.
The bathymetry gradient which appears in , is known as well, so
the source term g H Vb depends linearly on H. In the inverse problem, the
bathymetry is unknown and defined by b = £ — H, where £ is given. Since
the gravitational force term of the inverse momentum equation contains the
unknown bathymetry gradient, the inverse problem exhibits entirely different
mathematical behavior. As a consequence of swapping the roles of £ and b,
system 7 becomes degenerate hyperbolic and more difficult to solve
(see [I2] for an in-depth analysis of the potentially ill-posed inverse problem).
The possible lack of uniqueness can be cured by adding a regularization term
of the form eAb to . This regularization resembles the Brezzi-Pitkaranta
stabilization method [3] for equal-order numerical approximations to the
velocity and pressure in the incompressible Navier-Stokes equations; however,
in the setting of the shallow water equations, such a term would induce
artificial currents in the presence of bathymetry gradients. The Laplacian can
be replaced by a total variation regularization term [4] or another anisotropic
diffusion operator. In this work, we define the regularization term at the
discrete level in terms of finite element matrices (see below).
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1.3 Discretization of the SWE system

Let £2 C R? be a bounded Lipschitz domain with a polygonal boundary. Given
a conforming triangulation 7y, = {T1,..., Tk} of £2, we define the DG space
Vi, = {vn € L2(2) : vp|r €P1(T) VT € Ty, } and the corresponding continuous
Galerkin (CG) space W, = V;, NC%(§2). The space V, is spanned by 3K
piecewise-linear basis functions vy;, k=1,...,K, j=1,2,3. The dimension
of W}, equals the number of vertices x1,...,x7, of T,. The Lagrange basis
functions ¢1,...,¢r have the property that ¢;(x;) = 0i5, i, =1,...,L.
System (L.I)-(L.3) is discretized using the space V), for H, Hu, ¢ and the
space Wy, for b. Since the number of equations must be equal to the number of
unknowns, the variational forms of the discrete forward and inverse problems
differ in the choice of the test function space for the continuity equation. Time
integration is performed using an explicit second-order SSP Runge-Kutta
scheme [I1], i.e., Heun’s method.

Space discretization of the forward problem

In the semi-discrete forward problem, we seek the coefficients of surface
elevation &, € Vi and momentum (Hu)p € (Vh)Q. In practice, it is more
convenient to formulate the semi-discrete forward problem in terms of Uy =
[Hp,, (Hu)p)T € (Vy,)? and calculate the surface elevation &, = Hy, +by, € V}, by
adding the known continuous bathymetry b, € Wy, to the discontinuous water
height Hj, € V},. For any element 7~ € T;, and any test function vy, € (V3,)3,
the (element-local) DG form of system is given by [} [12]

/ Vh'atUh de — Vvh :F(Uh) dx
- T—

+/ Vh'f‘(U;LvUZﬂ/T*) ds :/ vy - S(Up, Vby,) de (1.5)
or—

where v— is the unit outward normal and f‘(U;,U;;ny) is a numerical
flux defined in terms of the one-sided limits Ui (see [12] for details). In the

numerical study below, we use the Roe flux or the Lax-Friedrichs flux.
Summing over all elements, we obtain a semi-discrete problem of the form

(’Uh,atHh)JraH (Uh,Uh)ZfH(Uh) Youp, € Vp,, (1.6)
(Vh,at(H’LL)h) +ay (Vh,Uh) = (Vh,Sh(Uh,Vbh))+fu(Vh) Vv € (Vh)z, (17)

where (-,-) is the L? scalar product on 2. The forms azy(-,-) and a(-,-) consist
of volume integrals depending on Vvy, : F(Uy,) and jump terms depending
on (v —v; )-F(U, , U} ;v ). The linear forms fg(-) and f,,(-) contain the
contribution of weakly imposed boundary conditions.

Space discretization of the inverse problem

In the inverse problem, the water height Hj, € V}, is uniquely determined by
the 3K known coefficients of the surface elevation &, € V, and L unknown co-
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efficients of the bathymetry b, € Wj,. Hence, the dimension of the test function
space for system (|1.6)),(1.7) exceeds the number of unknowns. Substituting
&p — by, for Hy,, we replace the continuity equation (1.6]) by

(wh,0¢by) —am (wh, Up) = (wp,0:&n) — fu(wp) Ywp, € Wy,  (1.8)

while keeping the momentum equation unchanged. This yields a system
of L+ 6K equations for L 4+ 6K unknowns. Since W), is a subspace of Vy,
a DG approximation Uy, = [Hy, (Hu),)? satisfying (1.6),(1.7) will satisfy
, as well. If the given surface elevation &, corresponds to a solution
of the discrete forward problem, the underlying bathymetry b;, must be a
(possibly non-unique) solution of the discrete inverse problem.

Pseudo-time stepping and regularization

Any explicit SSP Runge-Kutta time discretization of system , can be
expressed as a convex combination of forward Euler updates. Let M = (m;;)
denote the consistent mass matrix with entries m;; = (¢s,94), ,i=1,...,L,
where ; are the continuous Lagrange basis functions spanning the space Wy,.
Row-sum mass lumping yields the diagonal approximation My, = (m;d;;),
where m; = (p;,1). To deal with the issue of ill-posedness, we march the
bathymetry by, € W}, to a steady state using the regularized matrix form

bn+1 —_pn
At

of a generic forward Euler step for pseudo-time integration of (1.8]). The first
term on the right-hand side of the above linear system is defined by

. = R(U}) +e(M—Mp)b" (1.9)

. ny __ . £Z+1_£},IL . n .
Rz(Uh)_ Pis At +aH(§0uUh)_fH(<Pz)a (110)

where At is the pseudo-time step. The regularization term ¢(M — My, )b™ has
the same form as the pressure stabilization term proposed by Becker and
Hansbo [2] for a finite element discretization of the Stokes system. In our
experience, the use of a discrete Laplace operator in place of M — M, produces
similar results. We envisage that the use of anisotropic diffusion operators
such as the one employed in [4] for total variation-based image denoising
purposes can lead to more accurate reconstructions of small-scale features.

1.4 Numerical results for the inverse problem

Our numerical discretization utilizes the FESTUNG toolbox [6] [I7, [15] and is
described in detail in [I3]. We consider the domain 2 = (0,1km) x (0,1km)
and utilize a triangular unstructured grid with Az = 40m to solve the forward



6 Hennes Hajduk, Dmitri Kuzmin, Vadym Aizinger

and inverse problems on a time interval of three hours with At =0.1s. The
employed parameter settings are g = 9.81m/s?, f, =3-107°s~ 1, cp= 1073571,
Bathymetry for solving the forward problem is specified as a rather complex
yet smooth function (see [12] and Fig. . The boundary conditions are as

25 -24 -23 -22 -21 20 -19 -1.8
| |

o

1000
| 500
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0 { . 121
a9 . \;_23
, ‘ "1000

500

L4 « 00

Fig. 1.1: Computational domain and mesh (left), exact bathymetry (right).

follows: in both problems, the normal fluxes are set to zero on the upper and
lower boundary, and the flux Hu = [4 0]7 is prescribed on the left (or inflow)
boundary. In the forward problem, £ =0 is used at the outlet, whereas in the
inverse problem, the bathymetry is prescribed at the inlet.

First, we solve the forward problem with the initial condition £ = 0 and
Hu = [4 0]7. The steady-state result (as presented in [12]) is subsequently
used as input for the inverse problem, where the initial bathymetry is set
to b= —2, and initial momentum is as in the forward problem. Running the
code until the change in bathymetry between pseudo-time steps becomes
sufficiently small, we obtain a very accurate reconstruction (the L error
is 7.85-107%m). Excellent results are also obtained if a non-stationary free
surface elevation is used as input for the inverse problem, similarly to the
example considered in [12].

To study the effect of noisy input data on the free surface elevation, we add
random perturbations ranging in (—107%m,10~%m) to the free surface values
in each grid vertex. Fig. (left) shows a typical reconstruction result for
such a case. The amplification of data errors in the reconstruction indicates
the ill-posedness of the inverse problem, and further study shows that the
reconstruction error is even worse on refined grids. However, interesting effects
can be observed if one substitutes the 'noisy’ result shown in Fig. (left)
as the bathymetry for the forward problem: a surface elevation field differing
from the original perturbed steady state is produced. Remarkably, using this
new steady state as input for the inverse problem results in the exact same
oscillatory steady-state bathymetry as in Fig. (left). We attribute this
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phenomenon to the space relation Wj, C Vj,: proper reconstruction of free
surface elevation &, € Vy from a solution b, € Wy, of the inverse problem
may be impossible due to the larger DG space V. On the other hand, the
continuous bathymetry seems to be uniquely determined by the free surface
and the inflow boundary condition as long as the velocities are non-zero —
which is an encouraging result.

Finally, we demonstrate how to improve the oscillatory reconstruction via
inclusion of diffusive terms: so far the parameter ¢ was set to zero. From
heuristic testing we found the best possible reconstruction is possible with
£ =0.08m?/s. The result can be seen in Fig. (right); it indicates that the
influence of flawed data can be filtered out by our regularization approach.
Furthermore, we are able to reduce the required number of pseudo-time-
stepping iterations by a factor of around 15 due to the smoothing properties of
the artificial diffusive term. Corresponding results for reconstruction from noisy

25 24 -23 -22 -21 20 -19 -18 25 24 -23 -22 21 20 -19 -18
| | | |

o !

- o

Fig. 1.2: Bathymetry reconstruction from noisy data without (left) and with
(right) artificial diffusion.

surface elevation were obtained on refined grids. However, the regularization
parameter € has to be chosen much larger. In some cases, the steady-state
convergence behavior can also be improved by decreasing the pseudo-time
step. Promising results can be obtained even for € — 0 by gradually decreasing
the value of e.

1.5 Conclusion and outlook

The main highlight of this work is a combined CG-DG finite element method
for SWE-based reconstruction of bottom topography from surface elevation
data. The use of a continuous finite element space Wy, C V, for the bathymetry
produces a realistic number of constraints and ensures compatibility to the DG
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scheme for the hyperbolic forward problem. A regularization term is added
to the discretized continuity equation of the inverse problem to to obtain
stable steady state solutions. The presented numerical examples demonstrate
the potential of the proposed methodology. Further work is required to
study the sensitivity of results to the choice of the regularization parameter
and definition of the artificial diffusion operator. These studies may involve
theoretical investigations, as well as applications to rivers with well-explored
bathymetry and/or comparison to laboratory experiments.

Acknowledgments

This research was supported by the German Research Association (DFQG)
under grant AT 117/2-1 (KU 1530/12-1).

References

[1] V. Aizinger and C. Dawson. A discontinuous Galerkin method for two-
dimensional flow and transport in shallow water. Advances in Water
Resources, 25(1):67-84, 2002.

[2] R. Becker and P. Hansbo. A simple pressure stabilization method for
the Stokes equation. International Journal for Numerical Methods in
Biomedical Engineering, 24(11):1421-1430, 2008.

[3] F. Brezzi and J. Pitkdranta. On the stabilization of finite element ap-
proximations of the Stokes equations. In W. Hackbusch, editor, Efficient
Solutions of Elliptic Systems. Notes on Numerical Fluid Mechanics, 10,
pages 11-19. Vieweg + Teubner Verlag, 1984.

[4] T.F. Chan, G. H. Golub, and P. Mulet. A nonlinear primal-dual method
for total variation-based image restoration. SIAM J. Sci. Comput.,
20(6):1964-1977, 1999.

[5] B. Cushman-Roisin and J.-M. Beckers. Introduction to Geophysical Fluid
Dynamics: Physical and Numerical Aspects. Academic Press, 2011.

[6] Florian Frank, Balthasar Reuter, Vadym Aizinger, and Peter Knabner.
FESTUNG: A MATLAB / GNU Octave toolbox for the discontinuous
Galerkin method, Part I: Diffusion operator. Computers & Mathematics
with Applications, 70(1):11-46, 2015.

[7] A. F. Gessese and M. Sellier. A direct solution approach to the inverse
shallow-water problem. Mathematical Problems in Engineering, 2012,
2012.

[8] A. F. Gessese, M. Sellier, E. Van Houten, and G. Smart. Reconstruction
of river bed topography from free surface data using a direct numeri-



1 Bathymetry reconstruction using inverse shallow water models 9

[12]

[13]

[17]

(18]

[19]

[20]

cal approach in one-dimensional shallow water flow. Inverse Problems,
27(2):025001, 2011.

A. F. Gessese, G. Smart, C. Heining, and M. Sellier. One-dimensional
bathymetry based on velocity measurements. Inverse Problems in Science
and Engineering, 21(4):704-720, 2013.

A. F. Gessese, K. M. Wa, and M. Sellier. Bathymetry reconstruction
based on the zero-inertia shallow water approximation. Theoretical and
Computational Fluid Dynamics, 27(5):721-732, 2013.

S. Gottlieb, C.-W. Shu, and E. Tadmor. Strong stability-preserving
high-order time discretization methods. SIAM Review, 43(1):89-112,
2001.

H. Hajduk. Numerical investigation of direct bathymetry reconstruction
based on a modified shallow-water model. Master’s thesis, University
Erlangen-Nuremberg, 2017.

H. Hajduk, B. R. Hodges, V. Aizinger, and B. Reuter. Locally filtered
transport for computational efficiency in multi-component advection-
reaction models. Environmental Modelling € Software, 102:185-198,
2018.

R. C. Hilldale and D. Raff. Assessing the ability of airborne lidar to map
river bathymetry. Earth Surface Processes and Landforms, 33(5):773-783,
2008.

A. Jaust, B. Reuter, V. Aizinger, J. Schiitz, and P. Knabner. FESTUNG:
A MATLAB / GNU Octave toolbox for the discontinuous Galerkin
method, Part III: Hybridized discontinuous Galerkin (HDG) formulation.
Computers & Mathematics with Applications (accepted), 2018.

W. J. Plant, R. Branch, G. Chatham, C. C. Chickadel, K. Hayes, B. Hay-
worth, A. Horner-Devine, A. Jessup, D. A. Fong, O. B. Fringer, S. N.
Giddings, S. Monismith, and B. Wang. Remotely sensed river surface
features compared with modeling and in situ measurements. Journal of
Geophysical Research: Oceans, 114(C11002), 2009.

B. Reuter, V. Aizinger, M. Wieland, F. Frank, and P. Knabner. FES-
TUNG: A MATLAB /GNU Octave toolbox for the discontinuous Galerkin
method. Part II: Advection operator and slope limiting. Computers and
Mathematics with Applications, 72(7):1896-1925, 2016.

A. C. B. Roberts. Shallow water bathymetry using integrated airborne
multi-spectral remote sensing. International Journal of Remote Sensing,
20(3):497-510, 1999.

C. B. Vreugdenhil. Numerical Methods for Shallow- Water Flow. Springer
Science & Business Media, 1994.

R. M. Westaway, S. N. Lane, and D. M. Hicks. The development of
an automated correction procedure for digital photogrammetry for the
study of wide, shallow, gravel-bed rivers. Earth Surface Processes and
Landforms, 25(2):209-226, 2000.



	EB 585_1. Seite
	Ergebnisbericht Nr. 585
	Bathymetry reconstruction using inverse shallow water models: Finite element discretization and regularization
	Hennes Hajduk, Dmitri Kuzmin, Vadym Aizinger
	Introduction
	Formulation of the forward and inverse problems
	Discretization of the SWE system
	Numerical results for the inverse problem
	Conclusion and outlook
	References
	Bibliography




