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From “everything changes” to  
“for high numbers, it changes just a bit” 
Theoretical notions for a microanalysis of conceptual change 
processes in stochastic contexts  

Susanne Schnell & Susanne Prediger, Technical University of Dortmund, Germany 

 
Abstract. This paper presents theoretical notions developed in a design research study for 
investigating the development of students’ conceptions within a learning environment for grade 6. 
The study was designed to give opportunities to learn about random data showing patterns in the 
long run while being haphazard in the short term. By an in-depth analysis, we have investigated 
the microprocesses of constructing meanings of short-term and long-term behaviour and of 
attempting to relate them to each other. We have identified different patterns of microprocesses 
such as negotiating the scope of applicability in terms of situational or stochastic contexts. These 
patterns can – as empirically grounded theoretical notions – refine the conceptual change approach 
by providing tools for describing students’ learning trajectories and potential obstacles in 
stochastics.  
 
 
Although students’ individual conceptions of chance and probability have received large 
attention in many empirical studies, there is still only limited knowledge of the details of 
the learning processes in which these conceptions emerge. In contrast to a simple focus 
on (mis-)conceptions as outcomes of unsuccessful teaching–learning processes, our 
didactical research aims at designing learning environments that support the development 
of students’ conceptions in the intended ways. For this purpose, empirically grounded 
knowledge about the interplay between the inherent learning opportunities and students’ 
learning processes are crucial. Based on an in-depth analysis of students’ individual 
pathways of constructing conceptions of the empirical law of large numbers and its 
conceptual grounds, this paper proposes a theoretical foundation for the notions 
‘constructs’ and ‘microprocesses’ as tools for empirical reconstructions of students’ 
learning process. Although providing illustrative empirical snapshots, we foreground the 
theoretical character of this paper. 

In Section 1, we summarise the underlying learning theory, namely the macro-level of 
the conceptual change approach and the micro-level of constructs as elements of 
conceptions. In Section 2, we clarify the essentials of the local theory on the stochastic 
content, its consequences for the design of the learning environment and our theoretical 
framework for the micro-level of analysis. The empirical study underlying the theory 
development and its methodological background (presented in Section 3) provide 
examples which illustrate the categories of microprocesses (Section 4).  

 

1 General theoretical background:  
change of conceptions and constructs  

1.1 Macro-level: vertical and horizontal conceptual change approaches  
Students’ individual conceptions of chance and probability have often been investigated 
empirically, as the construction of conceptions matching the underlying stochastic theory 
(hereafter for brevity called intended or mathematically-appropriate conceptions) seems 

Preliminary Version of Schnell, Susanne & Prediger, Susanne (2012): From “everything changes” to “for  
high numbers, it changes just a bit” – Theoretical notions for a microanalysis of conceptual change processes  
in stochastic contexts. In: ZDM - The International Journal on Mathematics Education, 44(7), 825-840.  
 



2 

to be a major challenge for stochastic education (e.g. Shaughnessy 1992), and is deeply 
influenced by students’ initial everyday conceptions (Fischbein 1975; Konold 1989).  

In this paper, the notion ‘conception’ refers to all subjective mental structures 
constructed or applied by students for the purpose of explaining their experiences or 
decisions. Conceptions may range, on different epistemological levels of complexity, 
from concepts and intuitive rules up to local theories connecting different concepts 
(Gropengießer 2001, p. 30) and can vary in the degree to which they match the 
underlying mathematical theory. For the empirical reconstruction, we have specified this 
broad idea of ‘conception’ by the finer grained theoretical notion ‘construct’ (see Sections 
1.2 and 2.3).  

The relevance of individual (mis-)conceptions for the construction of mathematically 
appropriate ones has been explained in constructivist terms: individual, active 
constructions of mental structures always build upon the existing prior mental structures 
by accommodation to experiences with new phenomena, while the initial structures serve 
as “both a filter and a catalyst to the acquisition of new ideas” (Confrey 1990, p. 21).  

While early conceptualisations of these initial conceptions labelled them as mis-
conceptions (e.g. overview in Shaughnessy 1992), stochastic education researchers with a 
constructivist background take them seriously as starting points for individual learning 
processes (e.g. Konold 1989; Pratt and Noss 2002; Abrahamson and Wilensky 2007).  

This attitude is shared by conceptual change approaches in the tradition of Duit and 
Treagust (2003, initially developed by Posner et al. 1982), in which we distinguish 
vertical and horizontal dimensions (Prediger 2008). The vertical dimension of conceptual 
change aims at overcoming initial conceptions and developing them into intended 
(mathematically appropriate) conceptions (see Posner et al. 1982). However, many 
empirical studies showed that individual conceptions often continue to exist next to the 
new conceptions and are activated situatively (see Tyson et al. 1997; for probability, e.g. 
Shaughnessy 1992 and Konold 1989). We talk about the horizontal dimension of 
conceptual change when the aim is not the substitution of initial conceptions, but the shift 
of contexts in which initial and intended conceptions are to be activated. “Successful 
students learn to utilise different conceptions in appropriate contexts” (Tyson et al. 1997, 
p. 402). In the horizontal dimension, students’ initial conceptions are considered as 
legitimate ideas that can persist if they are woven into a new framework (as emphasised 
by Abrahamson and Wilensky 2007) and can be refined by knowledge of their context-
specific scope of validity. Thus, the following questions guide the design and analysis of 
learning situations for contributing to horizontal conceptual change: How can a learning 
situation support the extension of individual repertoires of conceptions, and how can 
learners be enabled to choose adequate conceptions in varying contexts?  

Although the basic idea of the horizontal/vertical distinction is already established 
(Prediger 2008; Abrahamson and Wilensky 2007), empirical investigations make clear 
that the initiated processes of students often have components of both dimensions. This 
paper provides theoretical notions that allow describing more concisely how these 
processes of conceptual change – such as overcoming inappropriate and building context-
adequate conceptions – are manifested and how different microprocesses contribute.  

1.2  Micro-level: constructs and RBC-analysis  
Although the conceptual change approach gives the general orientation to describe the 
macro-structures in individual pathways of development of conceptions, the fine-grained 
analysis of micro-structures in the processes of constructing and refining conceptions 
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requires a further operationalisation on the micro-level (as suggested by diSessa 1993 and 
Pratt and Noss 2002).  

For this purpose, we adopted the notion construct as the smallest empirically 
identifiable unit of conceptions from the theoretical model “abstraction in context” 
(Schwarz et al. 2009). These constructs are expressed in propositions, for example <For a 
throw total of 20, positions are always messed up> (see Section 4). Conceptions are seen 
as webbings of constructs (diSessa 1993).  

A theoretical adaptation of Schwarz et al.’s notion was necessary for grasping the 
horizontal dimension of conceptual change in which idiosyncratic conceptions are 
considered to be legitimate building blocks: whereas Schwarz et al. (2009) only consider 
mathematically intended or mathematically (partially) correct constructs (Ron et al. 
2010), we widened their normatively-guided focus from partially correct constructs to all 
individual constructs, whether or not in line with mathematical conceptions. 

For the empirical reconstruction of individual construction, the theoretical model of 
abstraction in context provides an instructive methodology by means of three observable 
epistemic actions in a so-called RBC-model: recognizing (R), building-with (B) and 
constructing (C): 
– An epistemic action of constructing is defined as (re-)creating a new knowledge 

construct by building with existing ones.  
– Previous constructs can be recognized as relevant for a specific context, and  
– can be used for building-with actions in order to achieve a localised goal.  

The first step of our data analysis used the RBC-model for the reconstruction of 
constructs by identifying epistemic actions and their subjects. On this base, we analysed 
the combinations of existing and the emergence of new constructs in more detail in order 
to gain insights into the microprocesses of conceptual change.  

For the purpose of understanding these processes in depth, we follow diSessa (1993) 
and Noss and Pratt (2002) in their assertion that constructs cannot only be described by 
their proposition. In addition to its proposition, we take into account the construct’s 
individual function and its scope of applicability. Whereas Pratt and Noss’s (2002) notion 
of ‘contextual neighbourhood’ is defined as a repertoire of circumstances in which a 
construct can be used, we adopt the term context of a construct for the context in which 
the construct is created and/or used. As elaborated in Sections 2.1–2.3, we distinguish 
between stochastic and situational contexts. All elements of a construct are subject to 
negotiations during the learning process and can be revised, restricted or broadened in 
order to accommodate new information (Section 2.4).  

The following sections will elaborate why, in the case of the empirical law of large 
numbers, it proved fruitful to complement the construct’s proposition by the elements 
function, stochastic context, and situational context.  

 

2 Local theory and design for the stochastic content  

2.1 Distinguishing long-term and short-term stochastic contexts  
as precondition for horizontal conceptual change 

Moore defines random as “phenomena having uncertain individual outcomes but a 
regular pattern of outcomes in many repetitions” (Moore 1990, p. 97). This distinction 
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between short-term and long-term contexts can be differentiated in two aspects (see 
Fig. 1):  
 
O-M It is inherent in the construct of “regular pattern”, even for deterministic 

phenomena, that it generalises from one experiment (for example a game with 
dice) to a series of many experiments. Without considering many experiments, the 
(non-)existence of regularities cannot even be discovered or stated. (Distinction: 
One game – Many games, or in statistics One sample – Many (hypothetical) 
samples.) 

S-L  Moore characterizes random phenomena as 
those where patterns only appear in ex-
periments with many repetitions, for 
example dice games with a large total 
number of throws. For games with a small 
total of throws, no (mathematically 
meaningful) pattern is visible. (Distinction: 
Small total of throws – Large total of throws, 
or in statistics Small sample – Large 
sample.) 

 
The second aspect is articulated in the empirical 
law of large numbers: for an increasing number of throws, the relative frequencies 
stabilise around the probabilities. Or, as one girl expressed it during our design 
experiments, “the higher the numbers, the less movement”. (Note that we always refer to 
this empirical phenomenon, not to Bernoulli’s theorem which is provable within an 
axiomatic theory.) 

As Konold (1989) has shown, the distinction between short-term and long-term 
contexts is not evident for everybody; on the contrary, many people intend to predict 
single outcomes of chance experiments in a short-term perspective. This “different 
understanding of the goal in reasoning under uncertainty” (Konold 1989, p. 61, emphasis 
added) is an important source of (the persistence of) deviant conceptions. These 
conceptions (like betting on the favourite number when predicting the sum of two dice) 
can be experienced as unsuccessful in long-term contexts, but for single outcomes they 
prove just as (un)suitable as the intended probabilistic conceptions. That is why the 
distinction between short-term and long-term contexts and the existence of patterns in 
long series of chance experiments have been identified as fundamental insights for 
developing context-adequate conceptions of chance and probability. Therefore, the well-
known empirical law of large numbers is crucial for horizontal conceptual change 
(Prediger 2008; Johnston-Wilder and Pratt 2007). 

Once having discovered patterns, the corresponding constructs can change their 
function from pattern to prediction. In this transformation, the construct also widens the 
stochastic context: patterns cannot only be used for stochastic contexts with Many games, 
but also for predicting One single game – if patterns are found in a series of Many games 
with a Large total of throws (short form: ‘stochastic long-term context ML’), this 
knowledge can be used to predict outcomes for One single game with a Large total of 
throws (stochastic context OL). If predictions are made for one single game with a small 
total of throws (stochastic short-term context OS), this prediction is less likely to be 
fulfilled. Vice versa, the observation in small samples is less suitable for estimating 
chances than the observation in large samples. In this statistical perspective, Sedlmeier 

Large Total 
of Throws 

Small Total  
of Throws 

Many Games 
(= series of experiments) 

One single 
Game 

Context 
MS 

Short-Term 
Context OS 

Context 
OL 

Long-Term 
Context ML 

 

Fig. 1 Distinction of stochastic contexts 
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and Gigerenzer (1997) offer a simpler interpretation of the empirical law of large 
numbers: “Note that the empirical law of large numbers says nothing more than that a 
large sample is better than a small sample for estimating a population parameter” (p. 35).  

Whereas the empirical law of large numbers is most often formulated in a dynamic 
way – “the higher the total of throws, the more stable the relative frequencies of the 
outcomes” – Sedlmeier and Gigerenzer reduce it to a static contrast of small and large 
samples. This static reduction instead of a dynamic stochastic approximation seems also 
adequate for our grade 6 students. For example, one student expresses a static 
interpretation of the empirical law by stating, “for high numbers, it changes just a bit” 
(see below in Section 4.3). This distinction between a static and dynamic articulation can 
also be drawn for the conceptualisations of probability: whereas the frequentist approach 
to probability uses the dynamic articulation by referring to the stochastic approximation 
process of relative frequencies, Riemer (1991) has proposed a static conceptualisation of 
probability as good predictor for relative frequencies for one game with a large number of 
throws (context OL).  

For this interpretation, not only regularities but also the influence of variations has to 
be considered for the quality of the prediction. Therefore, developing context-adequate 
probabilistic conceptions also includes the construction of conditions when regularities 
are visible: whereas patterns are visible in sufficiently many experiments, they can be 
disturbed by many outliers in few experiments, and single outcomes might not conform to 
an expected pattern at all. For further considerations, it is important to distinguish 
variability in a dynamic view (decreasing changes with increasing totals of throws) from 
variability in a static view with a fixed throw total. For a large total of throws, the range 
of results is relatively smaller than for a small total of throws. A precise quantification of 
the variation (e.g. with the law of 1/√n) is not intended for the young students in grade 6; 
however, they should realise that although the relative differences decrease for growing 
numbers of throws, the absolute differences always continue to increase. 

2.2 The learning environment based on ‘Betting King’ and its intentions 
To facilitate the differentiation between short-term and long-term contexts, a learning 
situation for 11 to 13-year-old students has been designed and revised (Hußmann and 
Prediger 2009; Prediger and Hußmann 2012) to provide opportunities for experiences 
with the empirical law of large numbers. The core element of the learning situation is the 
board game “Betting King” (Fig. 2), which challenges students to bet on one of four 
coloured animals in a race.  

Betting activities refer to making predictions as to which animal will be the fastest 
(first version of the game, “Betting on Winning”) and on which position each animal will 
end up (second version of the Game, “Betting on Positions”). The animals are powered 
by throws of a coloured 20-sided die (red ant: 7 sides; green frog: 5; yellow snail: 5; blue 
hedgehog: 3), so that the red ant is theoretically the fastest with a chance of 7/20.  



6 

Fig. 3 Screen of corresponding  
computer simulation, here ideal 
distribution for a throw total of 20  

Fig. 2 The game ‘Betting King’ 

Most children quickly notice the red ant to be a good bet as it wins more often than the 
other animals and most of them explain it by the asymmetrical colour distribution. By 
asking for best bets, the learning situation purposefully activates students’ initial resource 
that we call ‘ordinal’ conception of chance, 
namely their capacity to connect the order of 
animals’ run (the empirical pattern) with the 
frequencies of colours on the die.  

Beyond that, the learning situation aims to 
refine these initial conceptions into an 
understanding of when this pattern can be 
predicted more securely by focusing on a long-
term versus short-term context. For this purpose, 
the context attribute “total of throws” is 
materialised in the game by a STOP sign for the 
throw counter. By setting the STOP sign for each 
game, students can deliberately define the total of 
throws between 1 and 40 for the board game, and 
between 1 and 10,000 throws for the computer 
simulation (Fig. 3). This simulation generates 
results for games easily and hence facilitates the 
search for patterns. In order to guide students from 
unsystematically playing the game into 
systematically investigating the result of many 
games, record sheets structure the collection of 
game result data for various predefined throw 
totals (1, 10, 100 and 1,000, later 2,000).  

From a probabilistic point of view, the 
distinction between a long-term and a short-term 
context is crucial as was elaborated above. But whereas this distinction oriented the 
mathematical analysis and the systematisation of intended constructs in Fig. 4, students 
first have to construct this distinction between stochastic contexts by themselves. This is 
facilitated by the guiding question: “Apparently, the red ant is a good bet. But when is 
this bet not only the best bet but also a mostly secure bet?” By this question, we address 
not only the order of animals but compare the chances for the red ant for small and high 
total of throws.  

The first version of the game, “Betting on Winning”, is later extended to the second 
version, “Betting on Positions”. Here, the idea of more secure predictions in the long run 
is elaborated quantitatively. Students play one-on-one against each other and are asked to 
predict the positions of the animals. The player whose bet is closer to the real outcomes 
wins. Thus, not only a relative view on the positions (in relation to the throw total) but 
also on the relative deviations (between one bet and another) is established. Throughout 
this game version, the attention lies on the relative frequencies instead of the purely 
ordinal considerations (who runs the fastest?) that were sufficient when betting on the 
winning animal: the setting of the learning situation supports the investigation of 
positions in a relative view and thus facilitates observations of the stability of relative 
frequencies in many games with a high throw total. Following first a static view of the 
empirical law of large numbers, students initially investigate ranges of absolute 
frequencies for series of games with the same throw total: they experience that for high 
throw totals, positions do not vary from zero to the maximum for each animal, but 
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observed positions vary in a range of numbers (around the expected value, for example 
“between 650 and 750”). When predicting a game with the same total number of throws, 
betting on positions within this range is more secure than on other positions. This 
experience is then compared with a series of experiments with a fixed, small throw total. 
Students realise that the absolute deviances are smaller than for the large throw total, but 
ranges like “between 2 and 12” are too large in relation to the throw total and can 
subsequently not be used for making good predictions. Thus, a relative view on positions 
is naturally supported and the distinction between absolute and relative deviations 
becomes crucial for making secure bets.  

To deepen the idea of less relative deviations, bar charts are investigated regarding the 
movement of the bars when producing series of games with a fixed (small or large) total 
of throws in a static comparing view. The bar charts help to develop (and later reflect) a 
relative view on frequencies, as the Excel simulation applet changes the maximum of the 
scale with the number of throws (see Fig. 4). Thus, when comparing results for small 
throw totals, the bars seem to jump a lot (i.e. the relative frequencies vary a lot) while for 
large numbers, the bars move less (i.e. the variation of relative frequencies is much 
smaller, although the absolute variation of the numerically represented positions is 
bigger).  
  

Context MS 
(Many games with small total of throws):  
  
MS-Pattern 
Bars change a lot, a pattern is hardly visible. 
 
 

   
(throw total of 20) 
 

Long Term Context ML 
(Many games with large total of throws): 
 
ML-Pattern  
Bars change just a bit and vary around the colour 
distribution.  
 

   
(throw total of 2,000) 
 

Short Term Context OS 
 (One single game with small total of throws):  
 
OS-Prediction:  
Bars rarely fit the 
colour 
distribution on 
the die. 
 
 
(throw total of 20) 

Context OL  
(One single game with large total of throws ):  
 
OL-Prediction:  
Bars often fit 
quite well to the 
colour 
distribution  
on the die. 
 
(throw total of 2,000) 
 
 

Fig. 4 Intended probabilistic constructs about patterns and predictions in relative frequencies 

 
This observation is put into relation with observations in the numeric representation 

about the variation of percentages shown in the last part of the learning environment. 
Here, students can for the first time actively generate game results that get cumulated 
(represented by percentages and the related bar-charts) and thus make an observation 
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from a dynamic perspective: when the total of throws is growing gradually, the 
percentages are stabilising more and more. In the last step, the relation between the values 
approximated by relative frequencies in the long run and the colour distribution on the die 
is the explicit object of investigations.  

2.3 Situational contexts 
While learning to distinguish between long-term and short-term contexts is an important 
goal from the mathematical perspective, other contextual distinctions can be even more 
dominant from the learners’ perspective. The following aspects of the situational contexts 
turned out to be relevant for the learners:  

 representations: numerical data table with absolute values or percentages, 
graphical bar charts, … 

 source: empirical data, theoretical ideas, alternative ideas 
 external settings: chance device, betting on winning animal (ordinal) vs. 

betting of positions etc. 
In the light of the scientific discourse on situated cognition (e.g. Brown et al. 1989), it is 
not surprising that constructs built in one situational context are not automatically 
recognized and used for building-with in other situations. However, it is a learning goal to 
develop constructs that transcend the specific situation. Pratt and Noss (2002) describe 
this in terms of the contextual neighbourhood: “As part of tuning toward expertise, 
knowledge within a contextual neighborhood becomes less tied into the specific context 
of its genesis. (…) In other words, knowledge cannot escape from context, but the range 
of contexts in which it might be cued can and does broaden, as new connections are 
made” (p. 485).  

When aiming at horizontal conceptual change processes, students’ development of 
constructs should be shaped by two different directions: students often start with sharp 
distinctions between situational contexts like between theoretical or empirical sources 
(left picture in Fig. 5) and develop separated constructs for each. Within the conceptual 
change process, students should broaden the scope of applicability with respect to the 
situational context. At the same time, the distinction of stochastic contexts is to be 
constructed, transcending different situational contexts (right picture in Fig. 5). 

 

 
Fig. 5 Intended learning pathway: making new distinctions between stochastic contexts and 
transcending situational contexts 

2.4 Four elements characterising a construct in the learning environment 
We consider constructs to be characterised by four important elements: the proposition 
(prop), the stochastic context (con), selected aspects of the situational context (sit) and its 
function (fct) in the specific moment (Schnell, in preparation for 2013) (Table 1). These 
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different elements can be illustrated by the individual construct sketched in the following 
transcript with the students Ramona and Sarah (12 and 11 years old). In this scene, the 
girls predict positions of the animals for a throw total of 200 while the two prior games 
have been noted in the record sheet. Before, the students had played repeatedly with a 
throw total of 200 and predicted only the order of the animals. So far, no strategy for 
predicting positions was mentioned.  
 
Game results on the record sheet so far: 

 
  
149 S Here, we do such– (looks at record sheet, 5 sec) ah, now I’ve 

got it. Can I fill it in? (starts writing) (…) 70, 50, 50 (writes) 
 

(…)   

 

160 S 70, 50 so we make them similarly (only whole?) Ehm, 50,30. 
161 Iv And how did you get exactly these numbers? 
162 S Um, because it only shifts – eh – well only just a bit. 
163 Iv Mhm. 
164 S And not always – like – from 70 to 90 for example. 

 
In lines 149–164, Sarah is verbalising a construct we called SHIFT-construct (right 

column of the transcript). It consists of the following elements. By the proposition, we 
summarise the new, general idea that is verbalised by the children in this construct 
(paraphrased as closely as possible to the original). The stochastic context describes 
whether the construct refers to a short-term or long-term perspective. Here, the construct 
seems to come from a series of many games: in line 164, Sarah uses the term “always” 
and describes the behaviour of the positions that seems to come from many games with a 
large total of 200. The situational context refers to the aspects of the situation in which 
the emergence of the construct is observed and that seem crucial for the proposition. The 
SHIFT-construct is based on an empirical observation and is making a statement about 
the numerical representation of positions.  
 
Table 1 Elements of a construct 

Element General description 
Description for the 
example SHIFT-construct 

Proposition (prop): What is the proposition stated in the 
construct? 

<Places shift only a bit> 

Stochastic  
context (con): 

To which stochastic context does the 
construct refer? (ML, MS, OL, OS)  

ML – Many games with a 
throw total of 200 

Relevant parts of 
Situational context 
(sit): 

Which parts of the situational contexts 
are relevant for the constructing?  

numerical representation, 
empirical database 

Function (fct): What is the construct used for?  
(e.g. description of a pattern, 
explanation of the pattern, prediction of 
the results, explanation of deviation, 
…)  

description of a pattern;  
used to make a prediction  
for a single game 
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Lastly, by function we describe the purpose for which the construct is created in the 
situation or later used when changing it. Here, the SHIFT-construct seems to be a way of 
assembling empirical experiences of the previous games into a more common pattern and 
then immediately using that for predicting the next game(s). 
 

3 Empirical background of the theory development 
 
The research context of the theory development presented in this paper is a long-term 
didactical design research project with a series of studies on chance and the law of large 
numbers for students in the lower middle school (Prediger 2008; Prediger and Rolka 
2009; Prediger and Schnell 2011; Hußmann et al. 2011). In these studies, the learning 
environment has been tested and improved in classroom settings in several iterative 
cycles (e.g. Prediger and Rolka 2009). Following the paradigm of Gravemejier and Cobb 
(2006), the project aims not only at creating a well-functioning learning environment, but 
also at developing a subject-specific local instruction theory, consisting of conjectures 
about hypothetical and observed individual learning trajectories and “conjectures about 
possible means of supporting that learning process” (Gravemeijer and Cobb 2006, p. 21).  

For gaining a deeper understanding on the detailed processes of the development of 
conceptions, a further series of design experiments was conducted in a laboratory 
situation by the first author within her PhD project (Schnell, in preparation for 2013, 
supervised by the second author). This project has a strong focus on the empirical 
investigation of students’ learning process, aiming at deepening the local theory on the 
emergence of a notion of the empirical law of large numbers (Prediger and Schnell 2011). 
The empirical material we use for this theoretical paper focuses on the empirical 
reconstruction of the microprocesses as generalisable patterns in the construction process 
of conceptions. This reconstruction addresses the following research questions: 
 Patterns of microprocesses: How do constructs develop with respect to the four 

elements of constructs (proposition, situational context, stochastic context, function)?  
 Contribution to longer processes: How do these microprocesses contribute to vertical 

and horizontal aims of conceptual change?  

3.1 Data collection 
In order to develop this empirically grounded domain specific theory, we chose the 
method of design experiments (Cobb et al. 2003; Gravemeijer and Cobb 2006) which 
allows for longer-term, complex teaching–learning processes and in-depth analysis. The 
design experiments were based on the learning environment presented in Section 2.2. 
They were conducted in a laboratory setting as a series of game interviews in four to six 
sessions of 45 to 90 minutes each. The sample consisted of nine pairs of students of grade 
6 (age 11 to 13) (n=18) in a German comprehensive secondary school who had no prior 
education of probability in secondary school.  

Making use of the interventionist nature of design experiments (Cobb et al. 2003, p. 
19), the interviewer was an active participant of the experiments. Her actions were guided 
by an intervention manual defining the sequence of tasks to be performed. Also included 
were probing questions and interviewer’s reactions to anticipated problematic situations 
to help advance the interview sessions while giving as little (content-related) help as 
possible. For example, UNEQUAL COLOUR-DISTRIBUTION is a construct necessary 
to give meaning to the observed patterns in the data. If the students do not discover the 
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unfair distribution after filling in a summary sheet, the interviewer gives the advice to 
look closely at the die.  

The 39 sessions were completely videotaped and partly transcribed. The data corpus 
also included records of the computer screens and written products. Nine sessions with 
two pairs of students were completely transcribed (including oral statements, actions and 
results of throws of dice and games), with 400 pages of transcripts just for one pair.  

 
3.2 Data analysis  
In the first step of qualitative data analysis of the transcripts, an adapted form of RBC-
analysis was conducted (see Section 1.2). The outcome of this was a long list of 
individual constructs represented by propositions for all interviews (e.g. 114 constructs 
for Ramona and Sarah, the focus pair for this paper). The RBC-analysis also generated a 
first draft of the constructs’ connections, given by the epistemic actions constructing and 
building-with.  

In the second step of data analysis, these constructs were analysed according to their 
functions and contexts. It is an outcome of the theory-building process after the second 
step of analysis that we consider constructs to consist of four important elements: the 
proposition (prop), the stochastic context (con), the situational context (sit) and the 
function (fct) in the specific moment as explained in Section 2.4.  

The third step of data analysis dealt with identifying what happens in building-with 
processes, i.e. when previous constructs are developed or put in relation. We sketched all 
networks of constructs emerging in the design experiments of the completely transcribed 
pairs. By an interpretative approach, we determined the nature of the relations between 
different constructs with respect to the modification of elements.  

This paper presents the local theory that was developed within this study. Although 
the microprocesses are generalisable within our large data set (as ensured by comparative 
analysis in the third step that there is no space for reporting on here), we do not claim a 
scope of applicability beyond our specific learning arrangement so far. In the next 
sections, the microprocesses are illustrated without any attempt to account for the whole 
data analysis. 

 

4 Categories of microprocesses and their empirical illustration 

4.1 Introduction to the scene 
The following transcript is an extract from the third interview session with Ramona and 
Sarah, who had been playing the second version of the game “Betting on Positions” 
during the last 25 minutes of the second design experiment session. They had finished 
“Betting on Winning” with a seemingly stable comparative conception of chance (i.e. the 
red ant being the best bet), its explanation by the unequal colour distribution on the die, 
and a mature conception of how the total of throws influences the security of a bet on the 
red ant (see Prediger and Schnell 2011 for more details).  

A next step in the girls’ construction process was sketched in Section 2.4, where Sarah 
verbalises the construct <Positions shift only a bit> (SHIFT) in transcript lines 149–164. 
This construct can be seen as a first vague notion of the variability in positions and seems 
to be a starting point for the development of several other constructs addressing this idea. 
The following scene takes place roughly 30 minutes after the first mention of the SHIFT-
construct. In the transcript, constructs are marked in the right margin, the vertical lines 
referring to the turns in which it is verbalised.  
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Having played more games with a throw total of 200 (using and specifying Sarah’s SHIFT-construct), the girls are now 
about to predict the positions for the third game with a throw total of 2000. For the first two 2000-games, they have used 
a strategy of appending a zero to the results of a game with a throw total of 200.  
 
767 S (clicks repeatedly on the throw-button with a throw total of 

2000, points to the screen) Stay with these. With 500 and 400 
for [yellow] snail–, 500, only 500 for [green] frog and 
sometimes 400, too. [Red] ant 700 and 600–. And 200 and 230 
for the [blue] hedgehog. Yes? Roughly. (starts clicking on 
“throw dice”) 

 

768 Iv What kind of numbers did you just say? 
769 S I was throwing the dice just like that, then I saw that 400 and 

500 (points to screen). Eh, mostly this gets 500 and sometimes 
also 400, this (points to screen) gets 700 and 600 and there 200 
and 300. Eh, 200 and 300.  

770  Game results visible when Sarah points to the screen: 
 

 

 

771 Iv Yes, what you just said, we call that “betting range”. That is a 
great idea. I even have a worksheet that fits exactly. I will show 
it to you now. (browses through material folder) Where is it? 

 

772 R But that’s only like that for 2000. Ah yes, of course, right?  
Yes. Type in 20. 

 

(…)   
777 Iv You said it’s only like that for 2000, Ramona? 
778 R Yes, well, yes. You have to look at it first now. At 20 for 

example. 
779 S (types in a throw total of “20”, repeatedly presses the throw-

button, but the results don’t change because she pressed a 
wrong button first) 

780  Game results on the screen: 

 

 

781 R 20. Now when we all the time – first you have to start. 

 
 

782 Iv Hmhm. 
783 S Five, seven, five, three (points with cursor to numbers) and now 

you would throw the dice again– 
784 Iv You have to click somewhere else first. 
785 S (clicks somewhere else, then repeatedly presses “throw dice”) 
786 Iv Now. 
787 S (?) (points to screen) Here, this is 2,3,4, therefore– 
788 R We have one to four for the hedgehog. 
789 S (continues clicking, reads out positions of the hedgehog) 

4,6,3,2,0, huh? 
790 R Ah no. This – at 20, it is always messed up. I think it works 

only for 2000. 
  (…)  
794 Iv What did you just say, Ramona? You think it only works for?  
795 R 2000. Ah 2000, yes.  
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796 Iv Hmhm. We could try it. 200 for example. In between. 

 

797 S (continues clicking with 2000) that is what I said. 
798  (Game on the screen:) 

 
799 S (types in throw-total 200, click throw-button once) (there, it is 

more?) (clicks throw-button repeatedly) 
  (…) 
803 R It only works for 200 and 2000. 
 
In this scene, the girls develop and refine constructs of ranges to describe the variation of 
positions for many games with a fixed throw total in a comparing, static view. It gives a 
rich example for illustrating microprocesses in the following subsections.  

As all four categories of microprocesses could be reconstructed more than once in the 
analysis of Ramona and Sarah’s learning pathway, we partly complement them by short 
snapshots of other situations.  

4.2 First category of microprocesses: modifying the proposition 
The proposition of the initial SHIFT-construct (lines 
149–164, see Section 2.4) is a vague description on a 
slightly abstract level of the behaviour of the 
numbers that Sarah observed when playing a series of 
games with a throw total of 200. In lines 767–769, 
Sarah seems to build with this construct (Fig. 6): she 
adds details to the pattern concerning the “shift of 
positions” by quantifying the limits in which the 
numbers vary. The resulting RANGES-construct has 
a more elaborated proposition and is especially more 
explicit about the situational context in which it 
applies, namely the empirical basis of series of games 
with the same total of throws needed to find these 
patterns. The long-term context ML has been 
maintained, but stabilised by an enlarged data basis 
for the observation.  
Changing the proposition is one of the most observed microprocesses; typically it means 
specifying initial constructs into elaborated versions according to the proposition while 
also clarifying certain contexts. We interpret this microprocess mostly as contributing to 
the vertical aim of conceptual change, since specifying the proposition into a more 
detailed version seems to be part of building on top of the initial vague construct for a 
more elaborate one. 
  

Fig. 6 Modifying the proposition 
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4.3  Second category of microprocesses: modifying the stochastic context  
As elaborated in Section 2.1, constructing the 
distinction between a long-term and short-term 
context is most important for the development of 
stochastic conceptions. In our empirical data, we 
could identify different processes in which 
students either address one of the contexts and 
negotiate its limits or consciously contrast long 
and short term.  

In the vertical dimension, students build-with 
initial constructs in order to restrict their scope of 
applicability regarding the stochastic context. This 
can be illustrated in the scene above (Fig. 7): Sarah 
formulates her RANGES-construct in lines 767–
769 on the basis of her experience with throw 
totals of 2,000 without explicitly mentioning it. 
Ramona questions the construct’s scope of 
applicability in line 772 and then builds an explicit 
restriction to a certain throw total: <Ranges can only 
be described for a throw total of 2000>. Here, 
Ramona’s focus of attention shifts from the 
proposition of the construct as in describing the pattern itself to the stochastic context in 
which it can be observed. The girls hereby might be actively starting to address the 
differentiation of short-term and long-term view and consciously construct a restriction of 
RANGES to the context ML. 

In contrast to this example of refining the stochastic context, in lines 796–803 the girls 
are prompted by the interviewer to broaden the scope of applicability of the 
RANGES2000-construct to RANGES200,2000 (lines 794–803). For reaching the vertical aim 
of conceptual change, the scope of applicability can be negotiated to be restricted or 
broadened, depending on the initial construct the further ones build upon.  

At the same time, these microprocesses also contribute to horizontal aims of 
conceptual change processes, since addressing the stochastic context often involves 
building complementary constructs for short and long term while consciously addressing 
the context (see Fig. 8). In lines 772–790, Ramona looks at a throw total of 20, probably 
to disprove the applicability of RANGES. Thus, she does not only seem to be backing up 
the validity of her restriction, but she also builds a new construct that is the complement 
of the initial RANGES2000-construct in line 790, namely <For a throw total of 20, 
positions are always messed up> (and, thus, ranges are not existent for 20). This might 
indicate an active constructing of the differentiation between a long-term and short-term 
context. Complements are constructed mainly when the students observe patterns such as 
the stabilisation of diagrams or percentages and then focus on a low throw total. It is 
already an indication of the distinction constructed during the first version of the game 
that they seemingly expect not to find a pattern, as in line 772 of the introduced scene.  
 

Fig. 7 Refining a construct’s 
scope of applicability according 
to the stochastic context 



15 

 

 
Addressing the stochastic context can also mean moving from a static, contrasting 

view to a more dynamic perspective, thus combining the short-term and long-term 
perspective: when Ramona and Sarah address the movement of the bar charts (see Fig. 4), 
they summarise their observations by <For small numbers, everything changes; for high 
numbers, [bar-charts] change just a bit>, comparing the stochastic contexts MS and ML. 
This idea is also stated in a more dynamic way: <The higher the throw total is, the less 
the bar-charts move; the lower it is, the more they move>. Afterwards, students switch 
back and forth between static and dynamic perspective on the variation of the bar-charts. 

4.4 Third category of microprocesses: modifying the situational context 
 

 
 
 
As mentioned before, the situational context can refer to conditions in which a construct 
is created or applied: the representations, the source or the external settings. Micro-
development of constructs regarding all these were identified, though explicitly building- 
with constructs coming from a different representation was only observable once: after 
working on the relative bar-charts for some time and then switching to the numerical 
representations in tables of percentages, Ramona seems to be explicitly building-with a 
previous construct in order to explain her observations for the new representation (see 
Fig. 9): Ramona summarises her observations after investigating the variation of the 
percentages for some time by constructing <The percentages have limit-things, too> 
(LIMITpercentages). By adding the word “too” she seems to make a connection between this 
observation and a previous dynamic construct on the stagnation the students found when 
looking at the decreasing movement of the bar-charts representing relative frequencies 
(STAGNATIONbar-charts) for large throw totals. Here they also developed the term ‘limit’ 
for speaking about the behaviour of the bars.  

Fig. 8 Distinguishing long-term and short-term context by building complementary 
constructs 

Fig. 9 Transferring from one representation to another 
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This contributes to a horizontal conceptual change aim since it seems that, for 

Ramona, conceptions for both representations become available as she also consciously 
draws a connection between them.  

Second, there is the process of addressing the source when building with initial 
constructs (Fig. 10): especially when encountering situations that do not fit an expected 
pattern, students make changes to the situational context in order to accommodate the 
exception. For example, Ramona and Sarah found out the relevance of the colour 
distribution on the die and hence explained correctly the chances of the animals in the 
first experiment session (THEORY-CHANCES). While explaining this construct, in the 
game on the table the blue hedgehog is not the slowest as it should be according to the 
distribution. To accommodate this observation, Ramona constructs a notion of LUCK: 
<When blue hedgehog has a lot of luck, it is rolled often>. Thus, she builds LUCK in the 
function of an explanation for an empirical observed OS-exception from the THEORY-
CHANCES pattern by attributing to it an alternative situational context (see Prediger and 
Schnell 2011 for more details and excerpts from the transcript). 

It seems that this process is a way of coherently integrating deviations into the 
students’ webbing of constructs. Here, a conscious reflection on the singularity of the 
alternative’s scope of validity would be in order to succeed in terms of choosing context-
adequate conceptions in the sense of a horizontal conceptual change.  

4.5  Fourth category of microprocesses: modifying the function 
 The fourth type of microprocess addresses a change of function when building with or 
using previous constructs. Most often, this occurs when a construct is summarising an 

Fig. 10 Creating exceptions by constructing an alternative situational source as situational 
context 
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empirically observed pattern in retrospect (fct: describing pattern) and is then later used 
in order to predict future games (fct: prediction).  

When different constructs are involved, the building of new constructs can initiate a 
change of the relation between constructs by 
changing the function. For example, as one of the 
first constructs, Ramona verbalises the description of 
a MS-pattern: <Red ant is always the best> (ANT-
BEST). This construct is later backed up by making 
the empirical source of the observation explicit: 
<Red ant is fastest because it won most often> 
(ANT-EMPIRICAL) (see Fig. 11). When the 
students later count the colours on the die, Sarah 
summarises her findings: <Red ant wins, because it 
has more faces on the die and then you get it more 
often>. Here, the function of the involved constructs 
changes: while ANT-BEST is still the pattern to be 
explained, COLOUR-DISTRIBUTION becomes the 
explanation and ANT-EMPIRICAL becomes a 
consequence of this (see Fig. 12; see also Prediger 
and Schnell 2011).  

This complex webbing of constructs mainly seems 
to contribute to a process of horizontal conceptual 
change. However, both processes are always intertwined. In the vertical dimension, the 
combination of different constructs leads to a consolidation of the previous construct (in 
this case ANT-BEST) by adding explanations. Some constructs seem to serve a double 
purpose from the construction on: when constructing the complement regarding the 
stochastic context (see Section 4.4), the complementary construct is on the one hand 
describing a pattern (or the non-existence of a pattern) and on the other hand seems to 
stabilise the initial construct by making the limits of its range of applicability explicit; this 
contributes to the horizontal dimension.  

 

 

Fig. 11 Empirical observation 
as explicit explanation for a 
pattern 

Fig. 12 Empirical observation becomes consequence instead of explanation 
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4.6. Fifth category of microprocesses: modifying the scope of applicability instead of 
refuting constructs  

It was remarkable to see that a spontaneous microprocess of actively refuting an 
(individual) construct could not be empirically observed within the whole data set. 
Instead, students seem more determined to find a way to integrate conflicting 
observations into their webbing of constructs by modifying the context of application. 
This can lead to shifting the scope of applicability (stochastic and/or situational context) 
of alternative constructs as the following scene from the end of the first session with two 
other students, Hannah and Nelly, illustrates.  

 
Hannah and Nelly have compared many games with a low and a high throw total and verbalised the idea that red ant 
is the best animal which solely wins for high throw totals. They have not counted the colours on the die yet. 80 min into 
the interview, Nelly describes her observation again. 
 
2065 N (simulating many games with a throw total of 1000) Nearly 

nothing changed at all. It is… the hedgehog is always last – 
strangely (laughs), snail... is mostly second, well, third. Then 
comes frog and then ant. It changes actually… the distance 
changes a bit, but the order is always the same.  

 
2066 Iv Ah ha  
2067 H Actually, I think you should write down, that– hum, that it is 

only a matter of chance, because it could also happen that ant 
isn’t first all the time. It could also be that the hedgehog 
suddenly– 

 

2068 N –catches up 
2069 H sprints out of nowhere in the front. 

  (…)  
  Prompted by the interviewer, the girls count the colours on the 

die and arrive at the correct distribution 

 
    
2195 H Well, now that we’ve counted, I think it depends on the 

number, if you had the same number of each for example. So, 
in total, it is 20. 

 

2196 Iv Yes.  
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2197 H Then 20 divided by 4? Nelly? 5. And then you add 5 of each 
for example... Then it would be more– then it would become a 
game of chance. Now, it would be – hum – a definite game, 
that is always, well nearly, more often (…) won by the ant 
than the others. 

 
 

Hannah first mentioned the CHANCE-GAME construct as an explanation for 
observations in games with a small total of throws in the middle of this experiment 
session. In line 2065, she broadens its scope of applicability to the long-term stochastic 
context in order to explain Nelly’s ORDER-EMPIRICAL pattern. She also considers 
observed ML-patterns as purely coincidental as it is a “game of chance”. When the 
asymmetric colour distribution is discovered, Hannah changes her webbing of constructs: 
in lines 2195–2197, Hannah not only uses COLOUR-DISTRIBUTION as an explanation 
that backs up the ORDER-EMPIRICAL construct but also as the reason why CHANCE-
GAME-2 can’t be used in the game ‘Betting King’. Thus, she builds with the two 
constructs for creating CHANCE-GAME-3, which is applicable in a situational context 
where the colour distribution of the chance device is symmetric (Fig. 13).  
 

 

 
Where (in the vertical dimension) a refutation of the construct CHANCE-GAME 2 

might have been expected, Hannah develops her constructs in the horizontal dimension: 
the shift of a construct’s scope of applicability serves to accommodate the conflicting 
observation. Hannah does not completely overcome the initial construct, but finds a way 
to integrate it into a coherent network by specifying an applicable situational context.  

Fig. 13 Backing up and modifying the situational context to accommodate new 
information about the colour distribution 
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5 Discussion and summary 
The empirical illustrations taken from the girls’ learning trajectories give a first idea of 
how they successively construct context-adequate conceptions of patterns, prediction and 
variation, from “everything changes” to “for large numbers, it changes just a bit”. As this 
paper is a theoretical contribution, not an empirical report, we could not show the extent 
to which these theoretical notions apply across the whole body of data. For the 
methodological control of the careful generalization process, refer to Schnell (in 
preparation for 2013).  

By giving examples for microprocesses in the girls’ development of constructs, we 
intended to show the power of our empirically grounded theoretical finer-grained 
conceptualization of construct: When constructs are conceptualised to consist of four 
elements, namely proposition, function, stochastic context and situational context, then 
microprocesses can be described as modification of these four elements. By means of 
these new notions, the microprocesses can be analysed with respect to their contribution 
to vertical and horizontal dimensions of conceptual change. As an intermediate result of 
an ongoing process of theory development, Table 2 gives a first tentative summary of 
these connections and contributions as reconstructed for the specific learning 
arrangement.  
 
Table 2 Overview of microprocesses of developing constructs and their contribution  
to the vertical and horizontal dimension of conceptual change 
 

Modified element of 
the construct(s) 

Potential contribution to vertical  
dimension of conceptual change 

Potential contribution to horizontal 
dimension of conceptual change 

Proposition  Specifying the proposition  
of previous constructs  

– 
 

Function Using constructs with  
a new function such as prediction 

Backing up constructs  
by adding e.g. new explanations  

Stochastic context  Refining or broadening the scope  
of applicability 

Building complementary constructs  

Situational context  Refining or broadening the scope  
of applicability  

Identifying alternative exceptions  
as unsustainable and discarding them  

Transferring constructs to different  
representations or settings 

 
Specifying the proposition of previous constructs is the most commonly perceived 

category of microprocesses in which students can bring in their previous knowledge and 
modify it according to new experiences. It typically contributes to vertical conceptual 
change. If a construct is used with a modified function, this can consolidate the construct 
(in a vertical dimension), as has also been emphasised within the RBC-model by Dreyfus 
and Tsamir (2004). The modification of the construct’s function can also contribute to the 
horizontal dimension of conceptual change when new connections between two or more 
constructs are built and one backs up another construct. 

Similarly to Johnston-Wilder and Pratt (2007), we could describe processes of 
students alternating between stochastic long-term and short-term contexts in order to 
construct meaning for the experiments with chance devices. Refining (or sometimes 
broadening) the scope of applicability directly contributes to the vertical dimension. It is 
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often connected to building complementary or contrasting constructs which contributes to 
the horizontal dimension, as it enables students to activate constructs context-adequately.  

As Pratt and Noss (2002) have shown, also our students gradually learn to use 
constructs in different situational contexts (e.g. for different chance devices or 
representations) which resembles the process of transferring between different situational 
contexts. This contributes to the horizontal dimension.  

Although this paper exemplified the theoretical notions only by snapshots with very 
limited scope of applicability, further publications will show that the developed 
categories of microprocesses also apply to other students in our sample. While most 
students in the other design experiments reach similar aims in terms of vertical and 
horizontal conceptual change, the processes on the micro-level differ considerably and 
show how versatile the webbings of constructs and the resulting conceptions can be 
(Schnell, in preparation for 2013). 
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