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Abstract. Based on the benchmark results in [1] for a 2D rising bubble, we present
the extension towards 3D providing test cases with corresponding reference results,
following the suggestions in [2]. Additionally, we include also an axisymmetric con-
figuration which allows 2.5D simulations and which provides further possibilities for
validation and evaluation of numerical multiphase flow components and software
tools in 3D.

1 Introduction

The aim of this short note is to present reference results for a 3D rising
bubble benchmark which is based on the former 2D benchmark configuration
in [1]. In a first step, we describe an ’easier’ setting in an axisymmetric
configuration which allows the rigorous comparison and validation of the used
3D methodology and software based on reference results obtained by a highly
accurate 2.5D approach in [3]. Then, in the second step, we demonstrate the
numerical convergence behaviour for the 3D configuration for (at least) 3
successively refined spatial meshes and time steps which demonstrate that the
proposed reference values are (almost) grid independent. Finally, we compare
the new results with the previously published results in [2] which are slightly
improved in terms of accuracy so that a new validated set of reference data is
available now which can be found and downloaded from www.featflow.de.

1.1 Definition of the Benchmark configuration

The presented benchmark considers isothermal, incompressible flow of two
immiscible fluids. The conservation of momentum and mass is described by
the Navier-Stokes equations

ρ(x)

(
∂u

∂t
+ (u · ∇)u

)
= −∇p+∇ ·

(
µ(x)(∇u+ (∇u)T )

)
+ ρ(x)g

∇ · u = 0
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in a fixed space-time domain Ω × [0, T ], where Ω ⊂ R3. Here, ρ(·) and µ(·)
denote the density and viscosity of the fluids, u the velocity, p the pressure,
and g the external gravitational force field. It is assumed that fluid 1 occupies
the domain Ω1 and that it completely surrounds fluid 2 in Ω2 (see Figure 1),
in particular Γ := ∂Ω1 ∩ ∂Ω2, Ω = Ω1 ∪ Γ ∪Ω2, and ∂Ω2 ∩ ∂Ω = ∅.

Surface tension effects are taken into consideration through the following
force balance at the interface Γ

[u]|Γ = 0, [−pI+ µ(∇u+ (∇u)T )]
∣∣
Γ
· n̂ = σκn̂

where n̂ is the unit normal at the interface, σ is the surface tension coefficient,
κ is the curvature of the interface.

Fig. 1. Geometry with the corresponding
L1 mesh and initial condition of the 3D ris-
ing bubble benchmark.

ρ1 ρ2 µ1 µ2 g σ

1000 100 10 1 0.98 24.5

L #nel #nvt #doftotal

2 2,280 2,837 78,762
3 18.240 20,377 596,958
4 145.920 154,289 4,647,990

Table 1. Dimensionless physical
parameters and geometrical statis-
tics of the 3D bubble benchmark.

The configuration of this benchmark problem is designed as an extension
of its 2D predecessor benchmark introduced by Hysing et al. [1]. Besides the
dimensional difference (2D/3D) the only difference between the two bench-
marks is the boundary condition imposed on the vertical sides of the domain
being no-slip in the 3D case instead of the free-slip condition in the 2D case.
This difference originates from the pioneering work of Adelsberger et al. [2],
where such an adaptation has been chosen. The geometric description of the
benchmark at initial condition is displayed at Fig. 1. All walls of the domain
are characterized by no-slip boundary conditions.

The considered benchmark quantities are selected as for the original 2D
benchmark, namely:

– Bubble Size - Size of the bubble in two different directions, namely in
the rise direction (z ) expressed as Rz/R0 (normalized w.r.t. initial bubble
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size R0) and in a perpendicular-to-rise direction being aligned with one
of the cartesian axis (x or y) expressed as Rx,y/R0.

– Bubble Sphericity - The ”degree of sphericity” in R3 be defined as

A0

A
=

4πR2
0

A
.

Here, A0 denotes the area of a sphere with the initial bubble diameter
R0 which has a volume equal to that of the bubble with area A.

– Rise Velocity - The mean velocity with which the bubble is rising or
moving and is defined as

Uc =

∫
Ω2

u dx∫
Ω2

1 dx

where Ω2 denotes the region that the bubble occupies. The velocity com-
ponent in the direction opposite to the gravity vector is then denoted as
rise velocity Vc, for which the stationary limit is called terminal velocity.

1.2 Description of the used numerical techniques

The 3D results are based on a specific extension (’FeatFlower’) of the FEM
based open-source software package FeatFlow [4] which is a 3D multiphase
CFD package (see also [5]) associated with the following key attributes:

– parallelized on the basis of domain decomposition technique
– equipped with geometrical (Newton)-multigrid solvers
– using higher order Q2/P1 iso-parametric elements
– using semi-implicit surface tension treatment on the basis of the Laplace-

Beltrami transformation
– using interface-aligned, moving meshes in the framework of PDE based

mesh deformation techniques together with the Arbitrary-Lagrangian-
Eulerian method

The main components of the 2.5D software by K. Bäumler which is de-
scribed in [3] can be shortly listed as follows:

– iso-parametric P2/P1 finite elements
– semi-implicit treatment of surface tension via Laplace-Beltrami transfor-

mation
– interface-aligned meshes which are moving in an ALE framework
– use of a reference frame fixing the center of mass of the bubble
– subspace projection method for implementing interface conditions

2 Numerical simulation results

First, the validation of the 3D code w.r.t. the 2.5D approach for the ax-
isymmetric configuration will be presented, demonstrating the temporal and
spatial convergence behaviour, before switching to the fully 3D benchmark
test case.



4 S. Turek et al.

2.1 Validation of the 3D results via 2.5D configuration

The corresponding results in Figure 2 provide the results for different mesh
levels and time steps and demonstrate that the 3D results are more or less
independent of the chosen spatial refinement levels and that they agree, for a
sufficiently small time step, very well with the results by the 2.5D approach.
Based on these results and the corresponding numerical analysis, we claim
that the applied 3D code is validated and is able to reproduce the ’reference
results’ which have been calculated via the special 2.5D code.

2.2 3D Benchmark results

Having validated the 3D multiphase flow solver via the shown axisymmetric
configuration, we perform the analogous simulations for the described full
3D benchmark case. Again, we provide in Table 2 the results for different
mesh levels in space and time for selected benchmark quantities and mark
the resulting reference results: Here, we use the LS3 results with the smallest
time step size as reference values since the simulations show that the higher
mesh level L4 leads to almost identical values as compared with level L3.
Moreover, we provide in Figure 3 the corresponding temporal plots for the
described benchmark quantities. Finally, we compare in Figure 4 the ’new’
reference results with the previously published results in [2].

3 Conclusions

In this short paper, we have described the settings for a quantitative 3D
Rising Bubble benchmark which is based on the previous studies in [1] and
[2]. After validating the 3D code via an axisymmetric configuration (allow-
ing to compare with corresponding highly accurate 2D simulations), we pro-
vide (new) reference benchmark quantities which all can be downloaded from
www.featflow.de. A more detailed numerical analysis of the benchmark sim-
ulations as well as a more detailed description of the used methodology and
codes will be part of a forthcoming paper.
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Table 2. Convergence of the monitored quantities at T=1.0 and at final time T=3.0
w.r.t. temporal and spatial refinements. Explanation of the symbols is as follows: L
- spatial refinement level, ∆t is the used time step, V0, V are the initial and actual
volumes of the bubble, zc is the z location of the bubble associated with its point
of mass. The remaining parameters are introduced in Section 1.2.

L ∆t
1e−3

A0/A
V0−V
V0

% zc Vc Rz/R0 Rx,y/R0

T = 1.0

2 1/1 0.97361 0.14353 0.27509 0.35653 0.78862 1.10488
2 1/4 0.97417 0.03115 0.27553 0.35694 0.78778 1.10560
2 1/16 0.97433 0.00274 0.27553 0.35707 0.78763 1.10555

3 1/1 0.97355 0.15011 0.27513 0.35652 0.78858 1.10580
3 1/4 0.97408 0.03768 0.27560 0.35695 0.78763 1.10593
3 1/16 0.97421 0.00940 0.27568 0.35707 0.78739 1.10596
3 1/64 0.97418 0.00140 0.27583 0.35709 0.78708 1.10608

4 1/1 0.97354 0.15005 0.27514 0.35650 0.78855 1.10576
4 1/4 0.97406 0.03781 0.27561 0.35695 0.78757 1.10594

T = 3.0

2 1/1 0.95579 0.60085 0.97041 0.34779 0.73614 1.15893
2 1/4 0.95861 0.12664 0.97208 0.34855 0.73424 1.15676
2 1/16 0.95933 0.00573 0.97240 0.34875 0.73375 1.15660

3 1/1 0.95553 0.63544 0.97031 0.34775 0.73622 1.15919
3 1/4 0.95835 0.16248 0.97203 0.34851 0.73430 1.15806
3 1/16 0.95906 0.04294 0.97242 0.34871 0.73382 1.15778
3 1/64 0.95925 0.00952 0.97266 0.34876 0.73368 1.15776

4 1/1 0.95556 0.63182 0.97030 0.34775 0.73623 1.15932
4 1/4 0.95835 0.16107 0.97203 0.34851 0.73431 1.15820
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Fig. 2. From top to bottom: Evolution of bubble rise velocity Vc, bubble diameter
2Rz, 2Rx,y, bubble sphericityA0/A, relative bubble mass V/V0 and bubble shape for
the axisymmetric validation case. L2, L3, L4 represent the level of spatial resolutions
and dt stands for the size of the corresponding time step.
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Fig. 3. From top to bottom: Evolution of bubble rise velocity Vc, bubble diameter
2Rz, 2Rx,y, bubble sphericity A0/A, relative bubble mass V/V0 and bubble shape
for the 3D benchmark problem. L2, L3, L4 represent the level of spatial resolutions
and dt stands for the size of the corresponding time step.
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Fig. 4. From top to bottom: Evolution of bubble rise velocity Vc, bubble diameter
2Rz, 2Rx,y and bubble sphericity A0/A in comparison with the results published
by Adelsberger et al. [2].


	EB 580 1. Seite
	EB 580

