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Abstract:

The theoretical framework of conceptual change has gained growing influence for analysing
learning difficulties. The article pleads for combining conceptual change approaches in the
learning sciences with established categories from mathematics education research like
‘Grundvorstellungen’ and epistemological obstacles. These didactic categories help to make
explicit that obstacles in conceptual change can lie deeper in mathematical content knowl-
edge than often seen in conceptual change approaches. The argumentation is developed by
discussing the results of a new empirical study of the well-known conception ‘multiplication
makes bigger’ and by integrating existing research into an explaining level model.

0 Introduction

Swan reports the following experience with Gareth, a grade 9 student in the top set at his
comprehensive school.

I asked him to imagine that 1 kg of a product costs £ 1.50 and then invited him to calculate
the cost of 2.2 kg and 0.7 kg respectively. Using a calculator, he confidently calculated 1.5 x
2.2 = 3.3 and answered ‘£ 3.3’ for the first part. For the second part, he divided 1.5 by 0.7
and obtained 2.142857... Clearly puzzled by his second answer, he stared silently at it for
some time. I asked why he had multiplied for the first part and divided for the second and he
told me that the second answer should be less than £ 1.50 and he thought division would
make £ 1,50 smaller. He told me that the answer ‘should be £ 1.05°, but he couldn’t see
how to get this with his calculator. Seeing my surprise that he already knew the answer, he
explained that he had worked out the problem mentally. [... by the rule of three...]

I asked him to try multiplying 1.5 by 0.7 using his calculator to see if he would get the same
result. [...] When he saw the result, his jaw dropped: ‘I never expected that!” (Swan, 2001,
p. 154)

This episode is prototypic for a phenomenon which has been shown by many empirical
studies (Brousseau, 1980; Bell, Swan, and Taylor, 1981; Streefland, 1984; Fischbein,
Deri, Nello, and Marino, 1985; Barash and Klein, 1996). It shows a large gap between
many students’ algorithmic competencies and their understanding of fractional and deci-
mal numbers. Gareth’s idiosyncratic interpretation of the multiplication of fractional
numbers and his intuitive rule that division makes smaller - and inversely, multiplication
makes bigger - is presumably inherited from dealing with natural numbers. Its generaliza-
tion to fractional and decimal numbers offers an obstacle for activating the multiplicative
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operation in order to model the given situation (cf. Bell et al., 1981; Wartha, 2005). The
case of Gareth is especially interesting since Gareth shows at the same time that he has
understood the problem and is able to solve it by other means.

Hence, what is behind this persistent conception ‘multiplication makes bigger’? Why is
it so stable that Gareth takes it as his main criteria to chose the operation? How can this
individual conception be overcome in the learning process in order to reach a mathemati-
cally more adequate one? And finally, can the phenomenon be embedded into a larger
theoretical framework that helps to draw consequences for mathematics classroom prac-
tices?

Difficulties like the one of Gareth have been explained by conceptual change in the last
years (like in Stafylidou and Vosniadou, 2004). As conceptual change approaches have
originally been developed in the learning sciences and have met an increasing interest in
science education and mathematics education research, the article starts from the concep-
tual change approach and elaborates it further by focussing on the didactic categories
‘mental models’ and ‘Grundvorstellungen’. Until today, these didactic categories have
rarely been adopted in the learning sciences although the article can show that they are of
major importance for the issue of ‘multiplication makes bigger’ since they focus on the
meaning of mathematical objects, a main part of mathematical content knowledge.

The different theoretical approaches will be shortly presented in the first section. In the
second section, their explaining power will be shown on the basis of an empirical study.
Discussing the empirical results leads to deepening the theory in the third section which
also includes a survey on empirical results of other studies. One major benefit of the de-
veloped perspective are the constructive consequences for mathematics classrooms that
are sketched briefly in the last section.

1 Theoretical framework: Conceptual change, obstacles and models

1.1 The framework of conceptual change

The case of Gareth and his conception ‘multiplication makes bigger’ is not only an in-
stance of a well known ‘misconception’. It is also an example of an inevitable obstacle in
the transition from natural to fractional numbers. The case can be explained within the
theoretical framework of conceptual change (initially Posner, Strike, Hewson, and Gert-
zog, 1982; more consistent with the approach adopted here is Duit, 1999).

The conceptual change framework has become an important approach to explain stu-
dents’ difficulties in learning scientific or mathematical concepts. On the basis of a con-
structivist theory of learning and inspired by Piaget’s notion of accomodation, the concep-
tual change approach emphasizes that learning is not always cumulative in the sense that
new knowledge is only ‘added’ to the prior (as a process of enrichment). Instead, learning
often necessitates the reconstruction of prior knowledge when confronted with new ex-
periences and challenges. Problems of conceptual change can appear, when the learners’
prior knowledge is incompatible with the necessary new conceptualisations. Hence, in this
perspective, the fact that students’ conceptions are not always compatible with the in-
tended scientific conceptions can often be explained by the influence of prior conceptions
and non-accomplished processes of their reconstruction.

Whereas conceptual change approaches have a longer tradition in the learning sciences
and science education research (since Posner et al., 1982), it has only recently been ap-
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plied to mathematics learning (Lehtinen, Merenluoto, and Kasanen, 1997; Vamvakoussi
and Vosniadou, 2002; Merenluoto and Lehtinen, 2002; Vosniadou and Verschaffel,
2004). Fractions (and real numbers) were one of the first fields of its application, since
many empirical studies had already shown that “at least some of the difficulties children
have in understanding fractions could be explained to result from a conflict between the
new information and their prior knowledge” about natural numbers (Stafylidou and Vos-
niadou, 2004, p. 504). This has especially been emphasized by Streefland (1984, who
spoke of ‘N-distractors’), by Hartnett and Gelman (1998) for the discreteness of natural
numbers, being over-generalized to fractions (which are instead characterized by density),
and Winter (1999). Their results have been replicated and explained within the conceptual
change approach by Vamvakoussi and Vosniadou (2002), Merenluoto and Lehtinen
(2002), and Stafylidou and Vosniadou (2004).

The key point in the conceptual change approach adopted here is that discrepancies be-
tween the intended mathematical conceptions and the individual conceptions are not seen
as individual deficits but as typical stages of transition in the process of reconstructing
knowledge (Duit, 1999).

Table 1: Necessary changes of conceptions in the transition from natural to fractional numbers

Aspect Natural numbers Fractional numbers

Cardination a number is the answer to a fraction can describe parts of a
the question “How many?”  whole, quotients, ratios, proportions,

Symbolic representation one number two numbers and a line
unique relation between existence of many fractions repre-
number and symbolic repre-  senting the same fractional number
sentation
Ordering supported by the natural not supported by the natural num-
numbers’ sequence (counting bers’ sequence
on)
existence of a successor there is no unique successor or a
(discreteness) unique preceding number (density)
no number between density: infinite many numbers be-
two different numbers tween each two numbers
Operations
Addition—-Subtraction  supported by the natural not supported by the natural
numbers’ sequence numbers’ sequence
Multiplication multiplication makes the multiplication makes the number
number bigger either bigger or smaller
Division division makes the number  division makes the number either
smaller smaller or bigger

The case of fractions is an especially striking example since there are necessary
changes, enforced by the mathematical structure of the field as was emphasized by Winter
(1999, p.18). Similar to Winter, also Stafylidou and Vosniadou (2004) collected a whole
list of conceptions about natural numbers that have to be revised with respect to fractions
(among them the conception ‘multiplication makes bigger’). A sample of both lists is
given in Table 1.

Hence, from the conceptual change perspective, the case of Gareth and with him the
subject of the present study can be understood as one aspect among others in the process
of conceptual change in the transition from natural to fractions (In the whole article, we
only consider positive fractions, no negative ones.).

1.2 Epistemological obstacles

Where exactly are the obstacles for students to master the necessary changes in this
conceptual change process? In order to give a theoretical basis for answering this question
within the empirical study, the conceptual change approach can be enriched and focussed
by the didactic notion of epistemological obstacles which has a long tradition in subject-
specific mathematics education research (Brousseau, 1976; elaborated by Sierpinska,
1994) and was also inspired by Piaget and constructivist ideas.

Brousseau already proposed in 1976 that processes of knowledge and concept
construction are not linear due to different obstacles. Even more explicit than within the
conceptual change framework, Brousseau has explained the connections between the
learning process and the mathematical structure of the learning content. In opposition to
‘didactical obstacles’ (being evoked by the way of teaching), he has created the notion
‘epistemological obstacles’ for those obstacles that are rooted in the structure of the
mathematical content itself, in its history and the development of its fields of application.

Obstacles of purely epistemological origin are those which you cannot and should not es-
cape from because of their constitutive role for the knowledge to be constructed. You can re-
find them in the history of the concepts themselves. (Brousseau 1976, p. 178, translation by
SP)

With this notion, Brousseau linked the empirical question of understanding difficulties in
the psychological process of conceptual change with subject-specific questions about the
mathematical concepts and theories themselves. That is why a mathematical a priori
analysis might be as important for the location of obstacles as empirical studies (see Sec-
tion 3.2).

1.3 Definitional issues: Conceptions, rules, GVs and models

For locating the obstacles in the process of conceptual change, the mental constructs of
learners must be analysed more precisely. For this purpose, the learning sciences and
mathematics education research have offered a great variety of diverging notions, all de-
veloped for systematizing knowledge and understanding of learners about mathematical
contents. Thus, the notions used for this article must be explicitly declared.

We approach the field by Fischbein’s (1983) differentiation of algorithmic, intuitive
and formal knowledge. The algorithmic dimension of knowledge is basically procedural
in nature and involves students’ capability to explain the successive steps included in
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various, standard procedural operations. The intuitive dimension comprises ideas and be-
liefs about mathematical entities and the mental models that are used for representing
concepts and operations with them, all of them being subsumed by the notion conception.
Intuitive knowledge is characterized as the type of mostly implicit knowledge that we
tend to accept directly and confidently as being obvious, without feeling that it needs
proof. The formal dimension includes the definitions of concepts and of operations, struc-
tures, and theorems relevant to a specific content domain. This type of knowledge is for-
mally represented by axioms, definitions, theorems and their proofs. The main dimension
for this article is the intuitive dimension, hence the individual and mathematical concep-
tions.

For the case of multiplication of fractions, it will prove to be of major importance to
distinguish between conceptions that are concerned with mathematical laws or rules (like
‘multiplication makes bigger’) from those that are connected with the meanings of con-
cepts or operations (like ‘for me, multiplication means repeated addition’) (Table 2).

Nearly all studies dealing with conceptual change in the field of fractions have treated
intuitive knowledge, but they have mainly focused on the level of laws and rules and have
neglected the level of meanings. This is astonishing since in mathematics education re-
search, there exists a long tradition of considering the level of meaning as the key for ana-
lysing understanding (e.g., Sierpinska, 1994). The analysis of our empirical data will
show the importance of this level.

This article follows the German Didaktik tradition and uses the notion of Grundvorstel-
lungen, abbreviated GV (vom Hofe, 1998; vom Hofe, Kleine, Blum, and Pekrun, 2005;
Kleine, Jordan, and Harvey, 2005). GVs have commonalities with tacit models (Fis-
chbein, 1989) and use meaning (Usiskin, 1991), but also subtle differences which are ex-
plained by vom Hofe (1998) and vom Hofe et al. (2005).

The formation of GVs is considered to be especially important for the mathematical
concept acquisition, since they characterise three aspects of this process (the last point is
visualised in Figure 1 which is taken from vom Hofe el al., 2005, p. 6).

Table 2: Notions used for conceptions on different levels in this article

Mathematical conceptions
(prescriptive mode:
intended conceptions)

Individual conceptions
(descriptive mode: students’ con-
ceptions, sometimes in conflict with
mathematical conceptions)

laws and rules

interpretations / mean-
ings of mathematical
concepts

laws (e.g., about properties
of operations)

‘Grundvorstellungen’ (GVs),
mental models

figural representations
(like drawn pictures)

intuitive rules

individual models

individual figural representations

e constitution of meaning of mathematical con-
cepts based on familiar contexts and experiences, Mathematics
e generation of generalised mental representations mathematical model iy =T rmathematical result
of the concept which make operative thinking (in o ® . .
the Piagetian sense) possible, ;.;:}.; — "\:;:I
o ability to apply a concept to reality by recogniz- i I
ing the respective structure in real life contexts or { 6% ) S
by modelling a real life situation with the aid of ':_ modelling II_-j'-'
the mathematical structure. ! !
(vom Hofe et al., 2005, p. 2) ml.,-.u.m:. — valideing rgl consequences
In this article, we will use the notion mental Realit
model as synonymous for Grundvorstellung.
Thus, we activate ‘mental model’ as a genu-  Figure 1: Relevance of GVs for the
inely didactic category, which is coherent with modelling process

Fischbein’s use of model as a “meaningful in-

terpretation of a phenomenon or concept. A model implies a cluster of rules, of con-
straints” (Fischbein 1989, p. 12, italics added). It must be emphasized that the so-defined
construct ‘mental model’ is significantly more specific than the often cited construct
‘mental model’ in cognitive science with its wider focus on different aspects of individual
thinking (like Johnson-Laird, 1983).

In addition to this horizontal distinction of different levels (Table 2), the notions are
distinguished vertically in a prescriptive and a descriptive mode: Unlike vom Hofe (1998)
who uses the notion GV as well for the prescriptive mode (i.e. for the mathematical inter-
pretations intended to be learned) as for the descriptive mode (for the interpretations indi-
viduals really use), this article uses the term individual model for the individual GVs in
the descriptive mode and GV or synonymously mental model for the mathematically in-
tended models in the prescriptive mode (Table 2). This distinction goes along with Tall
and Vinner’s (1981) pair concept image (descriptive for individual versions) and concept
definition (prescriptive for the conventional mathematical concepts). In further parts of
the article, this distinction will help to offer sound notions for the comparison between
individual thinking and the mathematically intended ways of thinking.

Many GVs are closely connected with typical figural representations; sometimes, we
can deduce an individual model from a drawing that shows an individual figural represen-
tation, that is why they are also listed in Table 2.

In contrast to Tirosh and Stavy (1999) who have applied the term intuitive rules to
logical patterns of thought (like ‘more A, more B’) being applied in different content ar-
eas, this article used the term intuitive rules for content specific individual conceptions
about laws.



2 The empirical study and its results

The phenomenon of the persistent conception ‘multiplication makes bigger’ was one as-
pect among others in an empirical study dealing with students’ competencies, content
knowledge and conceptions of fractions and operations of fractions as well as the connec-
tions between different conceptions (also for addition, order, and equivalence; Prediger,
2004a).

In this article, we report the specific part relating to multiplication. We were especially
interested in the students’ individual models for the multiplication of fractions (starting
from the hypotheses that they are presumably more multi-faceted than specified before)
and their implications on the students’ intuitive rules and connections to their algorithmic
knowledge.

2.1 Design of study, sample and items

The study was designed as a 80 minutes paper and pencil test with eight items, written in
all four Grade 7 classes of a German grammar school. 81 tests could be analysed, in total
44 boys and 37 girls (about 12 years old). The written test was complemented by a clini-
cal interview study which is shortly reported in Section 2.3.

The students’ answers were evaluated quantitatively in a points rationing scheme (for
giving an overview on global achievement, see Prediger , 2004a) and, wherever appropri-
ate, the answers were analysed qualitatively with respect to the manifested conceptions
about fractions and their operations. For this analysis, all answers were coded by the au-
thor and another well-trained coder. Interrater agreement was achieved by consensus in a
comparative analysis. The coding was conducted in a data-driven, not theory-driven way
(Flick, 1999), that means, we did not start from a fixed catalogue of mental models, but
we started the analysis by classifying according to similarities and then coded closely to
the material.

The following items of the written test concerned multiplication:

1. Solve the following tasks (write down your way of calculation, please!): 3.2 _
63

2. Which statement is correct (mark with a cross): When | multiply two fractions
o the solution is always bigger than the two fractions
o the solution is always smaller than the to fractions
o the solution is sometimes bigger, sometimes smaller than the two fractions

3. Find a word problem that can be solved by means of the following equation:

311
43 4
Item 1 requests algorithmic knowledge for simple numbers, namely the skill to conduct
the basic arithmetic operations. Item 2 (in multiple choice format) aims at the intuitive
rule ‘multiplication makes bigger’.

In Item 3, the students are asked to make explicit their individual models for the multi-
plication of fractions. Most studies that collect data about individual models (like Barash
and Klein, 1996; Aksu, 1997) pose word problems for which certain models are neces-
sary. Here, we chose the open item format ‘Find a word problem’ instead, because it does

100% -

Item 2
80% - - multiplication
makes bigger
multiplication
60% 1 D makes smaller
9 multiplication makes
o, | sometimes bigger,
40% 2 D sometimes smaller
20% +— 28
3
0% : .
multiplied multiplied
correctly falsely

Item 1

Figure 2: Connections between answers in Item 1 and 2

not impose a certain model. In this explorative way, we could gain a great variety of
really existing individual models. Since the format is not well known to all students, we
met the slight disadvantage that some participants did not understand the task in the in-
tended way.

2.2 Main results concerning the multiplication of fractions

2.2.1 Algorithmic competencies and order conceptions for the multiplication

68 of 81 students, i.e. 84%, could calculate the multiplication in Item 1 correctly. As ex-
pected, they proved the mastery of basic algorithmic skills. Although the item offers an
example for a product being smaller than its factors, most students approved the statement
‘multiplication makes bigger’ in Item 2.

As Figure 2 shows, 29 of the 68 students with correct results in Item 1 chose an intui-
tive rule about the multiplication of fractions which is only true for natural numbers (Two
students without answer in Item 2 are not included in the diagram.).

The total of 56% students with diverging order conceptions in Item 2 among all stu-
dents with correct calculations in Item 1 replicates an empirical result published by Ba-
rash and Klein (1996): In their test of 66 students in Israel, 60% of the students multiply-
ing correctly manifested an intuitive order conception that was not yet in coherence with
the mathematical properties.

2.2.2 GVs and individual models for the multiplication of fractions

How is the intuitive rule ‘multiplication makes bigger’ connected to other conceptions
about multiplication? Former empirical studies have shown a connection between the in-
tuitive rule ‘multiplication makes bigger’ and the maintenance of the repeated addition
model (for which this rule is adequate). Only those students who got rid of the implicit



repeated addition model could change their conception about the multiplication’s order
attributes (Fischbein et al., 1985; Barash and Klein, 1996; vom Hofe et al., 2005).

All these studies suffered from a limitation by focussing only on two alternative mod-
els, the repeated addition model and the model for multiplication that was considered to
be the most important for the multiplication of fractions, mostly a part-of-interpretation.
In contrast, the open item format in our test has evoked many more individual models, not
all of them being adequate. Figure 3 shows the distribution of individual models that shall
be explained in the following paragraphs.

Answers not concerning meaning.

38 of 81 students did not show any individual model in Item 3, which does not necessarily
mean that they do not have any model at their disposal. 12 students did not give any an-
swer (Code k.A.) or wrote down they didn’t know (Code W). They might have had prob-
lems to understand the item format (this interpretation is supported by the fact that most
of them could not answer the similar question for the addition for fractions either, more
details in Prediger, 2004a).

In contrast, the number of 26 students whose answer was only related to the calcula-
tions was much higher than for the addition. These were answers like the following two
examples:

(Code K) Here, somebody cancelled %-1 =

=1.1=-
3 41

% . That is why the result looks strange.

(Code K) 1. am 3/4 m tall and my friend is 1/3 m tall. How tall are we when we multiply our heights?

100% -
6
Code V: part-of-interpretation Lo
:1 Code L: lens-conception adequate individual models
. 7 Code M: a third as much
80% - Code Vf: incomplete part-of-interpretations X
5 traces of sustainable models
Code Vfs: subtractive part-of-interpretations
8 Code D: divisional interpretation
60% Code F: other wrong interpretations
non-adequate
9 -
Code A: additive interpretations individual models
40% -
26
answers not
20% Code K: purely calculative answer concerning meaning
Code W: don’t know
0% - Code k.A.: no answer

Figure 3: Frequency of codes for individual models manifested in Item 3

Adequate individual models

Only 12 students formulated word problems on the basis of adequate individual models.
This code was also given for an answer which was not completely correct like in the fol-
lowing word problem where “by a third* should be “to a third”:

(Code L) There is a diminution lens and an ant is observed through it. The ant is % cm long and the

lens scales down by 1/3, hence 2.1 _ L and it is becoming smaller.This student and with him three
43 4

others have formulated a story of a diminution lens. In this way, they show their individ-
ual model of scaling up and down.

Two students used a model that is common also for natural numbers, the multiplicative
comparison:

(Code M) Tom gets % of a cake for his birthday. For his friends, he would like to have 1/3 as much.

Six students made explicit their part-of-interpretation for the multiplication:

(Code V) A farmer possesses a large piece of land. On % of his land, he cultivates cereals. A third of these
cereals are wheat. What is the proportion of wheat from the whole land?

Traces of adequate models

14 students showed at least traces of adequate individual models. Two students translated
the multiplication with a third by a division by 3 and formulated a word problem of shar-
ing:
(Code D) Peter has % of a chocolate bar. He wants to share it with his two best friends. But they divide by
three, since Peter also wants chocolate. How much chocolate does everybody get?

Twelve other students worked with the part-of-interpretation but formulated it in an in-
complete way (Code Vf and Code Vfs). Among them were five who gave their word
problem a subtractive aspect):

(Code Vfs) Peter has % of a cake. He gives away 1/3 of it. How much does he keep?

Inadequate models

17 students expressed inadequate individual models of the multiplication of fractions. The
most dominant was an additive interpretation, given by nine students:

(Code A) Anton organizes a big party for the weekend. For this, he buys many things and also something to
drink. He buys % | coke and 1/3 | alcohol. How much to drink is it in sum?

Conclusion

In contrast to the results given by Fischbein et al. (1985), the explorative item format used
in our study facilitated a more detailed and multi-faceted picture of the students’ individ-
ual models. This variety reflects the variety of mathematical GVs which are activated for
interpreting multiplications for natural or fractional numbers (cf. vom Hofe, 1998; Greer,
1994):

o repeated addition, repeated adjoining (temporal-successive interpretation)
e part-of-interpretation

e scaling up and down

10



e multiplicative comparison

e area of a rectangle (spatial-simultaneous interpretation, this is the only one that was
not manifested as individual model in the study)

It is worth to compare this picture with the similar results concerning addition although
addition was not part of this article (see Prediger, 2004a for more details). The individual
models for multiplication expressed by the students are more heterogeneous and more
distant from the mathematically intended models than in similar items for addition. This is
explainable by the fact that the models for the addition of natural numbers are still useful
for fractions, whereas the most important model for the multiplication of natural numbers,
the repeated addition model, cannot be applied to the multiplication of fractions anymore
(Fischbein et al., 1985). Whereas addition only demands the generalization from natural
to fractional numbers, most learners have to construct new models for the multiplication
in the transition from naturals to fractions. This process is not yet successfully finished for
all participants of the study.

2.2.3 Connections between order conceptions and individual models

Fischbein et al. (1985) and Barash and Klein (1996) have shown the importance of mod-
els of multiplication for the formation of adequate intuitive rules about the order proper-
ties of multiplication. This finding is supported by the more differentiated picture of indi-
vidual models we could gain within the new study.

Although the sample size does not allow testing statistical significance for the connec-
tions between order conceptions and individual models, the diagram in Figure 4 shows a
distinct tendency. Whereas 75% (12 of 16) of those students who could not articulate an
adequate individual model for multiplication have expressed the intuitive rule ‘multiplica-

100% -~

t Item 2
multiplication makes
80% | - bigger
multiplication
- makes smaller
60% multiplication makes
D sometimes bigger,
sometimes smaller
40%
8
. 7
20% 12
4
0%
answer not adequate traces of inadequate
conceming - model adequate models
meaning models
Item 3

Figure 4: Connections between answers in Item 2 and 3
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tion makes bigger’ which only holds for natural numbers, there were only 50% among
those with traces of an adequate model and only around a third of those who expressed an
adequate individual model for the multiplication.

That means that the formation of adequate individual models proves to be the major
obstacle for overcoming the over-generalized intuitive rule ‘multiplication makes bigger’.
Not yet stable individual models like an incomplete part-of-interpretation can only par-
tially suffice for the formation of adequate order conceptions.

2.3 Complementary interview study

These results of the written test have been validated and deepened by a complementary
clinical interview study. For this, 19 pairs of students of grade 7 to 10 (age 12 to 16) of
different German schools participated in semi-structured interviews, which were guided
by four successive mathematical problems. This setting of pair-interviews and the guiding
problems were designed to initiate discussions and elucidate the students’ conceptions
about multiplication of fractions on different levels.

The qualitative analysis of the video- or audiotaped interviews took place in two steps:
12 interviews were transcribed and analysed first sequentially and then by careful com-
parison of cases (cf. Flick, 1999) with respect to the manifested individual models and
intuitive rules. The resulting interpretations were validated consensually by a video-
analysis of the other seven interviews. In this paper, we only present the most important
results.

The interviews support the results of the written test: the persistence of the intuitive
rule ‘multiplication makes bigger’ is mostly connected with an inadequate individual
model of multiplication. This can be shown by one prototypical passage of an interview:

Tim: That is clear, multiplication makes it bigger [...]

Interviewer:  What does that mean when you multiply two numbers?

Tim: Well, this and this times plus itself!

Interviewer:  Okay, but what does 5/6 times 2/3 plus itself means, then?

Tim: How? [hesitates 3 sec] no ideal

Interviewer:  Could you think about it in another way?

Tim: (draws a picture) 5/6 pizza and 2/3 pizza, how can | multiply them?

When in situations like this one, the interviewer headed for a part-of-interpretation by giv-
ing hints, a new obstacle appeared. As Tim in this passage, many interviewees clang to
the interpretation of a fraction as a part of a whole. This basic GV is taught extensively in
Germany, but in the context of multiplication, its maintenance proves to become an obsta-
cle since multiplication does not make sense [l R : N
for both factors being interpreted as parts of
a whole. Tim’s problem is represented in a
pointed way by his figural representation in
Figure 5, drawn by the 14 year old Flo and
similarly by other interviewees. The Figure5: Flo's figural representation
inseparable link between fractions and their of the multiplication

circle (‘pizza’)-representations makes it
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(‘pizza’)-representations makes it impossible for some interviewees to interpret the sec-
ond factors in another way, for example like proportion or part of the first.

But without this interpretation, it is impossible to interpret the second fraction as a rela-
tive part of the first, and the third fraction as expressing the same amount as a part of a
whole (1/4 of a pizza are a third of % of a pizza).

Some interviewees could express the dominance of the part-of-whole-GV as their ex-
clusive individual model:

Sara: Mister W. has taught us to think at cakes each time we see a fraction.

This observation gives a hint for a possible reason why many students could not yet de-
velop an adequate individual model for the multiplication of fractions (Section 2.2.2). Be-
sides the generalisation from natural numbers, their limited individual models of fractions
themselves (only as parts-of-a-whole) proved to be an important obstacle for the forma-
tion of models for multiplication. This finding can be supported by similar results in the
study by Stafylidou and Vosniadou (2004) on conceptual change of children concerning
the order of fractions.

3 Discussion and embedding into the theoretical framework
and existing empirical results

3.1 Structuring the findings in a level model

The findings of our and previous empirical studies about multiplication of fractions can be
subsumed to four connected findings. Therefore, the author has developed a level model
(in Prediger, 2006) that allows the integration of existing isolated results into a complete
and coherent picture (Figure 6).

1. Algorithmic competencies in dealing with the multiplication of fractions alone do not
qualify students to utilize their competencies in reality-oriented situations or word
problems (Barash and Klein, 1996). In general, students’ competencies to solve real
problems or word problems are low, for fractions as well as for decimal numbers (e.g.,
Hasemann, 1981; Aksu, 1997; Padberg, 2002).

2. One important (but not the only) reason for the first finding is the intuitive rule ‘multi-
plication makes bigger’. This intuitive rule incapacitates learners from choosing the
multiplication for translating problems from which they know that the result must be
smaller than the factors (like Gareth in the introduction; cf. Bell et al., 1981; vom Hofe
et al., 2005; Wartha, 2005).

3. The pertinacity of the intuitive rule ‘multiplication makes bigger’ (second finding)
seems to be linked to inadequate individual models for multiplication of fractions (see
Section 2.2.3 and Greer, 1994; Fischbein et al., 1985). Our written test and even more
the interviews have shown the connection between both conceptions.

4. One possible reason for the incomplete formation of adequate individual models of
multiplication of fractions (third finding) could be found by the interviews in the lim-
ited conceptions of fractions, being only interpreted as parts of a whole (Section 2.3).
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Figure 6: Obstacles can lie deeper -
Different levels of students’ difficulties with multiplication of fractions

The systematic connections between these four findings can be illustrated by going deeper
and deeper in different levels of locating causes for obstacles that students encounter with
multiplication of fractions (Figure 6). Although Fischbein’s (1983) construct of ‘dimen-
sions’ for distinguishing types of knowledge originally suggested a certain independence
of algorithmic and intuitive knowledge, the perspective adopted here emphasizes a hierar-
chical ordering with respect to causes of obstacles. This might have been different for
formal knowledge, but since it was not within the scope of this study, it does not appear.

Due to the theoretical background (Section 1.3) and the empirical findings, the intuitive
dimension is splitted into the level of conceptions on laws and rules and the dimension of
meaning in which the GVs and individual models play the key role. Figural representa-
tions were conceptualised as indicators for mental models, hence they do not appear inde-
pendently in the model.

3.2 Re-locating the level of obstacles in conceptual change

This level model helps us to re-locate the exact place of epistemological obstacles during
the process of conceptual change in the transition from natural to fractional numbers. As
discussed in Section 1.1, most researchers locate the problem on the level of laws and
rules. In this level, the transfer of rules from natural numbers to fractions simply appears
to be a problem of “hasty generalization” (Artigue, 1990, p. 201).

It is the important contribution of the didactic category epistemological obstacle (Sec-
tion 1.2) not to consider such effects as individual misconceptions (which might be sug-
gested by the term ‘hasty generalization’), but as enforced by the structure of the mathe-
matical content (Winter, 1999). Fischbein et al. (1985) already emphasised the importance
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of the underlying subject-specific didactic category, namely the mental models (Section
2.2.3 and Figure 6):

Each fundamental operation of arithmetic generally remains linked to an implicit, uncon-
scious, and primitive intuitive model. Identification of the operation needed to solve a prob-
lem with two items of numerical data takes place not directly but mediated by the model.
The model imposes its own constraints on the search process. (Fischbein et al., 1985, p. 4)

Whereas Fischbein et al. (1985) focused on the most important model of ‘repeated addi-
tion’, our study could explore the factual variety of individual models for multiplication
(Section 2.2.2). By this, we can enlarge the existing findings by considering all possible
models of multiplication.

This perspective suggests to complement Table 1 (showing the discontinuities in the
transition of conceptions from natural to fractional numbers on the level of laws about
properties of fractions and their operations) by another table: Table 3 amends the list of
discontinuities in the deeper level of mental models, i.e. in the level of meaning.

The compilation shows that not all mental models have to be changed, the interpreta-
tions as an area of a rectangle (Winter, 1999) or as scaling up (vom Hofe, 1998) can be
continued for fractions as well as multiplicative comparison.

Table 3: (Dis-)Continuities of mental models for multiplication
in the transition from natural to fractional numbers

Natural numbers Fractions

repeated addition ‘<‘ 77
(3x5 means 5+5+5, e.g., 3 wands
of 5¢m length, arranged succes-

sively)
area of a rectangle N area of a rectangle (2/3 x5/4 is the
(3x5 is the area of a 3cmx5¢m rec- < areaofa
tangle) 2/3 cm x 5/4 cm rectangle)
277 part-of-interpretation

(2/3 x 5/2 means 2/3 of 5/2)
multiplicative comparison S multiplicative comparison (half as
(twice as much) == much)
scaling up (3x5 means 5¢m is scaling up and down (2/3 x 5/2 means
stretched three times as much) 5/2 cm compressed on 2/3 of it)
combinatorial interpretation 27777

(3x5 as the number of possibilities
to combine 3 sweat-shirts with 5
trousers)
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In contrast, the basic model of ‘repeated addition’ is not sustainable for fractions, nei-
ther the combinatorial interpretation. Vice versa, the basic model of multiplication, the
part-of-interpretation, has no immediate correspondence for the natural numbers.

By this analysis of the mathematical structures behind, we can now exactly specify the
location of epistemological obstacles: Not the intuitive rules pose the main problem, but
the necessary changes for mental models (Greer, 1994). Metaphorically speaking, the
epistemological obstacles can be located in the flashes of Table 3 (Remark that these
flashes themselves need no empirical evidence but can be drawn from a mathematical a
priori analysis.).

In contrast, students who are only able to activate the part-of-a-whole model as their
only model for fractions, do not suffer from an epistemological obstacle but from a didac-
tical obstacle that can be avoided by working with various interpretations of fractions.

3.3 Limitations of the study

Although there was already interesting empirical evidence for the association between the
different levels in the presented explorative qualitative study, it would be interesting to
investigate these relations even more systematically in a hypotheses-guided longitudinal
large scale study (as it is aimed at by vom Hofe et al., 2005). Such a study should also
include an investigation of conceptions on multiplication of natural numbers since they
might be another important factor. Additionally, a large-scale study could re-explore on a
new basis whether all three of Fischbein’s dimensions of knowledge are independent or
connected.

4 Practical consequences for mathematics classrooms

4.1 Treating misconceptions is not enough

Since mathematics education research has shown the pertinacity of the intuitive rule ‘mul-
tiplication makes bigger’, there are claims and propositions to treat this ‘misconception’
in classrooms. From the conceptual change perspective, it is evident that ‘treating’ cannot
mean ‘eliminating the individual deficits’ but affiliating the important conceptual change.
Posner et al. (1982) have suggested conditions that enhance the possibility of bringing
about conceptual change:

(1) ifthere is dissatisfaction with the existing conception,
(2) if'the new conception appears intelligible (makes sense to the learner),

(3) if the new conception appears plausible (can offer a better explanation than the
existing one) and

(4) if the new conception appears fruitful (can be applied in a broader context).

On the basis of the findings in Section 2 and 3, it is clear that also for these conditions, the
right level of students’ conceptions is crucial to find. We will elaborate this important as-
pect by comparing two Grade 6 text book problems (for about 11 year old students).
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Textbook 1:

Comparing the value of a product with two factors

You know that when you multiply a number with a natural number (except for 0 and 1), the
result is bigger than the number. Investigate the situation for multiplication with fractions.

4.2 4.7 5.4 5.10
Examples: (1) 5 3 (2) 5 3 [(€) (G
What can you observe? Formulate a rule. (Griesel and Postel, 2001, p. 128)

At first sight, the problem (taken from a well-established German textbook) fulfills all the
conditions given by Posner et al. (1982): It ties up to the learners’ order conceptions for
the multiplication with natural numbers and leads the students to a conflict with the re-
sults of the examples (condition 1 and 3). The new order conception to be constructed is
made intelligible by asking the student to formulate the rule on their own (condition 2).
Another important condition is its fruitfulness in the sense that the new rule can describe
the investigated examples (condition 4).

Nevertheless, our empirical results show that this task is insufficient: Some students in
the interview study manifested their knowledge that the multiplication of fractions satis-
fies other order properties than multiplication with natural numbers. But at the same time,
their answers show that many of them rather wonder about the strange behaviour of frac-
tions. But they do not really understand the phenomenon and how it makes sense. If this
was the learning result of treating the task in Textbook 1, the second condition would only
be satisfied superficially.

These interviewees’ answers as well as the textbook problem only considered the
syntactical level of rules and properties without treating the important level of models for
the meaning of multiplication. But these models have to be developed for a sustainable
conceptual change.

Fischbein et al. (1985) have emphasized that one major problem in this process is the
implicitness of used individual models. That is why they have to be made explicit also in
the context of order properties. That is the main idea of the following task, in which the
individual models are explicitly used for reflecting the changed order properties. This task
can enhance an awareness about the limited scope of the repeated addition model and ini-
tiate the search for alternatives.

Textbook 2:

Something to wonder, isn’t it?

When multiplying two natural numbers, the product is always bigger than the factors. Ex-
cept for 0 and 1. When multiplying with fractions, the product can be smaller than one of the
factors.

a) Illustrate these statements each by an example.

b) In fact, we need not wonder that the product with a fraction might be smaller than the fac-
tors. Invent a word problem for the product 2-15. Explain by means of this word prob-

lem, why the product must be smaller than 15. (Lergenmiiller and
Schmidt, 2001, p. 96)
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4.2 Obstacles as chances for developing mathematical literacy

The construction principle of the task in Textbook 2 is to reflect on the order conceptions
by going back to the meaning of multiplication. Furthermore, comparing the different stu-
dents’ solutions to the problem offers good opportunities to reflect on the change of mod-
els for multiplication as compiled in Table 3. In Prediger (2004b), other task formats have
been proposed that can initiate the explicit reflection of conceptual change in the learning
process in order to make the possible obstacles explicit.

The importance of treating obstacles as opportunities for reflection is supported by
conceptual change researches that emphasise the meta-conceptual awareness as an impor-
tant condition for successful processes of change (like Vosniadou, 1999).

Beyond this descriptive support, the explicit reflection of changes of models can also
be justified normatively by reasons that are already inherent in the theoretical construct of
epistemological obstacle. Whereas most researchers have used the construct epistemo-
logical obstacle as a descriptive category for analysing learning difficulties, the author has
pleaded (in Prediger, 2004b) for activating it also in a normative sense. Whereas Brous-
seau (1976) has often been cited for considering epistemological obstacles as an integral
part of the learning process, it must be emphasised that he has also considered them as an
important part of the knowledge itself. Hence, we should consider epistemological obsta-
cles like the changes of models as important contents for the learning process. Their re-
flection offers interesting chances for developing mathematical literacy in a reflective
sense since they can make explicit the patterns and aims of processes of concept forma-
tion in mathematics. Examples are given in Prediger (2004b).

5. Final remarks

The conceptual change approach has proved to be a fruitful frame for revisiting the case
of multiplication of fractions. By discussing the outcomes of an empirical study, it could
be shown that the conceptual change approach should be enriched by the notions episte-
mological obstacles and GVs, both of them being central didactic categories for conceptu-
alising subject-specific aspects like the meaning of mathematical contents. Otherwise, the
theory of conceptual change risks to stay on the level of laws and intuitive rules that does
not exhaustively reflect understanding.

The author is optimistic that the case of multiplication of fractions is only one example
of many subjects for which the enriched conceptual change perspective will prove fruitful
as well as a wider collaboration between the learning sciences and mathematics education
research with a more consequent didactic focus on subject-specific aspects.
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