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Abstract Dealing with multiple representations is an important learning goal, but
also a tool for fostering teaching and learning. It has mostly been explored for al-
gebra and statistics. In this article, we explore how relating different representa-
tions can also be used as a tool to foster learning about phenomena of randomness,
here concretely for discovering pattern and variability in the context of the empiri-
cal law of large numbers. Our case study shows that the process of connecting dif-
ferent representations is quite complex for students and does not establish itself,
but helps to foster deep conceptual insights into the duality of pattern and variabil-

1ty.
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1 Dealing with multiple representations —
learning goal and means

1.1 Multiple representations as a learning goal, means and chal-
lenge for learning statistics and other mathematical topics

Multiple representations have played a prominent role in statistics education re-
search, because dealing with different representations (like diagrams, tables etc.)
is an important learning goal (e.g., Wild & Pfannkuch, 1999; Shaughnessy, 2007).
Biehler (1982) emphasized the importance of multiple representations for explora-
tive data analysis because of their dual function: “On the one hand, they represent
data, they have simulative function. On the other hand, they are tools for the ac-
tivity of exploring data, they have an explorative function.” (Biehler, 1982, p. 13,
translated by authors).

The fundamental ability to relate representations (being referred to as ‘trans-
numeration’ for statistics by Wild & Pfannkuch, 1999), is also widely discussed
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for algebra and functions, here called ‘representational fluency’, defined as “abil-
ity to move between and among representations, carrying the meaning of an entity
from one representation to another and accruing additional information about the
entity from the second representation” (Zbiek et al., 2007, p. 1192).

Even when representational fluency is not a learning goal in itself, the transi-
tion between different representations has widely been used as a means for facili-
tating learning of mathematical ideas and concepts since Bruner (1967). Duval
(2006) provided a theoretical semiotic foundation that explains its importance by
the abstractness of mathematical objects.

As a consequence, many computer tools have been developed that can support
the easy switch between representations, varying from graphic plotters up to multi
representation systems like Geogebra. For algebra and calculus, empirical studies
have shown particularly that the use of computer-aided graphical representations —
in juxtaposition with other representations — can enhance individual and social
processes of developing meanings and conceptions (cf. meta-analysis by Fey et
al., 2003; Clements et al., 2008). However, distinct literature surveys on technolo-
gy use (like Zbiek et al., 2007) seem to focus mostly on algebra, functions and ge-
ometry whereas stochastic education is rarely considered.

Nevertheless, different design projects and empirical studies in statistics educa-
tion have produced comparable design and research results: For example, Ben-Zvi
(2004) shows that grade 7 students who acquired representational fluency in EDA,
make use of tables and graphs also when they investigate data in order to find
generalities (global view) and outliers (local view). For many years, software tools
like Fathom have provided multiple representations as a way of acquiring statisti-
cal conceptions (Biehler, 1993).

Although the importance of multiple representations for facilitating learning is
widely accepted, many empirical studies show that students do not make use of it
automatically and easily. Biehler (1997, p. 174) reports that students tend to think
that using one representation is enough. Pfannkuch and Rubick (2002) highlight
that different representations produce serious issues of transfer: “[V]ariation think-
ing with raw data is different from variation thinking with graphs. [..] Unless
prompted, the thinking did not change for some of the students and continued to
be the same for the graph as it was for the raw data” (p. 17 f.). Hence Biehler
warned not to underestimate these challenges: “We must be more careful in de-
veloping a language for this purpose and becoming aware of the difficulties inher-
ent in relating different systems of representation” (Biehler, 1997, p. 176). The in-
tention of this paper is to contribute to the development of a theory of students’
use of multiple representations: For this, we provide empirical insights into the
learning processes of students and interpret them through the theoretical lens of
context-specific constructs (Schnell & Prediger, 2012).



1.2 Multiple representations - a means for learning probability?

The importance attributed to multiple representations as a means for supporting
learning in algebra and statistics suggests exploring their role also for probability.
Although multiple representations play a significant role in designs for probability
education, for example when applying an experimental approach to probability by
EDA (Biehler, 1994) or when a simulation shows results graphically and numeri-
cally, little is known about the dynamics of learning processes when students
gradually make sense of these random phenomena by comparing and combining
different representations. The issue of transfer between different representations
appears implicitly in some empirical studies (e.g., Pratt, 1998), but more systemat-
ic investigation is needed to give an account of the effects of multiple representa-
tions while conducting and interpreting random experiments with computerised
tools.

In the following section, we report on a case study focussing on the effects of
multiple representations for the probabilistic topic of pattern and variability for
chance experiments with small and large total numbers of throws with a die. We
roughly present the learning arrangement (Section 2), the research design (Section
3) and some empirical findings (Section 4).

2 Pattern and variability
in the learning arrangement “Betting King“

The learning arrangement (published in Prediger
& HuBmann, 2014) offers opportunities to make
systematic experiences with pattern and variabil-
ity in chance experiments. The main activity con-
sists of guessing outcomes of a chance experi-
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In the game “Betting King”, the players bet on MBD
the winner of a race with four coloured animals,
being powered by throws of a coloured 20-sided
die with asymmetric colour distribution (red ant: o i

ment (as suggested by Fischbein, 1982). The Za )4
arrangement includes a set of tasks, work sheets VANANAN “‘
and questions guiding the students’ investigations. ..Q. \

Fig. 1 The game ‘Betting
King’

7/20, green frog: 5/20, yellow snail: 5/20, blue . Wettkonig
hedgehog: 3/20). The game is first played on a 3
board (see Fig. 1), then in a computer simulation :
that always shows results in numerical and graph-
ical representation (Fig. 2). In the latter, the max-
imum value of diagram’s Y axis is changed in re-
lation to the highest frequency of wins (here the Z
red ant’s 7 wins), thus providing a pseudo-relative  Fou v s s s o

view on the results. Fig. 2 Computer simulation;

here positions according to the
expected values for 20 throws
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The game is played in two variations: In the first game “Betting on Winning”,
students bet on the animal that will go the farthest. Usually, students discover
quite quickly that the red ant has better chances to win because of the colour dis-
tribution of the die. In the second game “Betting on Positions”, students have to
quantify their ordinal estimations when asked to predict the positions on which
each animal will land on the board, in relation to a pre-set total of throws i.e. on
the absolute frequencies of each animal. The sum of the positions reached by all
four animals therefore equals the total number of throws (i.e. 20 in the example).

Table 1. Intended constructs on patterns and variability in two main representations

Numerical representation:
Tables of absolute frequencies

Graphical representation:
Pseudo-relative bar-charts of
absolute frequencies

Visualisations Exemplary visualization:

in the learn-
ing arrange- =
ment
= b E : f ey
Jimme 160 435 [§5 [50 |5S 38 [52[5¢
‘ EO Mwm.;nmcwmmmilzy 309053
T | 7
[swse | 931722033 bg 129 |2730117
|10g | S 136 35
(white rows: students* predictions,
grey rows: results of simulations)
Pattern <In a series of games with high throw
totals, most absolute frequencies seem
to be in a similar range >
Variability <Absolute frequencies vary from

game to game>

<In a series of games, absolute fre-
Pattern in quencies vary within a certain interval
Variability which is absolutely larger for higher
total numbers of throws>

Exemplary visualization:

(first two games with a total number
of 200 from the table on the left)

<Even for varying high throw totals,
the heights of pseudo-relative bars
seem quite stable, but not for small
throw totals>

<Heights of pseudo-relative bars vary
from game to game>

<In a series of games, heights of pseu-
do-relative bars vary within a certain
range which is relatively smaller for
higher throw totals>
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The need to find good betting strategies motivates the exploration of patterns
and variability of absolute and relative frequencies. The possibility to choose the
total die throw count (between 1 and 40 for the board game and 1 and 10,000 for
the computer game) motivates the distinction between short term and long term
contexts for deciding when betting is easier (Schnell & Prediger, 2012). In order
to focus on relative deviations instead of absolute ones, the bets of two players are
compared, and the bet closer to the actual finishing position of each animal gets a
point (or both win if it is a tie).

Table 1 shows typical representations and the intended insights (noted as so
called ‘constructs’, cf. Section 3) in the first sequence of the second type of game
—i.e. ‘Betting on Positions’ - with respect to pattern and variability. Although the-
oretically, all important discoveries can be made in both representations, students
usually first discover patterns (i.e. regularities such as seeing repeatedly the same
heights of bars for the same high number of throws) in graphical representations,
and effects of variability in numerical representations (i.e. different positions of
the animals for every game). We will present an exception, a case of two students
who focus on pattern in the numerical and on variability in the graphical represen-
tation.

In addition to the here presented inquiries, students were also asked to investi-
gate percentages in games of gradually growing total numbers of throws as well as
some reflection and transfer tasks; these will not be addressed in this article (see
Schnell, 2013 for more details).

3 Design of the Study and Research Questions

Following the paradigm of design research in the learning process perspective
(Gravemeijer & Cobb, 2006), the learning arrangement was tested and improved
cyclically over three courses of evaluation in six classes (grade 5 and 6, students
aged 11 to 13). While classroom experiment provided a positive evaluation on the
macro-level, complementary design experiments in a laboratory setting were nec-
essary to investigate the processes on the micro-level. For this, the first author of
this article conducted design experiments based on the presented learning situation
with nine pairs of students (age 11 to 13), with at least four sessions, each of about
90 minutes (40 sessions in total). The design experiments were semi-structured by
an experiment manual, determining the scenes of tasks, the use of materials and
some reactions of the interviewer in specific situations. The following empirical
findings will focus on the second session with one pair of students.

For data gathering, each session was videotaped and computer screens record-
ed. For two pairs, all four sessions were completely transcribed (a detailed analy-
sis is offered in Schnell, 2013). For the other seven pairs (including Elisa and Ja-
cob who will be presented here), complete episode plans (capturing the sequence
of all questions, activities and crucial statements) served as survey and basis for
selecting sequences for more detailed transcription.
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The in-depth data analysis is guided by an interpretative approach, identifying
scenes in which new discoveries are made and integrated into the individual con-
ceptions, here conceptualized as network of constructs (cf. Schnell & Prediger,
2012 for the theoretical background of the analytical model). In these scenes, stu-
dents’ individual constructs are reconstructed with respect to four elements: the
emerging insights (summarised by the proposition, which is noted in angle brack-
ets <>), the stochastic context in which an insight occurs (e.g., small/high throw
totals), the representation to which it refers (among other elements of the situa-
tional context which will not be used here) and which function the construct has in
the specific situation (here reduced to differentiation between describing patterns
or describing variability). We refer to the constructs by a short name like
ORDINAL-ESTIMATIONS, noted in caps to emphasize that this is referring to a
broader insight. In this article, we only give insights into the analysis regarding
paradigmatic individual constructs that contribute to the following focused re-
search question:

What constructs do students build for patterns and variability from within the nu-
merical and graphical representations and how do they relate these constructs to
each other?

4 Empirical findings: The Case of Elisa and Jacob

Elisa and Jacob (both 12 years old) cooperate intensively in all four experiment
sessions. Having played the first game “Betting on winning” for five times, they
soon discover the unequal colour distribution on the die and use it to explain the
red ant’s empirically observed benefit in an ordinal sense: The more often the col-
our appears on the die, the more often it appears when the die is thrown
(ORDINAL PREDICTION). They reach the learning goals of the first game when
they draw a connection between the chance of winning with the red ant and the
size of the total number of throws: “the ant is better for games with a total number
of throws of 100 and 1000 as it always won there”.

In this section, we analyse their emerging constructs for the second game “Bet-
ting on Positions” in Session 2, as it is an interesting case for analysing the role of
multiple representations. Although the computer simulation always simultan-
eously provides the numerical and graphical representation (tables of absolute fre-
quencies and pseudo-relative bar-charts), both students consider only the numeri-
cal representation until they are explicitly being prompted to look at the graphical
representation in Scene 3. Before analysing this interesting transition, we report on
their complex discoveries in tables in Scene 1 and 2.



41 Preliminary discoveries in tables of absolute frequencies

Table 2. Construct identified in scene 1

Short-title Proposition Stochastic context Function

ORDINAL- <Red ant gets the highest posi- Single games of 9 to 40  Description of

ESTIMATIONS tion, second highest for green throws pattern and pre-
frog and yellow snail (though diction of posi-
not necessarily on the same posi- tions

tion) and blue hedgehog gets the
lowest position>

In Session 2, Elisa and Jacob start playing the game “Betting on Positions” with
the computer simulation. In the first five games, they choose the total numbers of
throws of 9, 11, 20, 30 and 40. They build with their ordinal constructs from the
first variant of game (‘Betting on Winning’) and develop the strategy we are going
to call ORDINAL ESTIMATIONS for predicting finishing positions: the highest
position for the red ant, second highest for green frog and yellow snail (though not
necessarily on the same position) and blue hedgehog on the lowest position. Addi-
tionally, Jacob points out that the sum of the positions has to equal the total num-
ber of throws.

Scene 1. Patterns and predictions in tables with absolute numbers

After this introduction, a new record sheet is presented with tables of predefined
total numbers of throws: 1 x 20,4 x 200 and 4 x 2000. The analysis of transcripts
shows that in Scene 1 (Session 2; 25:11 — 40:19), they develop the following new
construct:

Scene 1 (Session 2, from 25:11)

5 Iv: Ok, now we play with 20 again... which positions?

6 The students move laptop and mouse so that Jacob can operate them.
7 E: (takes pen and record sheet) Ok, how many?
8

J:  What do we have here? (points to the following old record sheet)
Do we have 20 here, too? Then we take these again [...]

Bets and results: Red Green Yellow  Blue Points
ant frog snail hedgehog
Total Students’ bet 7 5 &6 2
number of Interviewer’s bet 9 4 4 3
throws:
20 Thrown positions 9 4 6 1
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11ff E and J write “9,4,6,2” as prediction into the new record sheet, then correct to 1. The
interviewer also makes a prediction, then the game is simulated and the results compared.

Bets and results: Red Green Yellow  Blue Points
ant frog snail hedgehog
Total Students’ bet 9 4 6 21 4
number of Interviewer’s bet 7 5 4 4
throws:
20 Thrown positions 8 4 6 2

27 E: We have got [a point for] the hedgehog, too. Four points (laughs).
28 Iv: I have only one overall.

29 J: You can really win with this strategy, when you look at this (points to old record sheet).

Jacob consciously makes use of empirical positions in the old record sheet in
order to predict positions for the total number of throws of 20 (line 6-8). By re-
peatedly applying the strategy of using the previous results, Elisa and Jacob em-
phasize the (perceived) stability of the positions and make use of them as a pattern
that helps predict future positions. Although the numerical representations were
expected to prioritize the discovery of variability, the students focus on pattern
and evaluate their strategy as very useful when they get four out of four points in
the game of 20 (line 29).

For the next game, which is the first with a throw total count of 200, the stu-
dents apply the strategy of ORDINAL ESTIMATIONS and win two points. After
applying the betting strategy PREVIOUS-RESULTS for the second game of 200,
Jacob evaluates its success:

Scene 1b (Session 2, from 29:50)
73 E: Three points.

74 J: Butit seems the rough estimation is always good.

The use of the term “rough” might refer to the fact that the students got only 3
out of 4 points, or it might indicate an awareness of the variability of the positions:
the animals reach only similar, but not exactly the same positions. In both inter-
pretations, Jacob seems to raise a first idea of variability which he does not make
further explicit or come back to it.

Scene 2. Ranges for absolute frequencies
After filling in the record sheet and writing down their strategy (i.e. “we always

use the positions from the game before”), Scene 2 begins (Session 2; 40:20 —
66:14), in which the Elisa and Jacob develop the following constructs:



Table 3. Constructs identified in scene 2

Short-title Proposition Stochastic context Function
RANGES- <For series of games with the  First verbalised for series Description of
ABSOLUTE  same total number of throws,  of games of 200; pattern
the animals stay in certain Later used for series of
ranges> games of 100 and 2000
OUTLIERS <Each time, one position is out- Single games of 200 and  Description of
side the ranges> 100 variability

Elisa and Jacob are introduced to a new record sheet, which is supposed to help
focussing on the intervals of the game results (“ranges”) for the green frog in a se-
ries of eleven games of 200 (see Figure 3 for their record sheet). They occasional-
ly use PREVIOUS-RESULTS for the green frog and start experimenting with oth-
er numbers.

After ten games, the students claim the range is “so far 30 to 55”, which is then
also true for the eleventh game. This range applies for many more trials, with only
one exception. After writing down their range, the students are asked to consider a
new total number of throws (they pick 100) for which they have no trouble first
predicting and then empirically identifying a range of positions. They evaluate
their range of positions in a series of game, where again only one is not within the
range. These outliers are mentioned by Elisa after the second series of games: “It
is like before, like here (points to betting range for 200), one exception so far to
what we said”.

Like before, the students only focus on the stability they perceive, i.e. the pat-
tern that the positions stay in certain ranges. They choose their range of prediction
by using the highest and the lowest score in their experiments. The outlier, which
shows up for 200 as well as for 100, is mentioned by Elisa in a way whereby one
could think she sees the existence of exactly one outlier as a new pattern. It is not
further addressed and does not lead to changing the previously stated range of po-
sitions.

The tables of absolute frequencies were designed to focus on variability be-
tween single games, but a more or less stable interval of positions across the series
of games. Elisa and Jacob focus mainly on the stability of their empirically based
predictions even in transferring from the results of one game to predictions of an-
other. The idea of ranges seems thus very natural for them and they do not pay at-
tention to the two outliers. The idea of variability as creating an uncertainty in
predicting from single outcomes or short series of games seems so far not be es-
tablished for the students.
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4.2 Transition from numerical to graphical representation

Scene 3. Patterns and variability in quasi-relative bar-charts

In Scene 3 (Session 2; 66:15-76:30), Elisa and Jacob are explicitly prompted to
investigate the bar-charts. When the computer simulation is introduced (for Elisa
and Jacob in the first design experiment session), the bar-charts are only explained
by the interviewer as a visualisation of the game results and the students are asked
to relate the outcome of one game to the respective situation on the board. All fur-
ther insights are discovered by the students. Although Elisa and Jacob first do not
connect the graphical representation to previous observations in the numerical rep-
resentation, they later relate both and successively develop the following con-
structs:

Table 4. Constructs identified in scene 3

Short-title Proposition Stochastic context  Function

TWO-UP <Two animals’ bars always  Series of games of ~ Description of varia-
go up and two down> 999 bility

DIGIT-PATTERN  <The number of animals Short series of games Description of varia-
changing is related to the of 1,528 bility

number of digits of the total
number of throws>

ANT-LIMIT <The ant will always stay Series of games of ~ Description of varia-
above 1000 in the diagram> 3,456 bility and pattern

BARS-RANGES <The animals’ bars will al- Series of games of ~ Description of varia-
ways stay in certain ranges of 3,456, later series of bility and pattern

absolute numbers> games of 10,000
SMALL-HIGH- <For small throw totals, all ~ Series of games of  Description of varia-
BARS- animals’ bars change a lot, for 12 and series of bility and pattern
MOVEMENT high throw totals they change games of 3,456

just a bit>

Elisa first states “I don’t understand that, it is clear what you can see: who
won” and Jacob agrees, referring to other external elements of the image such as
“the colours of the animals”. These statements seem to illustrate that the transfer
from one representation to the next one is not evident for students. To facilitate
deeper investigations of the changes of the bars when producing series of games,
the interviewer then suggests producing many games with the same total number
of throws and comparing the diagrams. This means, whenever a new game is sim-
ulated (by clicking on the “Throw the die”-button in Fig. 2), a new bar-chart over-
lays the old one and thus creates an impression of “up and down moving” bars.
The students choose 999 as the total of throws for 13 games. In minute 68:15, Eli-
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sa explicates a first pattern TWO-UP: “Two always go up clearly, but they don’t
have to be on the same position, only go up. And two go down, always mutually”,
without referring to the discoveries made in the numerical representation.

It is mainly the interviewer who suggests looking at new (low and high) total
numbers of throws, so that the students investigate games of throw totals of 999,
555,12, 1,528, 4, 3,456 and 10,000. Elisa seems to first realize the variability of
the bars and spends some time investigating the number of “changing” bars. Then
she suggests a dependency between numbers of digits in the total of throws and
numbers of changing bars:

Scene 3a (Session 2; from 70:15)

34 E: (generates the first two games with a total number of 1,528) I think, all of them
change, here. I think, when you have four numbers [i.e. digits of the total number of
throws], all four change (points to bars with cursor), when you have three numbers,
only three change and when you have two numbers, maybe only two change.

351 For contradiction, Jacob generates games with a throw total of 4, in which up to all
animals change. Thus, the students refute Elisa’s suggestion.

Elisa’s construct DIGIT-PATTERN is a paradigmatic example for idiosyncratic
discoveries. Students do not necessarily see the intended structures in graphical
representations but find individual ones: here she searches for a deterministic
functional connection between the number of digits of the total number of throws
and the number of moving bars instead of considering the height of the bars. Thus,
for a total number of 1,528 (four digits), Elisa expects the bars of all four animals
to change in height.

The interviewer now suggests using a “very high number”, for which Jacob
picks 3,456. After about ten games, Jacob states that the hedgehog “almost never
seems to change”. Elisa again builds with TWO-UP, but then addresses another
feature of the diagram to describe the movement:

Scene 3b (Session 2; from 73:00)

65 E: For the ant, it always goes to this line and then up again.

66 J: Stays over 1,000.

67  E: Italways stays there. The frog, he always moves just a tiny bit.
68 J: Yes,and he stays in the 800s range or until the 1,000s range.
69  E: And the snail also always stays with 800 to 1,000, but

lit then goes up a bit.
70 J: lit always tries to get a tie with the frog.
71 E: Yeah.
72 Iv: Right
73  E: Yes, the hedgehog stays roughly in the 400s to 600s range. It always goes up.

In lines 65-67, the students co-construct ANT-LIMIT: Elisa uses the line in the
background of the diagram (see Table 1, probably in this case the mark for 1,200)

11
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to describe a limit for the red bar’s movement. This is the first time she focusses
not on single bars as objects, but on their heights in a series of games with throw
total 3,456. While Elisa uses the descriptive term “line” in line 65, Jacob uses an
absolute number to describe how the bar is always higher than the 1,000 mark in
line 66.

In line 68, Jacob first transfers a construct from the numerical to the graphical
representation: He uses the expression “range” that was established for the numer-
ical representation (in Scene 2) to describe how the position of the green frog is
stable in a way. Elisa adopts the term “range” in line 73, but adds in both state-
ments how the animals “go up”. It seems that the use of the construct RANGES
that was transferred from numerical representations helps the students to cope
with the variability of the bars, which they observed the whole time. While using
ranges as a seemingly unproblematic instrument to describe their observations in
the numerical representation of tables of absolute frequencies, for the bar-charts
especially Elisa struggles with a clear focus and finally transfers the construct
RANGES to overcome this.

The transfer from one representation to the next one helps both students to de-
velop deeper insights into the duality of pattern and variability for short and long
term contexts. This becomes visible in the next scene when the interviewer asks
students to compare these findings with a low total number of throws for which
the students choose twelve. Students evaluate their idea for the total number of
10,000 and both students agree that it seem to be true. Then, the interviewer asks
to explain the differences:

Scene 3c (Session 2; from 75:30)
85 I: So, what would you say, how do the bars change for small throw totals, for 12, and
how do they change for large throw totals?

86  E: For the small ones, I think, it changes big times. They sometimes go down a lot, as the
three [bars] now, and then sometimes really high. And for bigger total numbers of
throws, I think, it changes just a tiny bit.

So finally, the students establish the intended construct SMALL-HIGH-
BARS-MOVEMENT and integrate their constructs for graphical and numerical
representations while distinguishing short and long term contexts.
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Table 5. Some of Elisa’s and Jacob’s constructs in the process (partly revised)

Numerical representation:
Tables of absolute frequencies

Graphical representation:
Quasi-relative bar-charts of
absolute frequencies

Pattern PREVIOUS-RESULTS <Observed
positions are a good rough estima-
tion for the positions in a game
with the same total number of
throws>

Varia-

bility

Pattern in  OUTLIERS <Each time, one posi-

Vari- tion is outside the ranges>

ability R ANGES-ABSOLUTE <For se-

ries of games with the same total
number of throws, the animals stay
in certain ranges>

DIGIT-PATTERN <The number of animals
changing is related to the number of digits of
the total number of throws>

TWO-UP <Two animals’ bars always go up
and two down>

ANT-LIMIT <The ant will always stay above
1000 in the diagram>

BARS-RANGES <The animals’ bars will al-
ways stay in certain ranges of absolute num-
bers>

SMALL-LARGE-BARS-MOVEMENT <For
small throw totals, all animals’ bars change a
lot, for large throw totals they change just a
bit>

Pattern and variability are two dual perspectives on one phenomenon that have

to be balanced. In our learning arrangement, connecting different representations
is intended to foster students’ access to this duality. The summary of Elisa’s and
Jacob’s constructs in Table 5 shows that although this intended learning goal was
finally reached, the process needed the support of the interviews because forming
connections between representations does not happen automatically.

While the case of Elisa’s and Jacob’s process is specific in some aspects (e.g. their
exclusive focus on patterns in the numerical representation), the transition to the
graphical representation shows typical phenomena that we could reconstruct in
different case studies with the same learning arrangement:

1. Even if multiple representations are offered by a (teaching-)learning arrange-
ment, students can prioritize one without considering the others.

13
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2. The explicit prompt to switch the representation helps students to develop new
perspectives.

3. Graphical representations are not self-explaining; students can observe very id-
iosyncratic structures.

4. Tt is not evident for students to transfer discoveries from one representation to
the next one automatically, but when it happens, it helps to deepen students’
conceptions.

5. Especially for the duality of patterns and variability, the transition between rep-
resentations can help to gain complex insights into core phenomena of random
since it allows students to draw connections.
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