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Abstract. Our didactical research perspective focuses on stochastic teaching-learning processes in a systematically designed
teaching-learning arrangement. Embedded in the methodological framework of Didactical Design Research, this perspective
necessitates the iterative interplay between theoretically guided design of the teaching-learning arrangement and empirical
studies for investigating the initiated learning processes in more and more depth. For investigating the micro-level of students’
processes, we provide a theoretical framework and some exemplary results from a case study on students (in grade 6) ap-
proaching the distinction between short term and long term in the teaching-learning arrangement “Betting King”.

In the last decades, a lot of research has been conducted on students’ biases and misconceptions which
seem to persist even after school education (overview in Shaughnessy 1992, pp. 479ff). Whereas most
of these studies mainly focus on the status of (mis-)conceptions (as results of learning processes or as
their initial starting points), we want to present a Didactical research perspective that complements these
important studies by two dimensions: (1) the dynamic focus lies on specifically initiated learning pro-
cesses. For this, (2) a theoretically guided and empirically grounded design of teaching-learning ar-
rangements (with restructured learning contents and concrete learning opportunities) and its underlying
design principles are developed.

In Section 1 of this article, we present the Didactical research perspective with its methodological
framework of a process-oriented Didactical Design Research (Gravemeijer & Cobb, 2006; Prediger &
Link, 2012). In Section 2, the perspective is exemplified by a report on six phases of research and (re-)
design in a long term project on the distinction of short term and long term stochastic contexts for stu-
dents in lower middle school. In Section 3, specific emphasis is put on the fourth phase, the investiga-
tion of the dynamics of stochastic learning processes on the micro-level. As the theory has been devel-
oped within these six phases, we present it together with each phase of the project (in Section 2 and 3).
In Section 4, we conclude by extracting principles of a Didactical research perspective.

1. Methodological Framework

1.1 Didactical Design Research with a focus on learning processes

The scientific work in mathematics education research is sometimes dichotomised by two different aims
(that appear in Fig. 1 as both ends of the left vertical arrow): (1) Practical developmental work aims at
developing general approaches and designing concrete teaching-learning-arrangements for mathematics
classrooms. (2) Fundamental empirical research, on the other hand, aims at understanding and explain-
ing students’ thinking and teaching-learning processes.

To overcome this unfruitful dichotomy, more and more researchers advocate the general idea to join
empirical research and the design of teaching-learning-arrangements in order to advance both: practical
designs and theory development. Under varying titles like “design science” (Wittmann, 1995), “design



research” (e.g. van den Akker et al., 2006; Gravemeijer & Cobb, 2006), ,,design-based research (e.g.
Barab & Squire, 2004) or “design experiments” (e.g. Brown, 1992; Cobb et al, 2003; Schoenfeld, 2006),
programmes have been developed with this common idea (and variance in priorities).

In our research group, we follow the programme of Didactical Design Research as formulated by
Gravemeijer and Cobb (2006), which seeks to combine the concrete design of learning arrangements
with fundamental research on the initiated learning processes. Through iterative cycles of (re-)design,
design experiment and analysis of learning processes, it focuses on both: (1) design: prototypes of
teaching-learning arrangements and the underlying theoretical guidelines (that we call design principles)
are created. (2) research: an empirically grounded, subject-specific local teaching-learning theory is
elaborated, specifying the following: the structure of the particular learning content, students’ momen-
tary state in the learning process, typical obstacles in their learning pathways, and conjectured condi-
tions and effects of specific elements of the design (Prediger & Link, 2012; Gravemeijer & Cobb, 2006,
p. 21).

As the research objects for Didactical Design Research are not only learning goals, contents and
momentary states of learning, but also the teaching-learning processes, we need data collection methods
that allow for these complex processes to take place and make them accessible for an (in-depth) analy-
sis. For this, the method of design experiments is outlined briefly in the next section before introducing
the research project on the distinction of short term and long term context as an example for the pro-
gramme.

Focus: Design of teaching-learning arrangements

Results: Teaching-learning-arrangement and design

principles based on theoretical and empirical insights

Objects: learning goals
and contents

— Objects: teaching-learning-processes : —
Objects: momentary

states of learning S »

Results: Local teaching-learning theory on students’ pathways
and obstacles, and on conditions and effects of the design

Focus: Empirical research on teaching-learning processes

Fig. 1. Foci, aims, objects, and results of the Didactical Design Research



1.2. Design experiments as data collection method in Didactical Design Research

The intention of Didactical Design Research is to join design activities and empirical research by ana-
lysing processes that take place in a specifically constructed teaching-learning arrangement. The itera-
tive process of designing and researching can start from conducting clinical interviews with students on
their momentary state of learning in order to identify problems, prerequisites or conditions to specify the
learning goals and / or give indications for the construction of the teaching-learning-arrangement.

Data collection must therefore be optimized for investigating teaching-learning processes initiated
within these arrangements. For this purpose, design experiments proved to be a fruitful method as they
provide the following necessary characteristics (cf. Komorek and Duit, 2004; Cobb et al., 2003): (a)
Different from clinical interviews, design experiments initiate and support learning processes by ade-
quate materials, activities and moderation of the teacher. Thus, the teacher can be a participating ele-
ment of the design experiment which may influence the process through a methodologically controlled
way of interaction (see Section 3 for an example). Accordingly, the situation is closer to normal in-
classroom work on a specific topic than a clinical interview in which the interviewer is not supposed to
influence students’ thinking. (b) Furthermore, the method allows the observation of longer-term learn-
ing pathways by conducting several consecutive design experiment sessions. This can provide insights
into sequences of applying, consolidating and deepening constructed knowledge. (c) Lastly, design ex-
periments can be conducted in laboratory settings with small groups or pairs of students. This approach
is fruitful to gain in-depth insights into individual, context-specific learning pathways, obstacles or indi-
vidual prerequisites (cf. Komorek & Duit, 2004). A laboratory setting is also suitable when the main
aim is to specify and structure (possibly new) mathematical contents for improving curricula. However,
before releasing a teaching-learning-arrangement on a large scale, it is useful to investigate the ecologi-
cal validity of the design and of the local teaching-learning theory in design experiments in classroom
settings that are as natural as possible (e.g. with the regular teachers and normal resources) (Cobb et al.
2003; Burkhardt, 2006).

The teaching-learning processes initiated in the design experiments are videotaped. The data corpus
includes the videos, transcripts of selected video-sequences, all teaching materials, students’ products
and records of computer simulations.

The data analysis of the complex process data requires interpretative qualitative methods that are
chosen according to the specific research interest in each phase of the process. We exemplify one analy-
sis procedure in Section 3 for the in-depth analysis on students’ learning process regarding the distinc-
tion between long term and short term contexts in the following section.

2. The macro-level: Six phases of a Didactical Design Research project
on the distinction of short term and long term contexts

In order to illustrate the programme of Didactical Design Research, we present a project on the distinc-
tion between short term and long term stochastic context in grade 6 (age 11 to 13). Figure 2 gives an
overview on the six phases of the project to be explained in the following sections.

The visual overview shows already that the close relation between design and research is a crucial
principle for the programme of Didactical Design Research. Design and research are consequently relat-
ed to each other and profit from each other: designing the teaching-learning-arrangement was not only
intended to provide students with better learning opportunities but also to create an environment for
research that aims at generating a content-specific local teaching-learning theory where a gap in re-
search was perceived. Vice versa, the results of the empirical research informed the (re-)design of teach-
ing-learning-arrangements so that teachers and students have direct benefits from the research.
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Fig. 2. Six phases in the long-term Didactical Design Research project on the distinction
between short term and long term contexts

2.1  First phase: From an empirical problem to specifying learning goals (2002-2005)

The project started from an observed problem of limited success of education in probability: Even adults
who learned about probability in school rarely activate their (existing!) stochastic knowledge when
playing with random devices or betting on random trials in out-of-school contexts (Shaughnessy, 1992,
p. 465). They argue, for example while betting on the sum of two dice, “Even if you can calculate that
the eight is more probable, the dice don’t show it, see! So I rather take my lucky number 12.” (Prediger,
2005, p. 33). In contrast, as long as students are in a probability classroom context, they do not hesitate
to activate probability judgements for games or betting situations (Prediger, 2005). But as long as prob-
abilistic conceptions are restricted to classroom contexts, probability education fails to prepare for out-
of-school contexts. From this problem, the overall goal for the instructional design was derived: Ena-
bling learners to activate elementary probabilistic conceptions context-adequately.

A scientific design of teaching-learning-arrangements requires a theoretical foundation, on which the
specified learning goal can be justified and conceptualised. For this, we adapted the conceptual change
approach on a constructivist background (Posner et al., 1982; Duit & Treagust, 2003) and applied it to
the specific learning content of probability and random phenomena (Prediger, 2008).

Our conceptualisation of the term ‘conception’ follows Kattmann and Gropengieer (1996, p. 192)
who refer it to all cognitive structures which “students use in order to interpret their experience” (ibid.).
These cognitive structures are located on different epistemological levels of complexity, such as con-
cepts, intuitive rules, thinking forms and local theories (Gropengiefer, 2001, pp. 30 ff.). In line with the
constructivist background, we understand everyday conceptions (e.g. the aforementioned ‘lucky num-
ber’) as important starting points for individual learning processes, even if they might not match the
mathematical theory. The importance goes back to the constructivist position that active constructions



of mental structures always build upon existing ones by accommodation to experiences with new phe-
nomena, while the initial structures serve as “both a filter and a catalyst to the acquisition of new ideas”
(Confrey 1990, p. 21). Thus, each design should take the initial conceptions seriously into account and
develop them into the mathematically intended ones, as have been emphasised in conceptual change
approaches (Duit & Treagust, 2003).

This development does not always take place in terms of enabling students to overcome initial mis-
conceptions and substitute them with mathematically appropriate ones (vertical conceptual change). In
contrast, the goal of context-adequate activation of conceptions was specified within the theoretical
framework of horizontal conceptual change (Prediger 2005, 2008), in which the instructional goal is to
provide students with opportunities to additionally build mathematically sustainable conceptions and to
enable them to consciously consider the context in order to choose which conception to activate (hori-
zontal conceptual change). For reaching this goal in probability education, it is important that learners
understand when mathematical conceptions about probabilities are applicable.

2.2 Second Phase: From investigating conditions of students’ conceptions use
to specifying the learning content “distinction of stochastic contexts” (2004-2006)

The theoretical framework of horizontal conceptual change suggested an empirical investigation of the
conditions under which students tend to activate adequate probabilistic conceptions (Prediger, 2005;
2008). In clinical game interviews where children (about ten years old) were asked to bet on the sum of
two dice, we could reproduce Konold’s (1989) observation that many individual difficulties with deci-
sions under uncertainty arise not only from problematic judgements on probability, but root deeper in “a
different understanding of the goal in reasoning under uncertainty” (Konold, 1989, p. 61). Konold could
give empirical evidence for a predominant individual wish to predict single outcomes when dealing with
instruments of chance, the so-called outcome approach. Similarly, the children in our interviews tried to
explain the last outcome, drew conclusions from one outcome, tried to predict the next outcome, found
evidence for the unpredictability of outcomes when outcomes did not follow the theoretical considera-
tions etc. This outcome-approach could be reconstructed to be a main obstacle for the children to acti-
vate suitable probabilistic conceptions. But unlike Konold’s results, our study could not reproduce the
outcome approach as a stable phenomenon describing the behaviour of some children, but as appearing
situatively. Students switched between the perspectives even without being aware of it: the same chil-
dren could adopt a long-term perspective two minutes later, e.g. when considering a tally sheet with 200
outcomes. Hence, we consider the so-called “misconception” of the “law of small numbers” (see
Tversky & Kahnemann, 1971) not to be wrong per se but only used within an inadequate domain of
application. That is why the well-known distinction between short term and long term contexts turns out
to be the crucial background for context-adequate choices.

“Phenomena having uncertain individual outcomes but a regular pattern of outcomes in many repetitions are

called random. “Random” is not a synonym for “haphazard” but a description of a kind of order different from

the deterministic one that is popularly associated with science and mathematics. Probability is the branch of

mathematics that describes randomness.” (p. 98)
Hence, the shift from a short term focused outcome-approach to a long term perspective on randomness
(shortly called the stochastic context) is one crucial challenge for conceptual change. The horizontal
view on conceptual change emphasises the need for individuals to become aware of the empirical law of
large numbers as a condition for predicting outcomes in long term random situations by probabilistic
terms.

In consequence, the construction of our teaching-learning arrangement was guided by the idea to al-
low children to recognise patterns in the long run (i.e. the stability of relative frequencies) and to make



clear that the regularity described by probability does not apply to short sequences of random outcomes
(Moore, 1990, pp. 120-121; see also Konold, 1989; Prediger, 2008). For a mathematical-theoretical
foundation of the design, the distinction of the stochastic context into the following two aspects proved
to be fruitful (Fig. 3):
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2.3 Third phase: Iterative development of a teaching-
learning-arrangement in three design cycles (2005-2008)

Having specified the learning content as “distinction of
short term and long term focus”, we began the design of a
teaching-learning-arrangement by developing the game
“Betting King” (HuBmann & Prediger, 2009). This phase
and all subsequent phases took place within the research
context of the joint project KOSIMA that develops and
investigates a complete middle school curriculum (HuB-
mann, Leuders, Barzel, & Prediger, 2011).
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placing bets. In line with other designs for learning envi-

ronments, this activity was embedded into a game situation
(e.g. Aspinwall & Tarr, 2001).

In the game “Betting King”, the players bet on the win-
ner of a race with four coloured animals (Fig. 4). A col-

oured 20-sided die with an asymmetric colour distribution
(red ant: 7, green frog: 5, yellow snail: 5, blue hedgehog:
3) is used to move the animals.

Fig. 5. Screenshot of computer simulation,
here ideal distribution
for a throw total of 20

For learning to distinguish stochastic contexts, students

are guided to vary the total number of throws after which the winning animal is determined (S-L). It is
materialised on the board by a throw counter (black token) and the STOP-sign which can be positioned
between 1 and 40. The board game is followed up by a computer simulation that produces results of a
game with the specified throw total up to 10.000 (Fig. 5). This allows students to find patterns in many
games with the same total of throws (O-M) or to compare patterns between low and high totals of



throws (S-L). Later in the learning situation, another mode is added to the simulation where a gradually
growing throw total is provided to offer a dynamic perspective on the stabilisation of relative frequen-
cies.

The game is played in two variations: In the first game, students bet on the animal that will win after
the specified total of throws (called “Betting on Winning”). Here, a merely comparative view on the
chances of animals is sufficient, enabling the experience that a bet on the red ant (as the animal with the
highest theoretical probability of 7/20) is more likely to be successful for large totals of throws. In the
second game (“Betting on Positions”), students are asked to predict the position on which each animal
will land, in relation to the pre-set throw total, i.e. to bet on the frequencies. In order to focus on relative
deviances instead of absolute ones, the bets of the two players are compared, and the bet closer to the
actual position per animal gets a point. The need to find good betting strategies motivates the explora-
tion of patterns of relative frequencies in the long run.

The teaching-learning arrangement consists not only of the game Betting King, but also of a se-
quence of initiated activities and questions and of instructional means like the computer game, visualisa-
tions, and records that focus students’ attention. While playing the game variations themselves allows
experiences with the phenomena of stabilising relative frequencies, the phase of systematic investigation
of patterns focuses more consequently the attention. After these investigations, a phase of institutionali-
sation and systematisation is initiated, then a transfer to other random devices and some training for
consolidation and deepening the gained ideas (Prediger et al., 2013).

This complex arrangement is the product of three cycles of design research. We now briefly describe
the process of the iterative interplay of design experiments, analysis and redesign:

First cycle. The first ad hoc trial in the first authors’ regular mathematics class (n=22, grade 6, age
11 to 13) helped to develop the ideas and rules of the game and to define requirements for the computer
game so that the intended learning goals could be reached. For example, the STOP-sign was introduced
for materialising the difference between small and larger total of throws on the board.

Second cycle. The second design experiment in laboratory settings gave first insights into the learn-
ing pathways and in productive sequences of activities and questions (n=2x2, grade 4, Plaga, 2008).
After these design experiments, the game was complemented by reflection tasks and activity sheets. The
phase of playing the game was explicitly separated from investigating the patterns: “In this task, you can
now investigate the game in more detail. This will help you to find a good strategy for betting.” While
playing, students often focus on one single game with a small or large total of throws and sometimes
avoid reflecting betting strategies. In contrast, the investigation of patterns focuses on many games,
which facilitates the acquisition of the long term perspective. The investigations were structured by
records with pre-defined throw totals such as 4x1, 4x10, 4x100, 4x1000 and the suggestion to compare
the results for each throw total with each other.

Third cycle. The third design experiment in four classes (n = 100, grade 5/6) with their regular teach-
ers helped to ensure the feasibility of the arrangement under classroom conditions and to evaluate the
learning success. The empirical analysis of classroom learning processes in Prediger and Rolka (2009)
showed that most students could find adequate betting strategies and learned to differentiate between
long term and short term contexts. However, weaker students experienced difficulties coping with varia-
tion for small total of throws. For example, Amelie wrote when she compared the frequencies of wins in
a table:

“On the table, it catches my eye that the ant has more points than the others. But the other
players (snail, frog, and hedgehog) also won sometimes. The ant is not the fastest because the
others also won sometimes.” (Prediger & Rolka, 2009, p. 64)



We interpreted Amelie’s written utterance in the way that she had not yet developed a language to dis-
tinguish between purely ordinal judgements (the red ant is more likely to win than the other animals for
each total of throws) and judgements regarding the empirical law of large numbers (the red ant wins
more securely for 1000 throws than for 10). Consequently,
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anzahl —

introduced into the arrangement. After filling in the sum-

mary table showing if an animal has won in any game with a

certain throw total (cf. Fig. 6), students were asked: “For
making good bets, you look for an animal with the highest 100

chance to win. But you can never be completely sure. For 1000

some throw totals, though, you can be surer than for others. | 4go00 ><- °
Find good throw totals by comparing results from all games:

Fig. 6. Filled in summary table of the
For which throw total can you bet more securely?” students Hannah and Nelly

This is one among many examples where the investiga-
tion of students’ thinking led to important changes in the learning arrangements since it could clarify the
key points of the learning content (Prediger, 2008). However, the classroom observations only allowed a
rather rough look at the learning processes. Deeper insights into students’ pathways towards the distinc-
tion between good and more secure bets as facet of the intended differentiation of stochastic contexts
needed a deeper analysis as conducted in the fourth phase.

2.4  Fourth phase: In-depth process study on the micro-level: investigating the dynamics of stochastic
learning (2009-2012)

On the base of a functioning teaching-learning arrangement that enables students to reach the learning
goals (see third phase), a further series of design experiments was conducted in a laboratory setting
(Komorek and Duit, 2004) by the second author within her PhD-project (Schnell 2013, supervised by
the first author). The new empirical study on the micro-level aimed at deepening the local theory on
students’ individual construction of distinctions between short term and long term contexts by address-
ing patterns and deviations in the empirical approach. The design experiments were conducted with nine
pairs of students (grade 6, age between 11 and 13), with four to six consecutive sessions each.

The micro-level analysis of individual learning pathways required further elements in the theoretical
framework and a method of data analysis as will be further elaborated in Section 3. It also offers some
insights not only into typical conceptions but also into their networks and into the processes how they
are gradually constructed and used with regard to the situational and stochastic context.

Although the fourth phase of design experiments also informed some changes in the learning ar-
rangement, the main emphasis was on the elaboration of the empirically grounded local theory.

2.5  Fifth phase: Consolidation of the teaching-learning arrangement (2010-2011)

For evaluating the usability of the developed teaching-learning arrangement under field conditions, a
final, fifth design cycle was conducted in two classes (n = 54, grade 6). In this cycle, material and hints
for the teachers’ handbook were collected.

2.6 Sixth phase: Implementation in a textbook and in in-service trainings (from 2012)

The resulting teaching and learning materials are included into the innovative textbook series “Mathe-
werkstatt 6 (Prediger et al., 2013). Its dissemination to schools is supported by a widespread series of
in-service teacher trainings within the KOSIMA-teacher-network (Humann et al., 2011).



3. The micro-level: In-depth process study

Building upon the findings of the analysis of the first three iterative design cycles, an in-depth process
study was conducted in order to gain more fine-grained insights into students’ learning pathways. The
main goal was to generate a subject-specific local teaching-learning theory on the development of con-
ceptions about the empirical law of large numbers and the distinction of short and long term contexts.
The part of the study presented here was guided by the following research questions:
1. How do students’ successively construct the distinction of short and long term contexts

within the teaching-learning-arrangement ‘The Betting King’?
2. Which conceptions are developed and how are these related to each other?

The study builds upon the conceptual change approach to conceptualise the development of conceptions
on a macro-level. However, the framework had to be complemented by more fine-grained theoretical
conceptualisations (Section 3.1) and by adapted analysis procedures (Section 3.2). Section 3.3 presents a
new case of the large empirical data (analysed more widely in Schnell, 2013).

3.1 More fine-grained theoretical conceptualisation of conceptions: Constructs and its elements

Within the preceding cycles, the conceptual change approach proved to be useful to describe the general
structure of learning processes in regard of horizontal and vertical developments. For this first approach,
intended and initial conceptions were conceptualised in an epistemologically wide sense without further
distinctions (see Section 2.1).

For complementing this theoretical framework on the micro-level (Schnell and Prediger, 2012), we
adapted the notion of ‘constructs’ as the smallest empirically-identifiable units of conceptions from the
theoretical model ‘abstraction in context’ (Schwarz et al. 2009). These constructs are expressed in prop-
ositions, for example <Red ant is a good bet as it just won twice in a row>. Conceptions are then seen as
webbings of constructs, i.e. they can consist of several constructs and their specific relations between
each other (similarly in diSessa, 1993). A theoretical adaptation of Schwarz et al.’s (2009) notion was
necessary for grasping the horizontal dimension of conceptual change in which idiosyncratic concep-
tions are considered to be legitimate building blocks: Whereas Schwarz et al. (2009) mainly consider
mathematically intended or mathematically (partially) correct constructs (Ron et al., 2010), we consider
all individual constructs, being in line with mathematical conceptions or not.

For the empirical reconstruction of individual constructs, the theoretical model of abstraction in con-
text provides an instructive methodology by means of three observable epistemic actions in a so-called
RBC-model: recognizing (R), building-with (B) and constructing (C). An epistemic action of construct-
ing is defined as (re-)creating a new knowledge construct by building with existing ones. Previous con-
structs can be recognized as relevant for a specific context and can be used for building-with actions in
order to achieve a localised goal. The first step of our data analysis used the RBC-model for the recon-
struction of constructs by identifying epistemic actions and their subjects. After this basic interpretation,
our data analysis went further to describe the combinations of existing and the emergence of new con-
structs in more detail in order to gain insights into the microprocesses of conceptual change.

For the purpose of reconstructing these processes in depth, we followed diSessa (1993) and Pratt and
Noss (2002) in their assertion that constructs cannot only be described by their proposition. In addition
to the propositions, we took into account the construct’s function for the individual, e.g. description of a
pattern, explanation of the pattern, prediction of the results.

Furthermore, it proved necessary to conceptualise the individual scope of applicability. Whereas
Pratt and Noss’s (2002) notion of ‘contextual neighbourhood’ is defined as a repertoire of circumstances
in which a construct can be used, we define the ‘context of a construct’ as the context in which the con-
struct is created and/or used and distinguish between stochastic and situational contexts: the relevant



stochastic contexts have been introduced in Section 2.2 in Fig. 3: Short Term Context OS (one game
with a small total of throws), Context MS (many games with a small total of throws), Context OL (One
game with a large total of throws), and Long Term Context ML (many games with large total of
throws).

Whereas this distinction of stochastic contexts has to be constructed during the learning process,
learners first distinguish between other contextual circumstances that we call situational contexts, for
example representations (numerical data table, bar charts, percentages), sources (empirical data, theoret-
ical ideas, alternative ideas) or external settings (chance device, computer simulations vs. board game
etc.). All elements of a construct are subject to negotiations during the learning process and can be re-
vised, restricted or broadened in order to accommodate new experiences.

Table 1. Elements of a construct — An example

Description for the example

Element General Description
P ANT-GOOD-construct
Proposition (prop): What is the proposition stated in the con- <Red ant is good as it just won
struct? twice in a row>
Stochastic To which stochastic context does the con- MS — Two games with a throw
context (con): struct refer? (ML, MS, OL, OS) total of 20 and 24
Relevant parts of Which parts of the situational contexts are  empirical database
Situational context (sit): relevant for the constructing?
Function (fct): What is the construct used for? description of a pattern, predic-

(e.g. description of a pattern, explanation of  tion
the pattern, prediction of the results)

In Table 1, these elements are exemplified by the following scene from one of the design experiments
with the students Hannah and Nelly (age 12 and 13) that will be further analysed in Section 3.3. In this
scene (after 15 minutes of the first experiment session), the girls had been playing the game ‘Betting on
Winning’ twice without using a record yet.

Played games so far (HN) indicates the bet of the children, (Iv) the interviewer’s bet, ** marks the winning animal
Transcript Game Throw Red Green Yellow Blue
Line number | total ant frog snail hedgehog
306 #1 24 *9* (HN) | 4 6 (Iv) 5
380 #2 20 *T* 3 (HN) 6 4 (Iv)

Though they cooperate in deciding about the throw totals and their bets, they had not yet given any rea-
son for their betting decisions. The third game is about to take place and the throw total was set to 14.

404 H  (places STOP-sign on field 14)

405 N  Okay, which one do we bet on? ANT-GOOD

406 H  Youdecide <Ant is good as it just won
407 N Ant, it just won. twice in a row>

408 H It won twice in a row already Sit: Con: Fct:
409 N  Yeees, it is good! empirical | MS pattern

410 Iv Il take the snail. Okay, who begins?

In this scene, the girls develop a construct that we called ANT-GOOD (see right column next to the
transcript). It summarises the children’s experience in the previous games; its construction is thus situat-
ed in an empirical situational context. In line 407, Nelly points to the last game while Hannah focuses
on both previous games, emphasising the addition “in a row”. Thus she makes an explicit statement
taking more than one game into account, so we dared - to this early moment - to code the stochastic
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context MS, i.e. as Many Small games. Lastly, the function of the construct in the situation is to de-
scribe a pattern which is used to make a prediction for the next game.

3.2 Methods for data collection and data analysis

For data collection, the design experiments were conducted in a laboratory setting (Komorek and Duit,
2004) with four to six sessions of 45 to 90 minutes each. The sample consisted of nine pairs of students
of grade 6 (age 11 to 13) in a German comprehensive school (n=18). The characteristics of a laboratory
setting required some modifications of the teaching-learning arrangement: Since the laboratory setting
lacks the dynamics of typical classroom interaction (exchange of findings and ideas between groups of
students), the students needed more time for exploring data and gathering their own empirical base for
generating hypotheses. As the research interest was on the development of conceptions, a deeper insight
into students’ reasoning was needed so that they were given more opportunities to verbalise or write
down their ideas. The interviewer’s interventions were guided by an intervention manual defining the
sequence of tasks and the probing questions. The interventions were designed for minimal help, howev-
er, the continuation of the process was guaranteed by predefined interventions for anticipated obstacles.
For example, UNEQUAL COLOUR-DISTRIBUTION is a crucial construct in order to give meaning to
the observed patterns such as <the red ant is the animal winning most often>. If the students do not dis-
cover the unfair distribution until having filled in the summary (cf. Fig. 6), the interviewer gives the
advice to look closely at the die.

Nearly 40 sessions were videotaped in total, and the complete nine sessions of two pairs of students
as well as selected sequences of other pairs were transcribed. The data corpus also included records of
computer simulations and written products.

In the first step of qualitative data analysis of the transcripts, an adapted form of RBC-analysis pro-
cedure was conducted. The outcome of the analysis was a long list of individual constructs represented
by propositions for all interviews (e.g. 114 constructs for one pair of students). The RBC-analysis also
generated a first draft of the constructs’ connections, given by the epistemic actions constructing and
building-with.

In the second step of data analysis, these constructs were analysed according to their functions and
contexts. The third step of data analysis dealt with identifying what happens in building-with processes,
i.e. when previous constructs are developed or put in relation. We reconstructed all networks of con-
structs emerging in the design experiments of the completely transcribed pairs. By an interpretative
approach, we reconstructed the nature of the relations between different constructs with respect to the
modification of elements.

Due to page limitations, the following section can only present a part of the generated local theory.
Other extracts are published in Schnell and Prediger (2012) and Schnell (2013).

3.3 Case study of Hannah’s and Nelly’s distinction between ‘good bet’ and ‘secure bet’

In order to show what kind of insights on the micro-level can be reconstructed by this theoretical and
methodological framework, we show spotlights of the case study of Hannah and Nelly’s learning path-
way when they successively construct the distinction between “a good bet” and “a secure bet”. Thus the
focus lies on the development of the stochastic context, whereas other constructs and the development
of the construct-elements “situational context” and “function” are out of the focus here.

The 12 and 13 year old girls Hannah and Nelly approach the design experiment and laboratory situa-
tion openly; they work cooperatively and discuss their diverging opinions vividly. The first extract
shows how they construct the context-distinction O-M, .i.e. between one and many games.
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In their first construct <Ant is a

good bet as it just won twice in a ?iliglw Ibeton... Fastestanimal Points
row> ANT-GOOD (see transcript line 1 Ant snail 0
408 after game #2 above), the girls 2 Hedgehog  snail, frog 0
refer to the two games played so far > Snail hedgehog, ant 0

] ] . 10 Frog frog, snail 1
(plus the on-going game in which red 20 Ant frog 0
ant is leading), thus they take explicit- Total points: 1
ly more than one single game into  Fig. 7. Excerpt of Hannah and Nelly’s record
account (“in a row”). (first set of logged games, two left columns added by authors)

After this (in line 436-1281, not
printed), they start to play with the record in Fig. 7. It shows that they do not consequently use the ANT-
GOOD construct for betting in game #4 - #8 (in line 436-795). Before starting the second record for
games #9 - #14, the following dialogue takes place:

796 N We bet on frog.

797 H Man! But frog won three times. Snail won three times, too. TOTAL-WINS
Ant once.

<The number of total wins

798 N (reads on record) Fastest animal. We don’t know that yet. I indicates a good animal to bet
bet we get one point again (points to “total points” at the on>
bottom of the set)
799 H Hey, let’s write down all of the [bets] already. Sit: empi- | Con: |Fct: pattern
800 N No. rical MS /prediction
801 Iv What would you write down?

802 H Frog, frog, frog, frog, frog. Okay, snail, frog.

In line 797, Hannah offers a construct in which she compares the overall numbers of wins in all record-
ed games. The use of the conjunction “but” might be a reaction to the previous game #8 with a throw
total of 20 in which both girls were convinced of their bet on the ant, but frog was the winner. Thus, she
could hereby indicate that she has found a new strategy. In game #8, frog was clearly leading from the
beginning. This could possibly influence the prediction Hannah makes in line 801, which doesn’t seem
to match to the fact that the absolute numbers of wins is the same for frog and snail. It is remarkable that
in line 799, she suggests predicting all five upcoming games at once, which could indicate that she is
already convinced of her new construct TOTAL-WINS.

Nelly refuses this suggestion in line 800. Taking a long shot, this could be due to her establishing fo-
cus on the previous game which might have led to her bet on frog in 796. But this construct is only
made explicit about 15 minutes later after game #18:

1294 N Yes, well.. we almost always take the one that won before LAST-WINNER
1295 H  And that always wins <The Animal who won the last
1296 N And that wins- more often. game is a good bet>

Sit:alternative | Con: | Fct: pattern /
/empirical | 9g | prediction

The construct LAST-WINNER is then tested in the course of the following games and finally written
down as a common betting strategy (“We always take the animal who won in the last game”, lines
1297-1335, not printed). Here, the focused stochastic context is clearly the last single game which is
used as a predictor for the next game. The construct LAST-WINNER might have emerged since TO-
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TAL-WINS could not give clear results: in the first 20 games, red ant and yellow snail won equally
often.

However, the girls seem conscious of the limits of the LAST-WINNER’s power of prediction. When
the interviewer questions the LAST-WINNER strategy by pointing out that it sometimes doesn’t work,
Hannah answers:

1524 H  We said you win more often. We didn’t say you always win.

This is possibly a reference to Nelly’s statement in line 1296. Hannah’s reasoning might be: the bets are
results of chance, so that they are not completely predictable, but LAST-Winner with its focus on single
games seems to be more successful than TOTAL-WINS with the focus on many games.

When later two animals win, LAST-WINNER is questioned and is built with the TOTAL-WINS
construct into a combined construct:

1755 Iv What will you take in the next round, now that two ani- LAST&TOTAL

mal§ won? <When two animals won in the
1756 H (whispers) Ant (says loudly) The ant. last game, the animal with
1757 N (whispers) Snail more wins in total is the better
1758 H Ant won more often than the snail. bet for the next game>
1759 N That’s right. But the snail caught up now. Sit:alternative | Con: | Fet: pattern

. . / empirical O+MS | / prediction

1760 H But ant has one, two, three, four, five, six. And snail has

only one, two, three (points to games on record)
1761 N Ok, ant. (...)

By this LAST&TOTAL construct, the perspective on the last one game and on a series of many games
are combined. When the prediction by looking at the last game is unclear, the total number of throws is
taken into account for predicting the next game. This combined construct emerges right before the stu-
dents start to play with a throw total of 100, thus it is constructed for games with a small total of throws.

To sum up so far, Hannah and Nelly’s learning trajectory diverges from the intended pathway, as
they haven’t identified the red ant as a good bet (neither empirically nor theoretically based) but found a
deviant individual good bet based on the last outcome combined with a comparison of total wins. Alt-
hough Hannah’s statement in line 1524 about the quality of LAST-WIN could be interpreted as aware-
ness that this seemingly good betting strategy is not yet a secure one, the distinction between single
games and many games doesn’t seem to have been constructed explicitly yet. The notion of a “good but
not secure” bet is developed already when looking at one and many games without taking the throw
total in regard, yet.

The situation is solved when the girls discover the colour distribution and are then enabled to relate it
back to their empirically based LAST&TOTAL strategy:

2192 N [explains chances according to colour distribution] ONE-GAME-ALL-POSSIBLE
Blue, you don’t have it that much. That means,
when you get blue by chance... and then you write
down blue as it was our strategy, then you probably
won’t get blue again.

<In one game, blue can win by
chance but you probably won’t
get it again>

Sit: empirical | Con: |Fct: pattern
o / evaluation

Nelly evaluates her previous constructs (LAST&TOTAL or just LAST-WIN) and points out a problem:
in a single game, an animal with a low chance such as the blue hedgehog could win. In a series of games
though, it is least likely that it wins. Therefore the single game is (sometimes) a bad predictor of the
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next winner. Thus, she now makes the distinction between one and many games explicit, but without
mentioning whether it refers to small or large throw totals.

In the following extract, both girls construct the context-distinction S-L, i.e. between small and large
totals of throws.

Even though creating a construct for finding an individually as good perceived bet
(LAST&TOTAL), the context-distinction between small and large throw totals has not developed yet.
This takes place when the girls work on the record that has room for 16 games with pre-defined throw
totals 1, 10, 100, 1000, each four times (lines 1634-1870, not printed). In this sequence, the girls devel-
op a confidence in the ant as the fastest animal and make first experiences of differences between small
and large throw totals.

Then the girls are guided to compare all games’ results with hindsight to which animal has won at
least one time for which throw total (cf. Fig. 6 for Hannah’s and Nelly’s filled in table; line 1871-2306,
not printed). At this point, the unequal colour distribution is finally discovered (COLOUR-
DISTRIBUTION, line 2146-2186, not printed) with the help of the interviewer and both students ex-
plain the chances of each animal correctly. After this, they start working on the summarising question:

2205 Iv (reads) For which throw total can you bet more securely?
And why?
2206 N I would say. So honestly I would write down it doesn’t- NO-THROW-TOTAL
2207 H Yes? <The throw total doesn’t matter
for betting>
2208 N Well, the number doesn’t matter really. Well of course,
for low numbers such as one or two, the chance isn’t as - —
big, because... Sit: empirical | Con: | Fct: pattern
2209 Iv A chance for what do you mean? all
2210 N Yes, well, to win. Because when... there are all- er, what

do you say? (laughs) colours
2211 Iv Colours?

2212 N On the die. And for one, you can’t really say who won, ALL-WIN, ,
yet. That is why- So when you roll it more often, such as <For a total of throws of 1 or 2
ZQ times or such. Then you get a... more definite result, I all colours have a chance to ’
think. Win>

2213 Iv What do you mean by definite? Well, what do you mean?

Sit: empirical | Con: | Fct: pattern

2214 N Yes, I mean when... more often I say. For the first- for

one, I say, blue won. MS
2215 1v Mhm
2216 N By chance! For two... no idea- green won. And for five, BEST-ANT-.,

red can win already. Or something, right? And when you

; <For throw totals such as 5 and
have 20, there are more chances to throw it more often.

20, chances for the ant are
higher>

Sit: empirical | Con: | Fct: pattern
MS

This is the first time in the whole session that the students’ attention is explicitly directed to the throw
total. Thus Nelly’s first reaction in line 2206 seems rather spontaneous. Her first construct is that the
throw total doesn’t matter at all, for which she promptly creates an exception concerning the stochastic
context of throw totals of 1 or 2. Thus, NO-THROW-TOTAL seems to get restricted only to games with
a throw total of more than two. By constructing the complementary constructs ALL-WIN,, and BEST-
ANTs 5 in line 2212 to 2216, Nelly invents a distinction between the throw totals in hindsight of the
security of the ant’s chance for winning. The throw total 5 seems to serve as a borderline case between
ALL-WIN and ANT-BEST. Here, Nelly is explicitly constructing that there is a difference between
small and large numbers of throws. She has not yet built a correct idea of where a border between small
and large numbers can be adequately drawn.
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The border is shifted in the next sequence when addressing the visualisation in the summary table
(Fig. 6). Looking at the table, Nelly points out that red ant is the winning animal for a throw total of 100
and 1000 “because it has more chances on the die because it is more often on it” (line 2222; BEST-
ANT00,1000)- Nelly uses the construct COLOUR-DISTRIBUTION in a comparative way, describing out
the advantage of the red ant as an explanation for BEST-ANT0¢,1000.. The girls then start thinking about
how to write down an answer to the questions “For which throw total can you bet more securely? And
why?”:

2284 N We believe- No I would write it like that: we believe for
the ant, chances to win aren’t so big for 1 to 10. Uh, not
as big as for 100 to 10000.

2285 H Yes

2286 N To win.

2287 Iv. Mhm ANT-SMALL&LARGE
2288 N Yes? <Chances for red ant to win
aren’t as big for 1-10 as they
are for 100 to 10.000, because
there, it is the only one to win>

2289 H As we think here (points to summary, probably throw
total 1 and 10) are other animals next to it [the red ant]
and here (probably points to throw totals 100, 1000 and
10.000), there is no one else [other than the red ant].

Sit: empirical | Con: | Fct: pattern
MS+L

2290 Iv Right(...)

Nelly’s statement in 2284 gives insight how she is building with notions of good versus secure bet. Say-
ing “chances to win aren’t so big for 1 to 10” (line 2284) is put into relation to the high throw totals by
adding “not as big as for 100 to 10000”. This statement might include that chances for the red ant are
still high for small throw totals (which was maybe part of the construct ANT-BEST, s as mentioned in
line 2212) and this makes the comparison with the long term perspective necessary. She then correctly
backs up her initial statement by relating it to the summarised empirical findings on the table in line
2289. Concluding, this statement could be understood as a relation between the constructs ANT-
BEST00,1000 and ALL-WIN;,, if the

scope of applicability of the latter was TOTAL-WINS LAST-WINNER
broadened from only 1 and 2 to 1 to 10. <The number of total wins indi- <The Animal who won the last
cates a good animal to bet on> game is a good bet>

Sit: empi- | Con: |Fct:  pattern Sit:alternative | Con: | Fct: pattern /
To sum up, the excerpts from Hannah | rical MS |/prediction /empirical | 9g | prediction

and Nelly’s learning pathway show how

. o)
complex the processes of developing = £,
. = LAST&TOTAL =
constructs are. The girls first develop the 0 <When two animals won in the =3
distinction of one versus many games _g last game, the animal with C’;
: : = more wins in total is the better =-
(Fig. 8). Because ﬁndglg a good bet can 5 bet for the next game> =
be hard for games with small total of
throws (as the relative frequencies vary a Sitalternative | Con: | Fet: pattern
) / empirical | O+MS |/ prediction
lot), they use a combined strategy
(LAST&TOTAL) of looking at a series '.*
of games (ANT-GOOD and TOTAL- !
WINS) and single previous results ONE-GAME-ALL-POSSIBLE
(LAST-WIN). <In one game, blue can win by
e e . chance but you probably won’t
Only when the colour-distribution is get it again>
discovered to be unfair, they evaluate ) —
. . i Sit: empirical | Con: | Fct: pattern /
their previous constructs and realise how 0 evaluation

Fig. 8. Finding a good bet
(distinction of One vs. Many games)
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badly single games serve for deriving a good bet of the next winning animals, because every animal can
win “by chance” (ONE-GAME-ALL-POSSIBLE).

While the distinction of one versus many games establishes the notion of a good bet (in a compara-
tive perspective), the distinction of small versus large total of throws gives insight into when a bet is
secure (cf. Fig. 9). When the girls’ focus is guided to the throw total, Nelly starts by a statement of not
taking the throw total into account (NO-THROW-TOTAL) which is in line with their previous behav-
iour. She then promptly revises her idea by making exceptions for very low throw totals such as 1 and 2
and declaring that every animal can win here (ALL-WIN; ), while for throw totals such as 5 and 20, the
ant has a higher chance to win (BEST-ANTS;,). By mentioning these two constructs directly after each
other, she builds complementing constructs for small and individually as large perceived throw totals
(micro-developments like building complements are discussed in Schnell and Prediger (2012) in more
detail). The material provided by the learning arrangement then supports her in making a distinction
between small throw totals such as 1 and 10 and large throw totals such as 100 and 1000 (BEST-
ANT00,1000) and relating them correctly to the ant’s less or more secure chance of winning (ANT-
SMALL&LARGE).

NO-THROW-TOTAL
<The throw total doesn’t matter for
em——— betting> ===y
2 13
~ | ——— LSS
1 Sit: empirical | Con: Fct: pattern 1 2
E
<o 1=
: building complements :
v 2 L2
ALL-WIN, , BEST-ANTs5 5
<For a total of throws of 1 or 2, all <For throw totals such as 5 and 20,
colours have a chance to win> chances for the ant are higher>
Sit: empirical | Con: | Fct: pattern Sit: empirical | Con: | Fet: pattern
MS MS
Changing

stochastic context

BEST-ANT 49,1000

<Red ant is winning for 100 and
1000, because it has more chances
on the die >

Sit: empirical | Con: Fct: pattern
ML

Building with 1

v

ANT-SMALL&LARGE
<Chances for red ant to win aren’t
as big for 1-10 as they are for 100 to
10.000, because there, it is the only
one to win>

Sit: empirical | Con: Fct: pattern
MS+L

Fig. 9. Finding a secure bet
(distinction of Small vs. Large total numbers of throws)
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3.4 Conclusions

The analysis of the learning pathway on the micro-level allows fine-grained insights into the complex
processes of developing a distinction between short and long term contexts. Even though this distinction
was a crucial aim of the learning arrangement and supported by focussing record, tables and tasks, the
results on the level of constructs show how complicated and interwoven the development is. This also
highlights the advantages of researching learning pathways in laboratory settings: Fragile constructs and
strategies can be traced within a setting with a reduced complexity. It allows reconstructing individual
learning pathways by also giving room and time for verbalising and eventually building with volatile
constructs. In classroom settings, these might be overlooked due to many influences and dynamics be-
tween students (and teachers).

Summarising, the presented excerpts from the case study illustrate the local theory of how the dis-
tinction of short term and long term contexts can develop. In the larger study (Schnell, 2013), these
findings are compared with other pairs of students, establishing a powerful framework for describing
and understanding learning pathways within the learning arrangement “Betting King” on a micro-level.

4. Looking back: Principles of a Didactical Research Perspective

The presented Design Research project on the distinction between short and long term contexts is a
long-term project within the programme of Didactical Design Research. Although sketched only very
roughly, we intended to exemplify four characteristics that are crucial for this programme (van den Ak-
ker et al. 2006; Gravemejer & Cobb, 2006; Prediger & Link, 2012):

Use-inspired basic research in Pasteur’s quadrant

As Burkhardt (2006) and others have emphasised, Design Research is equally oriented at basic research
with fundamental understanding and at considerations of use for mathematics classrooms, it is hence
located in the so-called Pasteur’s quadrant of “use-inspired basic research” (Stokes, 1997, p. 73ff). For
the presented project, this means that the concrete product of the project - the teaching-learning ar-
rangement - can now be integrated into a textbook and serves as material for in-service training. For the
German curriculum in which probability usually starts only in grade 8 with Laplace definitions, the pro-
ject explores a curricular innovation to start with phenomena of random (i.e. the empirical law of large
numbers) already in grade 6. By this earlier start via data from chance experiments we intend to con-
tribute to the learning goal of context-adequate choice of stochastic conceptions.

At the same time, the learning arrangement offers the context for basic research that produces fun-
damental insights into the dynamics of stochastic learning processes and allows substantial contribu-
tions to theory development (see below).

Focus on processes of learning rather than only on momentary states of learning

Whereas the majority of empirical research studies in stochastics focus on momentary stafes of learning,
our project aims at understanding the dynamics of the stochastic learning processes in terms of horizon-
tal conceptual change processes. For this focus, we developed a theoretical conceptualisation of concep-
tions as webbings of constructs that consist not only of propositions, but also of the construct-elements
function, situational context, and stochastic context. By this conceptualisation, we could describe the
learning pathway of two girls as emergences of distinctions of stochastic contexts. In other parts of the
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project, the conceptual change takes place along with the merge of situational contexts or functions that
were first perceived as isolated.

Focus also on the learning content, not only teaching methods

It is typical for Didactical Design Research to gain insights not only into content-independent learning
pathways, but to focus also on the “what-question”, that van den Heuvel-Panhuizen (2005) emphasises
as crucial for Didactics. Here concretely, we could specify the empirical law of large numbers (i.e. the
experience of rather stable frequencies for large numbers of throws) as an important prerequisite for
understanding stochastic concepts. More precisely, the distinction between short and long term contexts
could be decomposed into the distinction of one versus many games (which is crucial for every general
pattern) and into small versus large totals of throws (which is typical for random phenomena). By these
decompositions, we could elaborate the local teaching-learning theory with respect to the learning con-
tents.

Mutual interplay of design and research in all iterative cycles

Iterative cycles of design and research have often been emphasized as a core element of the methodolo-
gy of Design Research (e.g. Gravemejier & Cobb, 2006). These cycles take place in design experiments
that allow a versatile and flexible approach on teaching and learning and take into account the com-
plexity of processes. In the presented project, we conducted five cycles and experienced the necessity to
relate the results of each cycle with each other. The interplay is not only given by iterativity, but basical-
ly by seriously drawing consequences from one part of work for the other work. For example, the em-
pirical insights change the theoretical perspective on the content and the design.

Of course, the project is far from being finalised. Instead, new interesting questions have emerged: In
terms of research, it would for example be interesting how students are able to activate their gained
knowledge on the distinction of short term and long term perspectives in new situations and in how far
they are able build new knowledge upon this (such as the introduction of different interpretations for
probabilities). The challenge for the design will be to support students in doing so by creating new
teaching-learning-arrangements.
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