Students’ individual schematization pathways -
Empirical reconstructions for the case of part-of-part determination for fractions

Matthias Glade & Susanne Prediger

Webversion of Glade, M., & Prediger, S. (2017). Students’ individual schematization pathways - empirical reconstructions for the case of part-of-
part determination for fractions. Educational Studies in Mathematics, 94(2), 185-203. Original at Springerlink, doi:10.1007/s10649-016-9716-5.

Abstract. According to the design principle of progressive schematization, learning trajectories towards procedural rules can
be organized as independent discoveries when the learning arrangement invites the students first to develop models for math-
ematical concepts and model-based informal strategies; then to explore the strategies and to discover pattern for progressive-
ly developing procedural rules. This article contributes to the theoretical and empirical foundation of the design principle of
progressive schematization by empirically investigating students’ individual schematization pathways on the micro-level for
the specific case of part-of-part determination of fractions. In design experiments series in laboratory settings, nine pairs of
sixth graders explored the part-of-part determination and progressively schematized their graphical strategies before discov-
ering the procedural rule. The qualitative in-depth analysis of 760 minutes of video shows that progressive schematization is
a multi-facetted process that cannot be described by internalization of graphical procedures alone. Instead, the compaction of
concepts- and theorems-in-action is crucial, especially for the goal of justifiable procedural rules.

After drawing many rectangles for determining part-of-parts such as 1/5 of 1/4, Jules makes a
discovery: “If you want to calculate that in your head, you need to combine the lower ones, [.]
thus times” (Jules, Grade 6, transcript #184, Glade, 2016, p. 123). These kinds of students’
discovery processes and their justifications are investigated in this article.

Within the last three decades of design research in the approach of Realistic Mathematics
Education, Freudenthal’s design principle of progressive mathematization has received a the-
oretical and empirical foundation by many design research projects, which explored the stu-
dents’ processes of re-inventing mathematical concepts when confronted with realistic prob-
lems (e.g., Gravemeijer & Doormann, 1999; van den Heuvel-Panhuizen, 2003). Hypothetical
learning trajectories were defined along which these mathematization processes can be guid-
ed, typical levels on which the students’ learning pathways can be described and obstacles
and conditions of success have been reconstructed empirically (e.g., Gravemeijer & Door-
mann, 1999; van Galen et al., 2008; Prediger & Schnell, 2014). Much less empirical attention
was given to the necessary progressive schematization from conceptual models to procedural
rules, as an important aspect of vertical mathematization (Treffers, 1979).

According to the design principle of progressive schematization, the procedural rule for de-
termining the part-of-part can be discovered by students based on their informal strategies in
visual models, as for Jules above in rectangle representations. But how exactly do the indi-
vidual learning pathways look like, and which insights are gained on these pathways?

Although the design principle progressive schematization is well known, especially in the
approach of realistic mathematics education (Freudenthal, 1981, 1991; Treffers, 1979, 1987,
Streefland, 1991), only few empirical investigations of students’ schematization processes on
the micro-level have been conducted so far (e.g., Treffers, 1987; Buijs, 2008; Lorange & Rin-
vold 2013). In this article, we contribute to the theoretical knowledge about progressive
schematization on the micro-level and we empirically reconstruct typical individual schema-
tization pathways and their typical steps. These empirical insights offer a background for ex-
ploring “how to use progressive schematization and formalization in teaching any mathemati-



cal subject whatever”, which Freudenthal postulated to be the “third major problem of math-
ematics education” (Freudenthal, 1981, p. 140).

For reporting the study, Section 1 outlines the theoretical background on the design princi-
ple of progressive schematization in general. Section 2 introduces the concrete mathematical
case of part-of-part determination for fractions. Section 3 briefly presents the methodological
framework of the empirical study and Section 4 selected results.

1. Progressive schematization - Theoretical background and open research questions

1.1 The design principle of progressive schematization

The design principle of progressive schematization has been sketched by Freudenthal (1981,
p. 140) and elaborated by Treffers (1979, 1987) as a way of transition from informal thinking
and conceptual understanding to the procedural rules. It belongs to the design approach of
Realistic Mathematics Education that grounds the ideas about teaching and learning in the
priority of conceptual understanding before procedural rules (Freudenthal, 1991; van den
Heuvel-Panhuizen, 2001). Rather than directly informing students about standard procedures,
this design approach always starts with horizontal mathematization processes, namely devel-
oping informal thinking in emergent (visual) models (such as graphical representations, situa-
tions in realizable contexts, diagrams), the major ingredient of conceptual understanding (van
den Heuvel-Panhuizen, 2001). After having developed models, the formal procedures can be
reached in processes of vertical mathematization by crossing several levels. One of these ver-
tical processes is progressive schematization, which is defined by Treffers in the following
way:

“The children get the occasion to successively schematize, shorten and internalize their rich actions with numbers [meaning

informal strategies], so that the standard algorithm is naturally developed by the children themselves as a meaningful topic.”
(Treffers, 1979, p. 9, translated from Dutch, italics added)

Whereas Treffers’ learning trajectories (e.g., towards the written standard algorithms for sub-
traction) cover several months, we adapt the design principle to a shorter trajectory for the
part-of-part determination for fractions, covering only 2-3 hours. Students start with informal-
ly determining the part-of-part in circle or rectangle visual models, successively structure the-
se actions and then discover the procedural rule “numerator times numerator, divided by de-
nominator times denominator”.

For defining the schematization process, Treffers’ description is still quite open, combin-
ing the constructs “schematize”, “shorten” and “internalize” without making explicit their
difference or interplay. In our conceptualization, we interpret “shortening” as referring to the
external actions (e.g., with the visual model), which become increasingly economical. “Inter-
nalizing” refers to the role of the visual models, which are transferred into the heads and then
become dispensable. The construct “schematizing” means developing a scheme or bringing
something into a scheme, where a scheme can be defined as “knowledge structure which is
stored for longer time, hierarchically ordered and which mentally represents repeatedly recur-
ring and conventionalized constellations or procedures” (Stegmaier & Herrmann, 1992, p.
1261, translated). Therefore, schematizing does not only refer to the external actions and vis-
ual models, but also to developing and elaborating knowledge structures underlying the ac-



tions and procedures. In order to emphasize the need for considering also the knowledge
structures, we hence conceptualize progressive schematization as the process in which stu-
dents progressively use structural insights in order to economize the informal actions with
models into standardized procedures (Glade, 2016, p. 30), a definition to be refined in the
next section.

In her historical reconstruction, Kramer (2003, p. 169) describes this kind of schematiza-
tion as “forgetting” the informal, model-based references. However, this article shows that
development and especially compaction is a more adequate description for the analyzed pro-
cesses than forgetting.

1.2 Empirical reconstruction with a double focus on internal and external processes

Whereas a lot of empirical research has been conducted on other design principles of RME
(especially on emergent modeling, e.g., Streefland, 1991; Gravemeijer & Doormann, 1999;
van den Heuvel-Panhuizen, 2003), less empirical studies investigate students’ processes of
progressive schematization as invention of standardized procedures. Most of them cover pro-
cesses over several months (e.g., Treffers, 1987; Buijs, 2008) or years (e.g., Streefland, 1991;
van den Heuvel-Panhuizen, 2003 on percentages) by reconstructing the intersubjective inter-
mediate levels that students reach. In contrast, schematization processes initiated by short
trajectories from models to procedures have rarely been investigated (exceptions for compar-
ing, expanding or adding/subtracting fractions: Harun, 2011; Lorange & Rinvold, 2013; 2014;
Prediger, 2013), and specifically rarely with a fine grained focus on micro-processes.

In our study, we differentiate between the internal side of the learning process which re-
lates to the concepts or mental processes activated by individual learners and the external side
which relates to the used actions and semiotic means.

One interesting study on students’ schematization processes (towards expanding fractions
to common denominators) was conducted by Lorange and Rinvold (2013; 2014) with a focus
on the external side: They adopt Radford’s semiotic cultural framework in which micro-
processes are analyzed by reconstructing the changes in the use of “cultural artifacts™ (such as
symbols, drawings, language or gestures) as semiotic means. Radford describes the key pro-
cess of semiotic contraction as a

“genetic process in the course of which choices are made between what counts as relevant and irrelevant; it leads to a contraction of previous
semiotic activity, resulting in a more refined linkage of semiotic resources. It entails a deeper level of consciousness and intelligibility of the
problem at hand and is a symptom of learning and conceptual development.” (Radford, 2012, p. 12f)

Lorange and Rinvold (2013) follow Radford in reconstructing the development mainly by
analyzing the external use of semiotic means. In the context of schematization processes,
Radford’s construct of semiotic contraction mainly corresponds to Treffers’ “‘shortening”
(1979, p. 9), i.e., the progression through successive reduction of external aspects such as vis-
ible actions, gestures, and notations. Although Lorange and Rinvold (2013) have convincing-
ly applied this conceptualization to students’ schematization pathways, they finally acknow-
ledge that the transition to higher levels remains somewhat opaque — in what we see the
framework’s lack of a language to explicitly reconstruct the internal mental processes.

For complementing this focus on the external side of the learning processes by a more
thorough language for the internal side of the learning processes, we adapt theoretical con-
structs from Vergnaud (1996) and Aebli (1981), offering “a fruitful and comprehensive



framework for studying complex cognitive competences and activities and their develop-
ment” (Vergnaud, 1996, p. 219). Vergnaud defines a theorem-in-action as “proposition that is
held to be true by the individual subject for a certain range of situation variables” (Vergnaud,
1996, p. 225), which we extended to those rules-of-action which have propositional compo-
nents of theorems-in-action, e.g., <For drawing thirds, the whole must have a width divisible
by 3>. These theorems-in-action are shaped by concepts-in-action, defined as “categories (...)
that enable the subject to cut the world into distinct (...) aspects and pick up the most ade-
quate selection of information” (ibid.), e.g., here ||match between width and divisibility by the
first denominator|| which is later developed to ||[width and height of the rectangle given by
both denominators||. According to Vergnaud’s methodology, theorems-in-action and con-
cepts-in-action can be reconstructed as the internal mental backgrounds of individual’s ac-
tions or utterances even if they are still implicit for the actor. Hence methodologically, they
provide the connecting points between the internal and the external aspects of student’s think-
ing. Together, they determine the patterns of actions, which are called schemes by Vergnaud
(this term scheme is avoided here due to its overlap to schematization). These patterns of ac-
tion are later reconstructed in four lines of development.

For describing the development of patterns of action through the concepts- and theorems-
in-action, we refer to Aebli (1981, p. 91ff) who has conceptualized learning as building the
semantic network of concepts in which concepts and theorems are increasingly tied together,
modified and then “compacted” in new concepts.

Aebli’s metaphor of compaction contains two Development of Development of
i . . internal thinking as external actions as
main ideas: (1) The conceptual compaction of modification and semiotic
. . compaction contraction
several concepts in a new concept; but also vice of concepts

versa (2) the possibility of unfolding the new

concept to its context of origin and the originally

compacted concepts. As the empirical part of this

article will show, the modifications and especial- Fig.-1  Dual progressive schematization in the

ly compaction of the internal concepts in Aebli’s interplay of internal and external progression
sense is equally important as Radford’s semiotic contraction of the external actions with se-

miotic means. Our refined definition therefore refers to the dual progression (cf. Fig. 1):

“Progressive schematization is the process in which students progressively associate and compact structural insights and
concepts and use their insights and compacted concepts in order to contract the informal actions with models into standard-
ized procedures.” (translated from Glade, 2016, p. 59)

Based on this conceptualization, the empirical investigation pursues the following research
question:

How can students’ individual schematization pathways from model-based actions to standar-
dized procedures be described

(Q1) with respect to typical levels of schematization and

(02) regarding the interplay of external and internal progression?



2. Research context: Progressive schematization towards the part-of-part deter-

mination in a concrete learning trajectory

For investigating schematization pathways, the learning content of determining the part-of-
part was chosen, as part-of-part is a central meaning of multiplication of fractions (Cramer &
Bezuk, 1991; Behr et al., 2009) and a prototypical (although quite simple) case for the path-
way from a model-based action to a standardized procedure. It is explained e.g., in the rectan-

gle visual model sketched in Fig. 2 below

and highly relevant in many out-of-school

contexts.

The learning arrangement of this study
treats the topic in the context of school
enrolment rates and the so-called survival
rate, by which the UNESCO statistics
(2009) report on the part of schooled
children which stay in school longer than
4 years (cf. Fig. 2 for a shortened sample
task from Prediger, Schink, Schneider, &
Verschraegen, 2013, p. 148ff). Based on
the general RME-approach, the hypothet-
ical learning trajectory (initiated by these
tasks) comprises the following steps:

e construct a rectangle as a visual model
of the whole in a context situation,

e realize that the denominators are suit-
able lengths for the rectangle sides,

e subdivide the whole in order to find
the part-of-part: realize that subdivi-
sion is most easy when denominators
determine the lengths of the rectan-
gles,

How many children go to school?

In the Chad, only one half of the chil-
dren go to school and visit grade 1.
The rest of the children has to work.
Until grade 5, only half of the school
children stay in school.

a) Draw a picture for the situation.
b) What is the part of children staying
in school until grade 5?

c) In Pakistan, 1/3 go to school, thereof 1/5
stay until grade 5.
In Ethiopea, 1/5 go to school, thereof 1/7 stay.
In Uganda, 2/3 go to school, thereof 3/4 stay.
Examplary

solution for
2/4, thereof 3/5
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Fig. 2 Shortened context task for part-of-part determination
and graphical solution justifying the procedural rule

e read off the part-of-part: determine the area first by counting squares, then by multiplying

the lengths,

e mentally represent the visual model and describe relevant structural elements (i.e., rele-

vant numbers and operations),

e find the procedural rule by internalizing the visual model: calculate the part-of-part by

multiplying numerators and denominators,

e justify the procedural rule by going back to the structural elements in the visual model
(this step is often omitted in the realization of schematization processes, but important for
the goal of justifiable procedures, cf. Glade, 2016, p. 83f).

The teacher supports the process with adaptive prompts along the trajectory, e.g., “Can you

solve it more easily?” or “Can you determine it without drawing?”, but without giving too

direct hints.




3. Methodology for investigation students’ schematization pathways

3.1 Methodological framework of topic-specific process-oriented design research

The research presented here was embedded in a larger design research project in the research
context of the KOSIMA-project (Barzel, Leuders, Prediger, & Huf3mann, 2013). Following
the methodology of design research with a focus on learning processes (Prediger, Grave-
mejier, & Confrey, 2015), learning arrangements for fostering conceptual understanding of
fractions were iteratively designed, investigated in design experiments and redesigned in or-
der to elaborate the local theories on students’ learning pathways to fractions (cf. Prediger &
Link, 2012, for the longer term project on multiplication of fractions and Prediger, 2013, for
ordering fractions). The empirical investigation of students’ individual schematization path-
ways was the core of a PhD project (Glade, 2016).

The design outcomes of the reported project comprise a further elaboration of the specified
and structured learning content (here: conceptual understanding and procedures for the part-
of-part determination of fractions), refined design principles (here: for progressive schemati-
zation) and a prototype learning arrangement.

The research outcomes consist of empirical insights and contributions to local theories on
learning and teaching processes of the treated topic (here: students’ schematization pathways
towards the part-of-part determinations and conditions of success).

3.2 Design experiments as method for data collection

Design experiments are considered to be the methodological core of design research studies
as they allow in-depth investigations of learning processes (Cobb, Confrey, diSessa, Lehrer,
& Schauble 2003; Gravemeijer & Cobb, 2006), especially on the micro-level (Prediger, 2013;
Prediger & Schnell, 2014).

For the in-depth analysis of students’ individual pathways, we chose series of 2-3 design
experiments in laboratory settings each, with nine pairs of Grade 6 students (n=18). The de-
sign experiments were conducted by the first author as teacher and researcher who asked the
students to elicit their thoughts without betraying mathematical insights. The learning ar-
rangement underlying the design experiment series was sketched in Section 2. In total, the
data corpus consisted of 760 minutes of video material (partly transcribed) and all students’
written and drawn products.

Later cycles of the design research study confirmed the robustness of an adapted design in
five whole class experiments, not in focus here.

3.3 Qualitative methods of data analysis

The 18 students’ schematization pathways in 760 minutes of video and extended transcrip-
tions were thoroughly analyzed in a qualitative data analysis procedure based on a turn by
turn analysis and Vergnaud’s (1996) approach of reconstructing concepts- and theorems-in-
action. This allowed to connect the internal and external side of students’ pathways and con-
dense them in patterns of action (cf. Section 1.2).

On this base, categories for patterns of action, concepts- and theorems-in-action were built
by systematically comparing and contrasting the different cases of students’ pathways. Alt-



hough the comparison with the intended learning trajectory was one orientation point (Predi-
ger, Gravemeijer, & Confrey, 2015), the open procedure of data-led category development
was necessary to grasp the heterogeneity of students’ pathways and typical recurring pattern
in a complex level-structure.

4. Empirical reconstructions

One main result of this open procedure of building categories for patterns of actions (and
concepts-in-action) are the levels of schematization, organized in four lines of development.
This non-linear level structure serves as topic-specific analytic instrument and is presented in
Section 4.1 because it supports a well-structured presentation of the other findings. Section
4.2 presents one detailed analysis of a schematization pathway and the reached levels of
schematization, which is extended to other cases in Section 4.3. On this basis, the interplay of
the internal and external side of students’ pathways is analyzed in depth by reconstructing
schematization steps as micro-processes, illustrated for one case in Section 4.4.

4.1 Individual schematization pathways along four lines of development

The systematic comparison of individual schematization pathways with respect to the recon-
structed patterns of action resulted in the finding that these individual schematization path-
ways do not follow one linear trajectory, but are organized in four lines of developments (cf.
Table 1):

Table 1  Four intertwined lines of schematization towards the part-of-part determination

Construct a rectangle as whole (C) Subdivide the whole (S) Read off the part-of-part (R)

C1 Choose a whole with S1 Try a complete subdivision without R1 Determine area by
arbitrary measures prestructuring with respect to counting
number relations units or squares

ajoym ayy

R2 Determine area
by addition of rows
or columns

S2 Refer to part concept for structuring
the rectangle (e.g. divide the whole
by number of parts, count lengths)

C2 Construct a rectangle by
taking into account the
first part for its measures

uoISIAIpg NS 3y}

$s9204d 3uiuNod ayy

R3 Determine area
by multiplication

S3 Subdividing by using units
or squares in columns or rows

C3 Construct a rectangle by
taking into account both parts

Buranianus AjpAaissalgoud
Buranianuls Ajaaissaudoud
3urinanuais Ajaaissasgoud

<€

C4 Construct a rectangle with V'S4 Refer to other structures (e.g. schema v
the denominators of drawing, fix subdivision, known
as lengths of sides length etc.)

Internalize the visual model and find procedural rule (I and later Ix) (Starting with teachers’ move)

10  When first prompt is given, mental solving does not work or is not tried

I1  Mentally represent and describe relevant structural elements (i.e. relevant numbers and operations)

3uizijeusaul

I2  Calculate multiplication without mental representation of rectangles or parts

Ajan1ssaa8oid

I3 Justify the procedural rule by describing structures in visual models (€ normative goal)

Before the individuals can find a procedural rule by internalizing the developed visual
models (line I), they have to schematize their ways of constructing the rectangular visual



model of the whole (line C), subdivide the whole economically (line S) and read off the part-
of-part by determining the area (line R). Although the first three lines also contain some in-
ternalization, we talk about internalization when external semiotic means are no longer acti-
vated (mostly in line I).

All 18 students follow these lines along the steps, but combine the lines C, S, R in different
chronologies, then followed by line I. The trajectory starts with fractions with numerator 1 for
which the rule is easier to formulate and then proceeds with fractions with other numerators
(for which the internalization line is denoted Ix1 to In4). Mostly, the switch to other numera-
tors forces the students to step back to earlier levels of the trajectory.

4.2 The schematization pathway of the case of Jules and David

In this subsection, a typical individual schematization pathway is exemplified for the case of
Jules and David, two male sixth graders (about 11 years).

Task 1: In Chad 1/3 of the children visit grade 1, thereof stay 1/2 till grade 5
(Jules > C2S2R-, David -> C1S1R-)

When first asked to find the part 1/2 of 1/3 in the context of school enrolment rates, David
uses a circle representation and Jules a rectangular representation. Jules and David explain:

14 ] [draws a rectangle of 9 units width and 8 units height, and a subrectangle
of 3 unit width, murmuring)

-

Ok (..) they have to work, and those, and thereof then hm, hm, hm [counts
vertically and highlights the lower half]
(..) the half goes to secondary school. (..) But how to explain that.

20 D I have taken a third thereof [hints to the third of his circle] and then the half
[hints to the line dividing the third]

21 ] Yes, I did the same. In the length, I did 9 squares, because you can divide
that better by 3.

22 ] There I have three squares. I have separated. And then, I have the half.
For random, I made 8 downwards, because then you can divide that exactly.

23 D  Forrandom? Simply like that? [astonished]

24 ] Yes, I simply made - bam [gestures vertically]. The upper, the length,
I have counted. The squares downwards, I have not counted.

David draws a circle which does not require a predefined criterion of size (like a rectangle
without predefined measures). His stage of thinking is therefore assigned to Level C1 (Chose
a whole with arbitrary measures and search for subdivision) and S1 (Try a complete subdivi-
sion without prestructuring with respect to number relations). In contrast, Jules already oper-
ates on Level C2 (Construct a rectangle by taking into account the first part for its measures,
cf. Table 1) and S2 (Refer to part concept for structuring the rectangle), knowing that 9 is
divisible by 3. His actions are guided by the implicit theorem-in-action <For drawing thirds,
the whole should have a width divisible by 3> and the underlying concept-in-action ||match
between width and divisibility by the first part||. He has no explicit strategy for the second
part so far, thus he is not on Level S3. Both boys do yet not read off the part-of-part, which is



noted by R- here. The summary is noted in the headline of the Task: Jules — C2S2R-, David
— C1S1R-.

Task 2: 1/3 thereof 1/5 (Jules - C2S-R- - C3S2R3, David —-> C3S2R1)

When confronted with the second task 1/3 thereof 1/5, David succeeds immediately in draw-
ing an adequate rectangle whereas Jules has difficulties.
39 D [whispers] 1/3 [draws a 9x5-rectangle] —————

48 ] [draws a 9x8-rectangle and marks 1/3] {
I need another size !

51 J Splitting is the problem, now by 5.

65 D I would have taken 5 for this size.
66 J Yes, this cracks the problem.
67 D  Because 1/5.

70 [draws a 9x5-rectangle] Ok and 1/3 goes to school. And thereof 1/5, rnuAREEEN
I draw these who go to primary school and then those, ok. I BN

73 D  Then, there would be (..) one (..) [hints to the third] li__
74

—

[hints to the rectangle, counts the height, hints vertically] 45, 45, ehm,
3/45.1f I do just

75 D Yeah 3/45.
76 ] That is 1/5, so.
77 D  Thatis one. That [hints to the whole rectangle] are 45 units, then. Thereof 3, thus these are 3/45.
Both boys take the same width as in the last task for realizing the fraction 1/3. But whereas
Jules gets stuck at the limits of his previously developed theorem-in-action, David extends it
by the theorem-in-action <For drawing fifths, the height must be divisible by 5>. By integrat-
ing the second part into his considerations, he enters Level C3 (Construct a rectangle by tak-
ing into account both parts) and S2, but not yet S3 because the subdividing process is only
partly simplified concerning the rows. Seeing this, Jules adopts his concept-in-action |jmatch
between width and divisibility by the first denominator|| and extends it to the second part, too.
Here, Jules immediately jumps to Level R3 and determines the part-of-part by multiplying
(hence activating the concept-in-action |jarea model for multiplication||). In contrast, David
enters this line of development (in later lines of the transcript) by counting on Level R1.

Task 3-6: (Jules and David = C4 S4 R3)

In the next four tasks with fractions of nominator 1, Jules and David dis-
cover that the rectangle can be most easily subdivided when the length of
the sides correspond to the denominators (e.g., Fig. 3). They constantly
use the multiplication for determining the area and therefore have found

Fig. 3 David’s representa-

. . .. tion of 1/4 thereof 1/7
an economic graphical procedure for determining the part-of-part.



Task 7: 1/5 thereof 1/4 in the head (Jules = 11 (C4 S4 R3), David = 11 (C4 R3))

In the seventh task 1/5 thereof 1/4, the design experiment leader asks the students to solve the
task without drawing, this alienation from the semiotic means finally enhances the process of
internalization. Both boys draw the rectangles mentally and quickly say 1/20.

171 J+D [Boys reflect without drawing (5 sec.), Jules shows horizontal and vertical lines in the air]
174 J+D 1/20

176 J I have imagined the rectangle in a picture [shows a rectangle by gesturing] And then, there
a line.

Thus, they reach Level I1 and explain their ways when asked:

179 D 5 squares widths and 4 squares height. [gestures horizontally, then vertically]
180 J Yes, there are 20 then, altogether

Task 8: 1/2 thereof 1/4 in the head (Jules and David = 12, then David =14 C4 S2 R-)

When David proofs his idea by drawing a picture, Jules finds the procedural rule for Task 7:

182 J  1think I know how to do that without drawing. (..) Yes.

184 J Tknow now how to calculate that, actually. If you want to calculate that in your head, you need to
combine the lower ones, these are 20, and thus times. Actually, take this [points at the fractions]
times this, that’s the result. 1 X 1 is 1, and then 5 X 4 is 20. Then you have 1/20 [...]

186

J Actually, you only have to multiply the fractions, then you have the result.
189 D But do you need the numerator or the denominator?
190 J Both actually.
191 D No! Only the lower.
192 J  Only if the upper is 1. If it is 1/9 or 1/4 or 1/7. Then it is right.
193 D Yes, if the numerator is 1, then we simply multiply the denominator times the denominator.

196 I Mmmbh. Then we can simply do that. What is 1/2 times 1/4?
[197 D 2times 8. 1/8.
[197a ] 1/8 [gives the result at the same times as David]

Jules formulates the procedural rule for the recent example (till #190 of the transcript). David
insists in restricting it to the denominators (#191), which is accepted by Jules. Both can im-
mediately apply the rule for the next task (#197, 197a). In this moment, both reach Level 12.

When asked to justify the rule with the structures in the visual model, David gives this jus-
tification:

198 1 Yes. And how can you explain that it is like that?
199 J Well, I have now

200 D 2 width [moves the head to the right] 4 height [moves the head downwards] and [ T
thereof the half [head downwards] and then thereof 1/4 [head to the right]. B

10



207 D [draws a rectangle with exchanging the role of 2 and 4] Thereof a quarter [separates

one square] that is right, 1/8.
After explaining the calculation with reference to the (mentally) established structure, David
mistakes the role of 2 for 4 and vice versa, when drawing a picture for the task. He operates
on Level S3. Then by changing to the physical image on Level S2, his justifies the procedural
rule partly by the discovered structures in the visual model. Thus, he has reached Level I3 for
fractions with numerator 1 (Justify the procedural rule by structures in visual models).

Task 9 to Task 13: Fractions with numerators greater than 1

When given the first fractions with numerators greater than 1,
the boys can quickly recover their concepts- and theorems-in-
action for constructing a rectangle as a whole (line C in Table
1) and for subdividing the whole (line S). In contrast, reading
off the part-of-part (line R) requires an additional schematiza-
tion for the new, inner rectangle. As a consequence, the pro-
cess of internalizing the more complex visual model and find-

. . . . Fig. 4 David’s visual model
ing an extended procedural rule (line Ix for fractions with 8 for Task 10- 2/5 thereof 4/7

higher numerator) is delayed in the beginning. The following
list of reached levels shows how the boys struggle first (with R1/3 standing for the level R1
for the inner rectangle and R3 for the outer rectangle).

e Task9: 2/3 thereof3/4 (Jules — C4 S3 R1/1, David — C3 S2 RX/3 — R1/3 — R3/3)

e Task 10: 2/5 thereof4/7 (Jules — C4 S3 R1/3, David — C4 S- R- —(C4 S3 R3/3)

e Task 11: 3/7 thereof 5/8 (Jules — C4 S3 R3/3, David — C4 S3 R--)

o Task 12: 5/7 thereof 8/9 (Jules InO, David In0) with Iy signifying the levels for frac-
tions with numerators greater than 1.

e Task 13: 2/3 thereof4/5 (Jules IN2— In3  , David In2 — IN3)

Having reached the level of multiplying for both rectangles to read-off the parts (R3/3) in
Task 10 (cf. Fig. 4) and 11, the teacher suggests to try the determination mentally in Task 12
(5/7 thereof 8/9). This is too challenging (Level INO):

334 J Now, I imagine just like a rectangle and then I try to draw in 5/7. But then, the 8/9, that is more
difficult and then [counts 1 2345 6 7 8, hints vertically, then horizontally, murmuring|

343 I Perhaps, this is better? [ Writes the Task 13: 2/3 thereof 4/5]

345 D 2/3,3 times 5 are 15.

As Task 12 is too challenging for a mental solution, the boys stay on Level In0. When the
teacher suggests Task 13 with smaller numbers (2/3 thereof 4/5), David immediately multi-
plies the denominators like for the easier cases of fractions with numerator 1. Then, they try
to find a pattern:

357 J  Thave already written that down. I have watched here above [hints to the worksheet] if we can
anyway. Ah, now I know it, wait. The task, where is it, where have I drawn it? Ehh?
358 I Do you want to have the results for the numbers?

365 J  One more. I have the one of 3/7 and 5/8, it is here. Ah, I know. As I have said.
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367 J Yes, I know how. (...) I could give you a tip. Multiply eh the fractions. So this [hints to the tasks]
now for example 5 times 3 are 15 and then 2 times 4 are 8. I found it like here. These are 3 times 5
are 15, and this times that is that. [ have it.

371 D Simply multiply denominator and multiply numerator, and then you already have the result.

373 I  You have found that in the numbers.

374 J  Yes, because I have watched the result, I have watched. First those down. And then those up. And
then I have checked if those up, also fit.

375 D Yes, 2 times 3 are 6, and 3 times 4 are 12. 2 times 4 are 8 and 5 times 7 are 35. 3 times 5 are 15,
and 7 times 8§ are 56.

By considering number pattern in different tasks, Jules develops the theorem-in-action <For
determining the part-of-part, you multiply numerators and denominators>, which is formulat-
ed in a general way by David. Both boys hence reach Level In2 (calculate multiplication
without mental representation for fractions with higher numerator). When the teacher chal-
lenges them to justify their discovery, they argue with Tasks 11 and 13:

396 D [investigates the visual model of 3/7 thereof 5/8 for a while] You simply have to one third,
then imagine in the picture of (..) take this times this, then [hints to the denominators] imag-
ine this and thereof 3/7 [gestures vertically] and thereof take 5/8.

399

(]

Hmmbh. Perhaps we take simply this drawing here [....]

403 J  Height times width
404 D Yes 2 times 3. Calculate 3 times 4, and that in an area, thus.
405 J 3 and 4 is 12, the whole boxes are 12. And then thereof 2 times 3. Calculate and you have it.
406 I
407 D
J

408

Why do you have to take 2 times 3? In the drawing, I mean?

2 times 3 because it -

Then, that is again a small area, and then you have to, again height times width.

By these explanations, Jules reaches the final Level In3 with a justifiable procedural rule,
grounded on the concept-in-action ||correspondence of width / height with denominators|| by
which their previous concepts ||match between width/height|| and ||divisibility by denomina-
tors|| were modified and on the explicit justification by the ||area model for multiplication||.
Both concepts are not explicitly needed in the standard procedure anymore, but unfolded for
the justification. This provides a first illustration that a justifiable procedure cannot be based
on forgetting, but on contracting.

4.3 Students pathways through lines and levels of schematization — widening the cases

Based on this detailed analysis of Jules’ and David’s schematization pathways, the pathways
of eight other students are summarized with respect to their mutually reached levels in Table
2. This overview (and a non-printed overview on the other cases) yields interesting findings:

e In contrast to the hypothetical learning trajectory based on which the learning arrangement
was planned, the students take different pathways, so it is necessary to distinguish four
lines of development.

e FEach of the four lines of development is followed progressively by each student (with
some jumps and short drawbacks), but not necessarily from Level 1 on (e.g., S1 is often
skipped, e.g., by Ellen in KE-T1 or Chris and Lars in CL-T1).
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e The intertwinement of lines differs between the 18 students (e.g., Hamit in HD-T3 starts
quickly with C4 even with misconceptions in subdividing (S) and reading the part of part
(R), while most of the others need more time to find the simplest lengths, and Chris never
uses them, cf. his whole column).

e Students can learn from each other and elaborate the partner’s inventions (e.g., David
starts on C1, adopts Jules’ idea of C2 and develops it immediately into C3, in JD-T1 and
JD-T2)

e Once the main structures are found, students can internalize the processes. If the patterns
are found without reaching mutual levels, the internalization process stops and is substi-
tuted by isolated, non-adequate structures (such as Kathrin and Ellie who struggle with the
subdivision SX in KE-T8).

e The shift from fractions with numerator 1 to fractions with other numerators leads to a
new situation, which cannot be coped mentally before reconstructing further concepts-
and theorems-in-action (e.g., Kathrin & Ellen with SX in KE-T8 or David in JD-T9).

Although these descriptions of pathways via levels in four lines of development allow a good
overview, the reconstruction of the external and internal side of the progress requires a deeper
analysis.

13



Table 2 Levels in four lines reached by five pairs of students — Overview on ten individual schematization pathways
Tasks Jules David Tasks Hamit Daniel
JD-T1. 1/3 thereof 1/2 C2 S2 R- C1 S1R- HD-T1. 1/3 thereof %4 C2S2 RI1 C1S1 R-
C2S2 R1
JD-T2. 1/3 thereof 1/5 C2S- C3S2 R1 HD-T2. (2/3 thereof 1/4) C4 SX R3X C2S- R-
C3S2 R3 C4 SX R3X
JD-T3. 1/5 thereof 1/6 C4 S3 R3 C3 S- HD-T3. 1/3 thereof 1/5 C4S- R- C4 SX R3
C4S3 R3 C3 S2X R3X
JD-T4. 1/7 thereof 1/5 C4S3 R3 C4 SX HD-T4. 1/6 thereof 1/3 C4SX R3 C4 SX R-
C4 S3 R3 C4S3 R3
JD-T5. 1/4 thereof 1/7 C4 S4 R3 C4 S3 R3 HD-T5. 1/6 thereof V4 C483 R3 C4S4 R3
JD-T6. 1/9 thereof 1/3 C4 S4 R3 C4S4 R3 HD-T6. 1/5 thereof 1/3 10 10
JD-T 7. 1/5 thereof 1/4 11 11 HD-T7. 1/4 thereof 1/3 10 10
In2 12 HD-T8. 1/6 thereof 1/5 12 12
JD-T8. 1/2 thereof 1/4 12 12 13
13 HD-T9. 1/3 thereof 1/10 12 12
HD-T10. 1/7 thereof 1/4 12 12
JD-T9. 2/3 thereof 3/4 C4S3 R1/1 C3 82 RX/3 |HD-T11. 2/3 thereof 3/4 C4S3 RXI C4S3 RI1/3
R1/3 R3/3 C38S2 R-
JD-T10. 2/5 thereof 4/7 C4 S3 R1/3 C4 S- HD-T12. 4/5 thereof 7/9 C4 SX R2/- C4SX RI1/3
C4 S3 R3/3 |HD-TI13. 3/4 thereof 5/6 C4S3 R3/3 C4 S3,X R3/3
JD-T11. 3/7 thereof 5/8 C4 S3 R1,3/3 C4S3 R-- HD-T14. 3/7 thereof 4/5 C4S3 R3/3 C4 83 R3/3
JD-T12. 5/7 thereof 8/9 INO InO HD-T15. 2/5 thereof 3/7 C4S3 R-/3 C4 83 R3/3
JD-T13. 2/3 thereof 4/5 In2 In2 HD-T16. 3/4 thereof 2/7 1IN0 In0
IN3 In3 HD-T17. 2/3 thereof 3/4 1x0 InO
HD-T18. 3/4 thereof 4/5 Ix1 InO
In2
HD-T19. 2/3 thereof 3/4 1In3 In3
Tasks Kathrin Ellen Taks Anton Serkan
KE-T1. 1/3 thereof 1/2 Cl S- R- C2 S2 R1 AS-T1. 1/3 thereof 1/2 C2 S2 Rl C2 S2 RI
C2 S2 R2 AS-T2. (2/3 thereof 3/4) C3 SX RXIl C 3 SX2 RX1
KE-T2. (2/3 thereof 3/4) C2 S2 R3 I-X AS-T3. 1/3 thereof 1/5 C3 S2 RX3 C4 S3 RX3
KE-T3. 1/3 thereof 1/5 C2 S- R- IX AS-T4. 1/5 thereof 1/7 C4 S3 R3 C4 S3 R3
C3 S2 R3 C3S2,X R- |AS-T5. 1/6 thereof1/3 C3 S2 Rl C4 S3 R3
KE-T4. 1/5 thereof 1/7 C- SX R3 C4 S- R- AS-T6. 1/10 thereof 1/7 C4 S3 R3 CX SX R-
KE-TS. 1/8 thereof 1/5 C4 S3 R3 C4 S3 R3 AS-T7. 1/5 thereof 1/6 C4 S3 R3 C4 S3 R3
KE-T6. 1/7 thereof 1/6 11 11 AS-T8. 1/5 thereof 1/3 11 10
KE-T7. 1/4 thereof 1/5 12,13 12 AS-T9. 1/6 thereof 1/5 12 12
KE-T8. 1/3 thereof 2/5 In2 In2 AS-T10. 1/3 thereof 1/4 12
C4SXR1/3 C-SXR-/3 13
KE-T9. 1/500 thereof 1/300 12 12,13 AS-T11. 2/3 thereof 3/5 C3,4SX RI1/3 C3,4 S3R1/3
AS-T12. 3/5thereof4/7 C4 S3 R3/3 C4 S3R3/3
Tasks Chris Lars AS-T13. 5/7 thereof2/5 C4 S3 RI1/3 C4 S3RI1/3
CL-T1. 1/3 thereof 1/2 C2S2 R1 C2 S2 R1 AS-T14. 3/5thereof2/9 1IN0 In0
CL-T2. (3/4 thereof 1/3) C2S2 R1 C- S2R1 AS-T15. 5/8 thereof 3/7 INO InO
CL-T3. 1/3 thereof 1/5 C2S2 R1 C2 S- R- AS-T16. 5/9 thereof 3/8 1In1 Ix1
C3 S2 R1 AS-T17. 2/3 thereof 4/5 Ix1, Inl
CL-T4. 1/5 thereof 1/7 C2S- R- C3SX R3 In2
C3S2 R1,3 different drawings N3
CL-T5. 1/10 thereof 1/3 C3S2 R1,3 I1
12,13 2
CL-T6. 2/3 thereof 4/5 C3S2R1/1 C4SXRI1/3 Meaning of symbols
CL-T7. 3/4 thereof 5/6 C3S2R1/3 ©LX R-: no level in R assigned (or not treated)
IN2 C3 SX-R- RX: working on a misconception
C48S3 RI1/3 R3 (bold): first arrival of this level
In2, N3 R1/3: R1 for the inner, R3 for the outer rectangle

R1,3: first takes level R1, then R3
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4.4 Internal and external sides of students’ schematization steps

For a detailed reconstruction of the epistemic micro-processes, the students’ steps between
the schematization levels were analyzed with respect to the modifications of concepts-in-
action which underlay the visible changes of actions and semiotic means. This helps to clarify
the status of internalization, not either as disappearance of external means or as compacting
concepts, but as dual process with both sides.

We illustrate one typical micro-process for the case of David and Jules on Task 7 and 8
(transcript #171-197 in Section 4.2) when the boys solve their first task without drawing. At
first sight, the scene shows a crucial external development: internalizing the drawing process
implies the external disappearance of semiotic means and actions, but still used mentally or in
gestures (- = I1). Then, the students discover the structure and learn to calculate without
mental representation of rectangles or parts, hence the semiotic means are further contracted
(I1-2>12).

Whereas this external development is easy to describe, the reconstruction of the related in-
ternal development requires a thorough analysis of the involved concepts-in-actions, as
sketched in Fig. 5: The concept-in-action ||multiplication of denominators|| emerges as com-
paction of the previous concepts-in-action ||denominator as length of rectangle|| and |jarea
model for multiplication||. They are compacted since the concepts are related and condensed
in a new one (transcript #182-198).

|[denominator as

length of rectangle|| \
linvariance of sub- compaction of > [[multiplication

division and parts concept-in-action of denominators||

extension of scope
of concept-in-action

|larea model for
multiplication|| y

[|multiplication

of numerators||

Fig. S Internal development in Jules’ schematization step from I1 to I2 by compaction into a concept-in-action and
extension of the scope of application (David & Jules, transcript #182—198)

By this compaction, the relations to the rectangle become dispensable not only in the line I
of development, but also in the other lines C, S and R. Hence, the concept-in-action
|invariance of subdivision and parts|| is not required anymore for determining the areas
(marked in grey in Fig. 5) but it contains its substance.

In contrast, Jules’ tentative extension to the numerators (in #184) is not yet based on a con-
traction of concepts-in-action concerning the second rectangle, but only on an analogy for
numbers. David rejects this early idea, unless they collect more conceptual substance for deal-
ing with numerators other than 1.

Reaching this Level 12 for fractions with numerator 1 is not only characterized by dispense
of drawings as on Level I1, but now also by the dispense of verbalizations of the mentally
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drawn rectangle (signaling that the lines C, S, R are not activated anymore). As a conse-
quence, the next Task 8 is solved much more quickly (#171 and 197).

Summing up, the chronology of the interplay of external and internal progression for this
scene is represented in Fig. 6. The external change to solve the task mentally leads the students
to compact their concepts-in-action to a procedural version. This internal progress then allows the
dispense of any reference to the rectangle which brings the necessary economization of the exter-
nal actions. This again forms the base for another internal progress, the extension of scope.

Fig. 6 Interplay of external and internal processes in Jules and David’s step from Level I1 to 12

Development of Development of external actions
internal thinking and representations

Dispense of external representation
. . . . (besides symbolic notation of task)
Compaction of concepts-in-action

about rectangles
to procedural concept

Dispense of all really or mentally conducted
actions in the lines C (construct rectangle) and

. . S (subdivide the whole)
Extension of scope

of concept-in-action to numerator

Although this schematization step can externally be characterized by the reduction of semiot-
ic means, the analysis of the internal progression makes clear that they have not disappeared,
but contracted. The multiplicative structure found in the area for the line R provides the sub-
stances for the compaction of concepts. As the students show later (in #396-408), they can
easily unfold their compacted concepts when asked to justify the found rule. In contrast, the
tentative extension to the numerators (in #184) is, in this early moment of students’ pathway,
not yet grounded in compacted concepts. That is why Jules can initially not justify his idea
when David rejects it.

This contrast illustrates why “forgetting” is not a suitable metaphor for successful process-
es of schematization, aiming at a justifiable procedural rule. Also the analysis of other cases
(e.g., Kathrin and Ellie) resulted in the identification of this condition of success: Discovering
structures in the visual models is a necessary condition for successful justifications of the
procedural rules, since they require the unfolding of compacted concepts-in-action on the
meanings and structures of visual models. This has significant consequences for the learning
arrangements which must provide sufficient prompts for discovering structures.

Of course, the internal processes are not exclusively characterized by micro-processes of
compaction. Like in reconstructions of micro-processes for other topics (Prediger & Schnell,
2014), the case studies of 18 students provided opportunities to identify micro-processes of
constructing concepts-in-action, extending or optimizing them, recognizing their applicability
to other situations and, most importantly for schematization, compacting concepts or aspects
and unfolding them (cf. Glade, 2016 for more details).
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5. Discussion and Conclusions

Progressive schematization pathways have sometimes been simplified to processes of forget-
ting the meanings, to economizing actions, or to solely internalizing visual models (cf. Glade,
2016, for a critical survey). In contrast, the micro-analysis of students’ individual schematiza-
tion pathways in the presented study has shown that there are much more complex lines of
development, not linear like our hypothetical learning trajectory, but intertwined in various
ways. The four lines of development (specified by schematization levels) offer a descriptive
language for describing the heterogeneity of students’ schematization pathways towards the
procedural rule for determining the part-of-part. This analytic instrument also allowed to
identify conditions of success: For successful schematization aiming at a justifiable procedure
rule, the schematization pathways require to encompass the recognition and use of multiple
structures in the visual model, here concretely the meaning of the rectangles and the area for
the part-of-part, underlying the multiplications in the fractions. Students can discover the pro-
cedural rule without understanding the underlying structures, but then, they cannot explain
(and perhaps remember) the rule (Prediger, 2013).

The study contributes not only to insights into the concrete mathematical topic in view, but
also provides theoretical and methodological outcomes with significant potential of transfer to
other topics. One important result is the methodological and theoretical approach combining
Radford’s (2012) focus on the external side of semiotic means with Vergnaud’s (1996) and
Aebli’s (1981) constructs for the internal side of concepts-in-action. The approach allows to
reconstruct the interplay of contracting semiotic means on the external side with the internal
side of modifying and compacting concepts-in-action.

As every case study in design research, our investigation is restricted with respect to (1)
the mathematical topic in view (only determining the part-of-part which is a simpler case than
others, e.g., addition of fractions or long division), (2) the number of participants involved
(n=18), (3) the specific learning arrangements and (4) the specific teacher in the design exper-
iments. Hence the results are only local contributions to theory (Prediger et al., 2015) which
are worth to be extended in future studies to a larger group of students and other learning ar-
rangements and topics. By accumulating over several studies, a successive generalization to
different topics and conditions will then be reached.

Already, conclusions have been drawn for the design of learning arrangements (e.g. the
supporting the explicit identification of structures) and the role of teachers as facilitators in
schematization processes (who focus on the critical steps in the process). The study is encour-
aging in showing that nearly all students are able to discover procedural rules, so schematiza-
tion appears feasible for students within a reasonable time when soundly based on conceptual
models. However, reaching justifiable rules requires the careful monitoring of the teacher,
checking that the underlying structures in the models have been discovered, not only pattern
in the numbers (Prediger, 2013; Glade, 2016). For this important teacher task, the study offers
sensitizing material for professionalization programs.

17



References

Aebli, H. (1981). Denken: das Ordnen des Tuns. Band II: Denkprozesse. Stuttgart: Klett.

Barzel, B., Leuders, T., Prediger, S., & HuBBmann, S. (2013). Designing Tasks for Engaging Students in Active Knowledge Organi-
zation. In A. Watson, M. Ohtani, et al. (Eds.), ICMI Study 22 on Task Design — Proceedings of the Study Conference (pp. 285-
294). Oxford: ICMI.

Behr, M., Cramer, K., Post, T., & Lesh, R. (2009). Rational Number Project: Initial Fraction Ideas. Online-Book. Minneapolis.
University of Minnesota. http://www.cehd.umn.edu/ci/rationalnumberproject/rnp1-09.html.[Last retrieved April, 9, 2016]

Buijs, K. (2008). Leren vermenigvuldigen met meercijferige getallen. Utrecht: Freudenthal Institute.

Cobb, P., Confrey, J., diSessa, A., Lehrer, R., & Schauble, L. (2003). Design experiments in education research. Educational Re-

searcher, 32(1), 9-13. doi:10.3102/0013189X 032001009

Cramer, K. & Bezuk, N. (1991). Multiplication of fractions: Teaching for Understanding. The Arithmetic Teacher, 39(3), 34-37.

Freudenthal, H. (1981). Major problems of mathematical education. Educational Studies in Mathematics, 12(2), 133-150.
doi:10.1007/BF00305618

Freudenthal, H. (1991). Revisiting Mathematics Education. Dordrecht: Kluwer.

Glade, M. (2016). Individuelle Prozesse der fortschreitenden Schematisierung — Empirische Rekonstruktionen zum Anteil vom
Anteil. Wiesbaden: Springer. doi 10.1007/978-3-658-11254-7

Gravemeijer, K. & Cobb, P. (2006). Design research from a learning design perspective. In J. Van der Akker, K. Gravemeijer, S.
McKenny, & N. Nieveen (Eds.), Educational design research (pp. 17-51). London: Routledge.

Gravemeijer, K. & Doorman, M. (1999). Context Problems in Realistic Mathematics Education: A Calculus Course as an Example.
Educational Studies in Mathematics, 39(1-3), 111-129. doi 10.1023/A:1003749919816

Harun, H. Z. (2011). Evaluating the teaching and learning of fractions through modelling in Brunei. PHD-Thesis. Manchester:
University of Manchester. https://www.escholar.manchester.ac.uk/api/datastream?publicationPid=uk-ac-man-scw:119340&
datastreamld=FULL-TEXT.PDF. [Last retrieved April, 9, 2016]

Hiebert, J. (1986). Conceptual and procedural knowledge: The case of mathematics. Hillsdale: Erlbaum.

Krimer, S. (2003). “Schriftbildlichkeit” oder: Uber eine (fast) vergessene Dimension der Schrift. In H. Bredekamp & S. Krimer
(Eds.), Bild, Schrift, Zahl (pp. 157-176). Miinchen: Fink.

Lorange, C. A. & Rinvold, R. A. (2013). Levels of objectification in student’s strategies. In B. Ubuz, C. Haser, & M. A. Mariotti
(Eds.), Proceedings of the 8th Congress of the European Society for Research in Mathematics Education (pp. 323-332). Anka-
ra: METU University / ERME.

Lorange, C. A. & Rinvold, R. A. (2014). Students’ strategies of expanding fractions to a common denominator - a semiotic per-
spective. NOMAD - Nordisk Matematikkdidaktikk, 19(2), 57-75.

Prediger, S. (2013). Focussing structural relations in the bar board — a design research study for fostering all students’ conceptual
understanding of fractions. In B. Ubuz, C. Haser, & M. A. Mariotti (Eds.), Proceedings of the 8th Congress of the European
Society for Research in Mathematics Education (pp. 343-352). Ankara: METU University / ERME.

Prediger, S. & Link, M. (2012). Fachdidaktische Entwicklungsforschung - Ein lernprozessfokussierendes Forschungsprogramm mit
Verschriankung fachdidaktischer Arbeitsbereiche. In H. Bayrhuber, U. Harms, B. Muszynski, B. Ralle, M. Rothgangel, L.-H.
Schon, H. Vollmer, & H.-G. Weigand (Eds.), Formate Fachdidaktischer Forschung (pp. 29-46). Miinster: Waxmann.

Prediger, S. & Schnell, S. (2014). Investigating the Dynamics of Stochastic Learning Processes: A Didactical Research Perspective.
In E. J. Chernoff & B. Sriraman (Eds.), Probabilistic Thinking (pp. 533-558). Dordrecht: Springer. doi 10.1007/978-94-007-
7155-0_29

Prediger, S., Gravemeijer, K., & Confrey, J. (2015). Design research with a focus on learning processes — an overview on achieve-
ments and challenges. ZDM Mathematics Education, 47(6), 877-891. doi 10.1007/s11858-015-0722-3

Prediger, S., Schink, A., Schneider, C., & Verschraegen, J. (2013). Kinder weltweit — Anteile in Statistiken. In S. Prediger, B.
Barzel, S. HuBmann, & T. Leuders (Eds.), Mathewerkstatt 6 [Textbook for Grade 6] (pp. 143-164). Berlin: Cornelsen.

Radford, L. (2012). Early algebraic thinking: epistemological, semiotic and developmental issues. Paper presented at ICME 2012
in Seoul. ICME. http://www.icme12.org/upload/submission/1942_F.pdf. [Last retrieved April, 9, 2016]

Stegmaier, W., & Herrmann, T. (1992). Schema, Schematismus. In J. Ritter & K. Griinder (Eds.), Historisches Worterbuch der
Philosophie (pp. 1245-1263). Basel: Schwabe.

Streefland, L. (1991). Fractions in Realistic Mathematics Education: A Paradigm of Developmental Research. Dordrecht: Kluwer.

Treffers, A. (1979). Cijferend vermenigvuldigen en delen: (1) overzicht en achtergronden. Utrecht: Instituut Ontwikkeling
Wiskunde Onderwijs.

Treffers, A. (1987). Three Dimensions. A Model of Goal and Theory Description in Mathematics Instruction. Dordrecht: Reidel.

UNESCO (2009). Education for all in least developed countries. Montreal: UNESCO Institute for Statistics.
(http://www.uis.unesco.org/Education/Pages/gender-education.aspx — survival rate [Last retrieved 11/11/2011]

van den Heuvel-Panhuizen, M. (2001). Realistic mathematics education in the Netherlands. In J. Anghileri (Ed.), Principles and
practices in arithmetic teaching (pp. 49-63). Buckingham: Open University Press.

van den Heuvel-Panhuizen, M. (2003). The didactical use of models in Realistic Mathematics Education: An example from a longi-

tudinal trajectory on percentage. Educational Studies in Mathematics, 54(1), 9-35. doi
10.1023/B:EDUC.0000005212.03219.dc

18



van Galen, F., Feijs, E., Figueiredo, N., Gravemeijer, K., van Herpen, E., & Keijzer, R. (2008). Fractions, percentages, decimals
and proportions. A Learning-Teaching Trajectory for Grade 4, 5 and 6. Rotterdam: Sense Publishers.

Vergnaud, G. (1996). The Theory of Conceptual Fields. In L.P. Steffe & P. Nesher (Eds.), Theories of Mathematical Learning (pp.
219-239). Mahwah: Lawrence Erlbaum.

19



