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The problem

Motivation: The contact process is a simple model of an infection spreading on a
graph or network. When the network is scale-free the infection, once fully
established, may survive for a long time due to a metastability effect. We study
how time variability of the network can affect the metastable behaviour.
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Figure: Simulation of the contact process on a scale-free graph, courtesy of Lucas Simon.
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Network dynamics
Let
k: (0,1] — (0, 00),
p: (0,1] x (0,1] — (0, 00),

The vertex set of our graph is {1,..., N} with small indices indicating large
strength. The network is evolving by vertex updating.
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Network dynamics
Let
k: (0,1] — (0, 00),
p: (0,1] x (0,1] — (0, 00),

The vertex set of our graph is {1,..., N} with small indices indicating large
strength. The network is evolving by vertex updating. Each vertex i has an
independent clock which strikes after an exponential time with rate x(i/N).
When it strikes, the vertex updates, which means:

@ All adjacent edges are removed, and

@ new edges i <> j are formed with probability

1 /i
=~ p(~, =) AL,
pi= (5 ) AL

independently for every j € {1,..., N} \ {i}.
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Network dynamics
Let
k:(0,1] — (0,00),
p: (0,1] x (0,1] — (0, c0),
The vertex set of our graph is {1,..., N} with small indices indicating large
strength. The network is evolving by vertex updating. Each vertex i has an
independent clock which strikes after an exponential time with rate x(i/N).
When it strikes, the vertex updates, which means:
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independently for every j € {1,..., N} \ {i}.
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Network dynamics
Let
k: (0,1] — (0, 00),
p: (0,1] x (0,1] — (0, c0),

The vertex set of our graph is {1,..., N} with small indices indicating large
strength. The network is evolving by vertex updating. Each vertex i has an
independent clock which strikes after an exponential time with rate x(i/N).
When it strikes, the vertex updates, which means:

@ All adjacent edges are removed, and

@ new edges i <> j are formed with probability

1 /i
pi =3P ) M
independently for every j € {1,..., N} \ {i}.
We denote by (%;):>0 the stationary graph process under this dynamics.

We fix 0 < v < 1, 8 > 0 and focus on the
e factor kernel p(x,y) = Bx~7y~7.
o preferential attachment kernel p(x,y) = B(x A y)~7(x V y) L.

Peter Morters (Kaln) Contact process on evolving networks

3/15



Network dynamics
Each vertex i has an independent clock which strikes after an exponential time
with rate x(i/N). When it strikes, the vertex updates, which means:

@ All adjacent edges are removed, and

@ new edges i <+ j are formed with probability

= ol )
independently for every j € {1,..., N} \ {/}.

We denote by (4;):>0 the stationary graph process under this dynamics.

We fix 0 < v < 1, 8 > 0 and focus on the

e factor kernel p(x,y) = Bx~7y~7.

e preferential attachment kernel p(x,y) = B(x A y)~7(x V y)"~L
Then the graphs %; are scale-free in the sense that

lim proportion of vertices of degree k =: u(k) = K~
N—oco

where the power law exponent is 7 =1 + %
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Network dynamics

Each vertex i has an independent clock which strikes after an exponential time
with rate x(i/N). When it strikes, the vertex updates, which means:

o All adjacent edges are removed, and
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Network dynamics
Each vertex i has an independent clock which strikes after an exponential time
with rate x(i/N). When it strikes, the vertex updates, which means:

@ All adjacent edges are removed, and

@ new edges i <> j are formed with probability

1 i
= =Pl )AL
PLi= N p(/v' /v) ’
independently for every j € {1,..., N} \ {i}.
We denote by (%;):>0 the stationary graph process under this dynamics.
We fix 0 < v < 1, 8 > 0 and focus on the
o factor kernel p(x,y) = Bx Ty~7.
o preferential attachment kernel p(x,y) = B(x A y) ™7 (x V y)"~ L.
We fix n € R, s > 0 and focus on
@ update function k(x) = x™ 7" = x(degree of xN)".
With the parameter 77 we tune the speed of the network evolution. For large n > 0

powerful vertices update fast, for small n < 0 powerful vertices update slowly.
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The contact process
The contact process on an (evolving) finite graph is defined as follows:
@ Every vertex can either be infected or healthy.
@ An infected vertex infects each of its neighbours at a fixed rate A > 0.
@ An infected vertex recovers with a fixed rate one.
@ Once recovered, a vertex is again susceptible to infection by its neighbours.
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The contact process
The contact process on an (evolving) finite graph is defined as follows:
@ Every vertex can either be infected or healthy.
@ An infected vertex infects each of its neighbours at a fixed rate A > 0.
@ An infected vertex recovers with a fixed rate one.
@ Once recovered, a vertex is again susceptible to infection by its neighbours.

Metastability exponents
Starting with every vertex infected, denote

1
In(t) = N E[ number of infected vertices at time t].

We say that p()) is the metastable density if, whenever ty is going to infinity
slower than exponentially, we have

lim IN(l’N) = p()\) > 0.
N— oo

The metastability exponents are defined as

. logp(N)
{(r.n) = lim Tlog A
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Metastable densities

Theorem 1 Jacob, Linker, M (2023)

Consider the contact process on the evolving network (%;)¢>o with the factor
kernel. The metastable exponents £(7,7) are as in the following phase diagram.
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@ Static case n N\, —oo by Mountford, Valesin, Yao (2013).
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Theorem 1 Jacob, Linker, M (2023)

Consider the contact process on the evolving network (%;)¢>o with the factor
kernel. The metastable exponents £(7,7) are as in the following phase diagram.
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@ Static case n N\, —oo by Mountford, Valesin, Yao (2013).
@ Fast evolution case > 0 by Jacob, Linker, M. (2019).
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Metastable densities

Theorem 2 Jacob, Linker, M (2023)

Consider the contact process on the evolving network (%;):>o with the preferential
attachment kernel. The metastable exponents &(7,7) are in the following diagram.
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e Static case n \, —oo by Can (2017).
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Heuristics

In static scale-free networks if an infected vertex of large degree k > A\ 72
recovers, it typically has of order Ak infected neighbours. The probability that
none of these neighbours reinfects the vertex before it recovers is roughly

(1- )\j\_ 1)Ak ~ e kA
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Heuristics

In static scale-free networks if an infected vertex of large degree k > A\ 72
recovers, it typically has of order Ak infected neighbours. The probability that
none of these neighbours reinfects the vertex before it recovers is roughly

A )
1— M kAT
=577 ~e

Hence the vertex can hold the infection for a time which is exponential in the
vertex degree before a sustained recovery. In a static scale-free network there are
sufficiently many vertices of high degree for this local survival mechanism to keep
an established infection alive for a time exponential in the graph size, see for
example Berger at al (2005).
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Heuristics

In evolving scale-free networks the capacity of a vertex of large degree k to use
the neighbourhood for local survival is significantly reduced compared to the static
case. Even for slow evolutions, if n < 0, this degradation effect is significant. On
recovery of a vertex of degree k the number of infected neighbours is still of order
Ak and therefore the probability that none of them reinfects the vertex before it
updates is roughly

k"

m ~ )\_2kn_l If )\2k > kTI_
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Heuristics

In evolving scale-free networks the capacity of a vertex of large degree k to use
the neighbourhood for local survival is significantly reduced compared to the static
case. Even for slow evolutions, if n < 0, this degradation effect is significant. On
recovery of a vertex of degree k the number of infected neighbours is still of order
Ak and therefore the probability that none of them reinfects the vertex before it
updates is roughly

k"

perarried A2 N2k s kM.

Hence the time that a vertex can survive locally is of order A2k1~". Although this
is just polynomial in the vertex degree and hence much smaller than in the static
case, this local survival mechanism together with a spreading strategy can keep an
established infection alive for a time exponential in the graph size.
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Heuristics

Updating of vertices also has the beneficial regeneration effect that during the
time up to a sustained recovery updates of powerful vertices will regenerate their
neighbourhood and the overall connectivity of the graph is improved, allowing it
to spread the infection more efficiently.
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neighbourhood and the overall connectivity of the graph is improved, allowing it
to spread the infection more efficiently.

When a vertex has degree k over an infection period of length A2k*~" we see
updates at a rate k7 and hence if A’k > 1 we see of order A\>k updates before a
sustained recovery.

In a period of length k=" between two updates the probability that one of the Ak
infected neighbours of this vertex passes the infection to a second vertex of
degree k is of order /\2k1’”ﬁ where ﬁ is the order of the probability that there is
an edge between a given neighbour of the first and the second vertex.
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Heuristics

When a vertex has degree k over an infection period of length A\?k~" we see
updates at a rate k7 and hence if A2k > 1 we see of order A\>k updates before a
sustained recovery.

In a period of length k" between two updates the probability that one of the Ak
infected neighbours of this vertex passes the infection to a second vertex of
degree k is of order /\le”’ﬁ where % is the order of the probability that there is
an edge between a given neighbour of the first and the second vertex.

As there are A\?k updates before a sustained recovery the overall probability that
an infected vertex with degree k > \~2 passes the infection to a vertex of the
same degree via an intermediary vertex is X‘k*"% and if the proportion a(k) of
vertices with degree at least k satisfies

a(k) > \"4kn3

the strategy of delayed indirect spreading, passing the infection from one powerful
vertex to another via an intermediary vertex, yields survival of the infection.
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Heuristics

A similar argument suggests that, as an infected vertex of degree k has of order
A2k updates before a sustained recovery, if % denotes the probability that two
vertices of degree k are connected by an edge, then the probability that by the

time of its sustained recovery an infected vertex of degree k directly infects
another vertex of degree k is

ASkl-m M
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A2k updates before a sustained recovery, if % denotes the probability that two
vertices of degree k are connected by an edge, then the probability that by the
time of its sustained recovery an infected vertex of degree k directly infects
another vertex of degree k is

)\3k177] (k)

N

Hence if the proportion a(k) of vertices with degree at least k satisfies
a(k) > A3k p(k) 71

the strategy of delayed direct spreading, where the infection is passed from one
powerful vertex to another directly, should yield slow extinction of the infection.
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A similar argument suggests that, as an infected vertex of degree k has of order
A2k updates before a sustained recovery, if % denotes the probability that two
vertices of degree k are connected by an edge, then the probability that by the
time of its sustained recovery an infected vertex of degree k directly infects
another vertex of degree k is

)\3k177] (k)

N

Hence if the proportion a(k) of vertices with degree at least k satisfies
a(k) > A3k p(k) 71

the strategy of delayed direct spreading, where the infection is passed from one
powerful vertex to another directly, should yield slow extinction of the infection.

However, this is only correct if the update rate k" of a vertex of degree k is at
least of the order of the infection rate A. If k" < ), then the dynamics of the
subnetwork of powerful vertices is much slower than the spread of the infection.
The infections passed from a powerful vertex will then typically reach vertices that
are already infected, a depletion effect.
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Heuristics

Hence if the proportion a(k) of vertices with degree at least k satisfies

a(k) > A2k p(k)
the strategy of delayed direct spreading, where the infection is passed from one
powerful vertex to another directly, should yield slow extinction of the infection.

However, this is only correct if the update rate k" of a vertex of degree k is at
least of the order of the infection rate A. If k" < ), then the dynamics of the
subnetwork of powerful vertices is much slower than the spread of the infection.
The infections passed from a powerful vertex will then typically reach vertices that
are already infected, a depletion effect.

In these cases the infection will spread at rate k" instead of A, so that overall
delayed direct spreading can only give slow extinction if

a(k) > A2k p(k)~t
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Heuristics

When the graph is very densely connected both spreading mechanisms are equally
effective. We speak of delayed concurrent spreading. In this case the infection
retains its metastable density even if either all edges between high degree vertices

were removed or all low degree neighbouring vertices of high degree vertices were
leaves.
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Heuristics

When the graph is very densely connected both spreading mechanisms are equally
effective. We speak of delayed concurrent spreading. In this case the infection
retains its metastable density even if either all edges between high degree vertices
were removed or all low degree neighbouring vertices of high degree vertices were
leaves.

The degradation effect is stronger for fast evolutions, i.e. when 17 > 0. On
recovery of a vertex of degree k the number of infected neighbours is now

A

k—T—— ~ XK'
A+ 14 kn
and so the probability that none of them reinfects the vertex before it updates is

k"

W ~ )\72/(27771 |f )\Zklin >> kn.

Only if n < % the local survival mechanism persists and vertices with degree k
satisfying k'=27 >> A2 can hold the infection for a time of order \?k'~2".
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Heuristics
The four strategies

@ delayed indirect spreading,
@ delayed direct spreading,
@ quick indirect spreading,
@ quick direct spreading.

compete for domination. The effects of degradation, regeneration and depletion
are crucial in determining the winner.
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Heuristics
The four strategies

@ delayed indirect spreading,
@ delayed direct spreading,
@ quick indirect spreading,
@ quick direct spreading.

compete for domination. The effects of degradation, regeneration and depletion
are crucial in determining the winner.

All these strategies are based on choosing a threshold a(\) ™\, 0 and keeping a
positive proportion of vertices in the set

Stars ;= {1,...,[a(A)N]}.

infected. The stars have a large degree =< a(\)~7 and the infected neighbours of
the stars cover a proportion
= Xa(\)a(\)7?

of vertices. The maximal proportion gives the metastable density up to
logarithmic corrections.
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Summary

We revisit the phase diagrams indicating the dominating strategies.
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Summary

We revisit the phase diagrams indicating the dominating strategies.

For the factor kernel.

1
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Summary

We revisit the phase diagrams indicating the dominating strategies.

For the preferential attachment kernel.

1
quick ultrafast extinction
indirect
1/2 4 spreading
delayed,
0 : . —1
indirect )
delayed direct spreading
-1/2
delayed
T concurrent spreading
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Proof techniques

@ Lower bounds: Verify by a coarse-graining technique that the heuristic
strategies described above are successful.
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Proof techniques

@ Lower bounds: Verify by a coarse-graining technique that the heuristic
strategies described above are successful.
o Upper bounds:

» Fast evolution: First the full model is coupled to a simpler model, the
wait-and-see model, which has more infected vertices as certain unsustainable
recoveries are omitted. For this stochastic upper bound we are able, in the
second step, to associate a score to each configuration which eventually leads
to the construction of a supermartingale, which gives the required upper
bounds by application of the optional stopping theorem.
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Proof techniques

@ Upper bounds:

» Fast evolution: First the full model is coupled to a simpler model, the
wait-and-see model, which has more infected vertices as certain unsustainable
recoveries are omitted. For this stochastic upper bound we are able, in the
second step, to associate a score to each configuration which eventually leads
to the construction of a supermartingale, which gives the required upper
bounds by application of the optional stopping theorem.

» Very slow evolution: Using self-duality, we bound the metastable density by
the probability that the process, starting from one infected vertex x, survives
up to some large given time t. Until time t, the contact process stays in a
local dynamical neighbourhood of x in the graph, which is with high
probability tree-like. The contact process on a static tree with degrees
bounded by 8% is locally subcritical: it may survive globally but not locally.
We obtain a similar result for the local dynamical neighbourhood of x.
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Proof techniques

@ Upper bounds:

» Very slow evolution: Using self-duality, we bound the metastable density by
the probability that the process, starting from one infected vertex x, survives
up to some large given time t. Until time t, the contact process stays in a
local dynamical neighbourhood of x in the graph, which is with high
probability tree-like. The contact process on a static tree with degrees
bounded by & is locally subcritical: it may survive globally but not locally.
We obtain a similar result for the local dynamical neighbourhood of x.

» Moderately slow evolution: A new technique is developed combining local and
global effects. We split the vertices that are not stars into weak, strong quick
and strong slow vertices. Weak vertices have degrees bounded by 8%. Strong
quick ones have an update rate faster than A. There is a score attached to
weak infected vertices related to the size of the tree (with bounded degree) of
weak vertices seen from this vertex. Strong vertices can be healthy, infected or
saturated where saturated vertices cannot recover. Their score relates to their
update rate and their weak and strong neighbours.
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Thank you very much for your attention!
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