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Abstract.	As empirical studies have consistently shown, low achievement in mathematics at the secondary level 
can often be traced back to deficits in the understanding of certain basic arithmetic concepts taught in primary 
school. The present intervention study in middle schools evaluated whether such learning deficits can be reduced 
effectively and whether the type of instruction influences students’ progress. The sample comprised 123 students 
in 34 classes, split among one control group (CG) and two intervention groups: a) SGI, small group instruction, 
and b) IPC, independent work partially integrated into regular classrooms. Over a period of 14 weeks, students 
were taught basic concepts such as place value and basic operations. In addition, they practiced fact retrieval and 
counting (in groups). Multilevel regression analyses demonstrate that the interventions can be used to reduce 
given deficits.  

0.	Introduction	

Large-scale studies have shown that many middle school students fail to acquire basic arithmetic 
skills (e.g. Maccini, Mulcahy, & Wilson, 2007). Empirical evidence suggests that these students’ 
problems can be traced back to deficits in basic mathematical knowledge that arose during primary 
school (Andersson, 2010; Jones, Wilson, & Bhojwani, 1997; Moser Opitz, 2013; Peterson Miller, 
& Mercer, 1997). Ennemoser, Krajewski, and Schmidt (2011) demonstrated that 67% of the 
variance in mathematics achievement in grade nine can be explained by basic quantity-number 
competencies such as putting numbers up to 10000 on the number line, comparing numbers and 
understanding mathematical conventions. According to Cirino, Tolar, Fuchs, and Huston-Warren 
(2016), mathematical competence (e.g. fractions, proportional reasoning) in middle school seems 
to be strongly predicted by procedural computation and whole number arithmetic skills and the 
fundamental cognitive and numerical contributors. 

However, little empirical knowledge exists about successful intervention programs for these 
students, and some researchers have stressed the urgent need for more research in this field 
(Maccini et al., 2007). In this paper, we present the results of an empirical study which investigated 
whether it is possible to improve the mathematical competence of low achievers at the beginning 
of middle school in Germany in grade five (regular classes) or grade seven (special education 
classes)1 with a program that focuses on the conceptual understanding of basic arithmetical 
knowledge. This is important for several reasons: First, most intervention programs for low 
achievers are carried out with students in the first few years of school, and little research on middle 

                                                
1  The study was financed by a research grant from the German Federal Ministry of Education and Research, grant 

number 01GJ0859. 



2 

school is available, particularly for German-speaking countries. Second, according to a survey by 
Maccini et al. (2007), the most frequently used type of intervention at the secondary school level 
is direct instruction and “drill and practice” teaching. Finally, according to these authors, the 
mathematical domains that are targeted in interventions for secondary school students are skills in 
addition, subtraction, multiplication, division, fractions, decimals, and geometry; algebraic skills 
and concepts; and problem-solving skills. In other words: Interventions in many of the studies focus 
on higher mathematical domains and not on basic primary school mathematical knowledge. 
However, some research (Ennemoser et al., 2011; Moser Opitz, 2013) shows that low achievers in 
mathematics in the higher grades lack very basic competencies such as counting in groups or 
understanding the base-ten system, even with small numbers. These competencies are predictors 
of success in mathematics in later years. Therefore it is necessary to evaluate remedial intervention 
programs aimed at fostering basic arithmetic understanding among middle school students with 
mathematics difficulties.  

 

1.	Characteristics	of	learning	difficulties	in	mathematics:	State	of	the	research		

As emphasized by Murphy, Mazzocco, Hanich, and Early (2007), the scientific community has not 
yet been able to agree on a generally accepted definition of mathematical learning disabilities 
(MLD) and therefore on a definition of mathematics difficulties (MD). In addition, diagnostic 
criteria differ between countries. There are, however, studies that have investigated impaired 
learning processes in mathematics and the characteristics of students with MD. In this article, we 
use the term “mathematics difficulties” (MD) to refer to the difficulties faced by students in higher 
school grades whose mathematics performance is in a range from lower average to well below 
average (for cut-off criteria, see section on instruments) 

1.1	Characteristics	of	students	with	MD	

Although the characteristics of students with MD can be described using different research 
traditions (e.g., neurobiology, special education, cognitive psychology, and mathematics 
education), in this section we focus mainly on conceptual and procedural competencies in different 
mathematical domains (e.g., computation, counting, base-ten system, word problems). We also 
consider their relationship to the underlying cognitive systems (Geary, 2004). According to 
Andersson (2010), students with MD display persistent problems in four domain-specific 
arithmetic components: conceptual understanding, solving word problems, procedural knowledge, 
and factual knowledge.  

Conceptual understanding is defined as understanding the meaning of mathematical concepts 
and operations. For basic arithmetic, this refers to place value, the base-ten number system, and the 
relationships within and between arithmetic operations (Andersson, 2010). Understanding the 
base-ten number system and especially, place value is considered to be an important part of the 
process of learning arithmetic (understanding the numerical structure, dealing with money and 
sizes, quantities, dimensions, etc. see van de Walle, 2007; Hiebert & Wearne, 1996). It is also 
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connected to several aspects of arithmetic performance (Moeller, Pixner, Zuber, Kaufmann, & 
Nuerk, 2011; Carpenter, Franke, Jacobs, Fennema, & Empson, 1997). Many studies show that 
students with MD have problems understanding the different aspects of the base-ten number 
system, even at the secondary school level (Mazzocco, Devlin, & McKenney, 2008; Moeller et al., 
2011; Moser Opitz, 2013; Vukovic & Siegel, 2010) and therefore cannot acquire further arithmetic 
knowledge. 

Students with MD are also frequently reported to have difficulties solving word problems 
(Zhang & Xin, 2012; Parmar, Frazita, & Cawley, 1996). Here, in addition to the conceptual 
understanding of simple arithmetic problems, specific competencies are required. Word problems 
have to be transformed into mathematical expressions (Montague & Applegate, 2000). 

Procedural knowledge denotes the knowledge of calculation strategies and procedures, 
understanding how and when to use them, and the mastery of the skills needed to apply them in a 
flexible manner (Andersson, 2010).  

Procedural knowledge is closely interrelated with factual knowledge or fact retrieval: many 
empirical studies of different age groups show that students with MD have problems with fact 
retrieval, which may be related to deficits in working memory (e.g., Geary, Hoard, Byrd-Craven, 
Nugent, & Numtee, 2007; Mabbott & Bisanz, 2008; Passolunghi & Siegel, 2004; Swanson & 
Beebe-Frankenberger, 2004). A widely observed result of problems with fact retrieval is the 
persistent use of (finger) counting strategies for easy computation problems (Andersson, 2008; 
Hanich, Jordan, Kaplan, & Dick, 2001; Ostad, 1999).  

To sum up, research in the field of mathematics (under-) achievement has identified the typical 
difficulties of students with MD on both procedural and conceptual levels: Procedural problems 
occur with fact retrieval and counting (by groups), whereas problems with conceptual 
understanding are often apparent in the domains of understanding different aspects of the place 
value system and the meaning of operations and word problem solving. In this article, these aspects 
are subsumed under the notion of conceptual understanding of basic arithmetic concepts.  

2.2	 Intervention	programs	for	students	with	MD		

Intervention programs for students with MD can vary in their use of teaching strategies and 
mathematics teaching content and the settings in which they are implemented. Below we present a 
short survey of the literature that looks at the impact of these variables.  

Teaching strategies: Montague (2011) reports that highly structured and organized programs 
were effective. This approach is supported by the results of a meta-analysis by Gersten et al. (2009), 
who specify five instructional components that appear to be fruitful for students with MD: teaching 
heuristics to solve word problems; explicit instruction; the use of graphical representations and 
manipulatives; thoughtful selection and sequencing of instructional examples, and encouraging 
students to verbalize their own strategies or the strategies modeled by the teacher. 

Mathematics teaching content: There is wide consensus that conceptual knowledge and 
procedural knowledge are equally important for mathematics learning (Schneider, Rittle-Johnson 
& Star, 2011). Andersson (2010), for example, underscores the importance of fostering the domains 
of conceptual knowledge (e.g., place value, base-ten system, relationship within and between 
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arithmetic operation), procedural knowledge (knowledge and flexible use of calculation strategies), 
factual knowledge (e.g., arithmetic facts), and skills for solving word problems for low achievers 
in mathematics. However, empirical studies tend to focus either on conceptual or on procedural 
knowledge. Whilst some studies report success for procedural competencies like fact retrieval (e.g. 
Fuchs et al., 2008; Powell, Fuchs, Fuchs, Cirino, & Fletcher, 2009), others claim the same for 
conceptual understanding. Most of these latter studies were conducted in primary schools. Pedrotty 
Bryant, Bryant, Gersten, Scammacca, and Chavez (2008) evaluated a program in first and second 
grade that emphasized the understanding of number concepts such as the decimal system, place 
value, and addition and subtraction combinations. A similar program that had positive results was 
carried out with a German sample in grades 2 and 3 (Wißmann, Heine, Handl, & Jacobs, 2013). 
The range of instructional approaches available for secondary students, especially approaches 
fostering conceptual knowledge, seems to be narrower. According to a survey by Maccini et al. 
(2007), the most frequently used interventions are direct instruction and “drill and practice” 
teaching. An exception is a study by Woodward and Brown (2006). These authors reported having 
successfully implemented a program which emphasizes conceptual understanding of primary 
arithmetic and problem solving in the classroom.  

Instructional setting: The instructional setting must be taken into consideration when carrying 
out interventions for low achievers. A meta-analysis by Ise, Dolle, Pixner, and Schulte-Körne 
(2012) of studies from German-speaking countries shows that one-to-one training, the duration and 
intensity of the program, and teacher qualifications are all important factors. 

In summary, there appears to be substantial of empirical evidence suggesting that interventions 
with a focus on conceptual understanding can effectively foster mathematics learning in students 
with MD, but procedural knowledge is also important. Structured and organized programs with 
explicit instruction and procedures such as cueing, modeling, verbal rehearsal, and feedback and 
using representations and manipulatives all seem to be promising teaching strategies. There is also 
empirical evidence showing the importance of the instructional setting of the intervention; the 
duration and intensity of any intervention, the qualification level of the teachers, and the group 
size. However, schools often do not have adequate resources to offer one-to-one or small group 
instruction. This raises the need for devising alternative solutions for providing successful remedial 
programs for the middle school classroom context. 

The aim of our intervention study with students with MD in middle schools is to investigate 
whether extra remediation can help them to develop conceptual knowledge and increase their 
arithmetic competence. We assume that having a firm grasp of basic arithmetical concepts is an 
important prerequisite to understanding topics such as fractions, rational numbers and algebraic 
thinking which are present in the middle school curriculum:  

Q1.  Does a specific intervention focusing on the understanding of basic arithmetic concepts lead 
to an improvement in mathematics performance? 

In many remedial programs, students are taught either individually or in small groups. Some 
authors (e.g., Montague, 2011) have stressed the importance of implementing intervention 
programs under regular classroom conditions. This is important for several reasons. First, as 
already mentioned, resources for special programs are often unavailable, and second, the ecological 
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validity of the intervention with respect to normal instructional conditions must be ensured. 
Therefore, the program was carried out under two different conditions: small group instruction 
(SGI), and independent work partially integrated into the classroom (IPC). 

Q2. Do the conditions of the intervention affect the improvement of mathematics performance in 
students with MD? 

In order to answer these research questions, the following hypotheses were tested: 

(H1)  Participants in the SGI intervention condition improve their mathematics performance more 
than students who did not take part in the intervention (control group CG).  

(H2)  Participants in the IPC intervention condition improve their mathematics performance more 
than students who did not take part in the intervention. 

Based on earlier research et al. (Gersten et al. 2009; Ise et al, 2012), we expected the SGI 
intervention to be more effective than IPC, which leads to the following hypothesis: 

(H3) Participants in the SGI intervention condition improve their mathematics performance more 
than participants in the IPC intervention condition. 

2.	 Methods	

2.1	 	 Participants	

The participants (MLD sample) were 123 students with below-average mathematics performance. 
They came from two different types of secondary schools2 and from special education schools for 
students with general learning disabilities (GLD)3. Research show that the label “learning 
disability” and the assignment of children to special education schools (and to the other tracks) in 
German-speaking countries are often arbitrary, and the diagnostic criteria are not at all clear. That 
is why we also selected pupils from special education schools for students with GLD. As the 
curricula of these schools are designed to be two years behind those of regular schools, the special 
education students in this study were recruited in grade seven. The type of instruction in primary 
school (explicit versus discovery learning) varies from teacher to teacher. 

The initial sample comprised 539 students from 35 classes (10 classes from special education 
schools, 16 from lower secondary schools, and 9 from comprehensive secondary schools) in North 
Rhine-Westphalia. A selection of urban and rural schools was sent an invitation letter, and 19 

                                                
2  Students in Germany start regular secondary school in grade five. They either attend one of three differentiated 

school tracks (from the highest, academic, track to the lowest, vocational, track: Gymnasium, Realschule, 
Hauptschule) or a comprehensive school (Gesamtschule). There are also special education schools,Förderschulen 
für den Förderschwerpunkt Lernen, for children with general learning disabilities (GLD). 

3  Despite the increased priority placed on inclusive schooling, most students with general learning disabilities (GLD) 
attend special education schools (Förderschulen für den Förderschwerpunkt Lernen). The decision to assign a child 
to one of these schools is made by special education teachers. If an IQ test is used in the decision, the cut-offs for 
GLD are between 70 (cut-off intellectual disability) and 85. As the curricula of special education schools are 
designed to be two years behind those of regular schools, the special education students in this study were recruited 
in grade seven. 
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schools agreed to participate. All students were given both an IQ test and a mathematics test at the 
beginning of grade five or, in the case of special education schools, grade seven. 62% of the 
students spoke German as a first language, 22% Turkish, and 14% other languages. Table 1 gives 
an overview of the demographic and cognitive characteristics of this initial sample, including test 
performance. 

 
Table 1. Demographic and cognitive characteristics of all tested students (initial sample). 

 
Comprehensive 
secondary 

Lower 
secondary 

Special education  
 

All tested 
students 

• students 195 244 100 539 
• classes 9 16 10 35 
• schools 3 9 7 19 
Math pretest M 
(SD) 

34.8 (10.9) 29.2 (11.0) 20.9 (11.8) 29.7 (12.1) 

IQ (in CFT) M 
(SD) 

92.1 (11.3) 87.0 (11.0) 74.4 (10.6) 86.5 (12.7) 

Age M (SD) 10.9 (0.6) 11.3 (0.7) 13.3 (0.8) 11.5 (1.1) 
Gender  girls/boys 94/101 109/135 53/47 256/283 
SES 3.0 (1.0) 2.9 (1.1) 2.3 (1.1) 2.8 (1.1) 

 
 
 
Out of all 539 tested students, 123 students with below-average performance (for criteria, see 
section: Instruments) from 35 classes were selected for the intervention study (Table 2). Groups of 
three to five students from the same class were randomly assigned to the two intervention groups 
SGI and IPC and to the control group CG. The ANOVA showed no significant difference between 
these three groups for mathematics performance in the pretest (t1) (F [2,120] = 1.51, p >.05), IQ 
(F [2,120] = 1.23, p > .05) and age (F [2, 120] = 1.34, p > .05). 
 
Table 2. Characteristics of the MLD sample. 

 Group SGI Group IPC Control Group Full sample 
Number of students 
Number of classes 
Regular school (grade 5) 
Special education (grade 7) 

47 
 
7 
3 

36 
 
6 
3 

40 
 
11 
4 

123 
 
24 
10 

Gender Girls/Boys 28/19 24/12 27/13 79/44 
Age M (SD) 12.0 (1.1) 11.7 (1.1) 11.7 (1.2) 11.8 (1.1) 
SES  M (SD) 2.8 (1.0) 2.6 (1.1) 2.9 (1.0) 2.8 (1.0) 
IQ  M (SD) 81.8 (10.9) 79.6 (10.3) 83.3 (9.7) 81.6 (10.4) 
Math Pretest M (SD) 16.6 (5.3) 18.1 (4.5) 16.0 (6.4) 16.8 (5.5) 
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2.2	 Instruments	

Mathematics performance was measured with a pretest (t1) at the beginning of grade five (or grade 
seven in the case of students at special education schools), after the intervention (t2) six months 
after the pretest, and with a follow-up test (t3) three months later. All tests were conducted by 
trained test administrators. Due to the fact that no German test for assessing mathematics 
performance in fifth grade students with MD was available, an instrument was adapted that had 
been constructed to identify low achievers in mathematics (Moser Opitz, 2013). The complete 
mathematics test (COM-test) includes a total of 60 items (63 in the posttest and follow-up) and 
focuses especially on domains that emphasize conceptual understanding of arithmetic as described 
before. Table 3 shows selected items. Additionally, other contents of the grade four and five 
curriculum were included.  
 
Table 3. Contents of the Mathematics Test. 

Topic Examples 
Mental calculation 37 + 48, 85 – 59; 2 x 19, 2 x 109, 2 x 506; 35 : 5, 350 : 50, 350 : 5, 3500 : 5 
Counting by groups Count backwards by tens. 

____, ___, ____, ____, 19’720, 19730 

Word problems Which equation fits the word problem? 
A Chow Chow weighs 42 pounds. A Beagle weighs 7 pounds less.  
42 – 7, 42 x 7, 7 x 6, 42 + 7, 42 : 7 

Place value Write as a number: 2 Hundreds, 13 Tens, 4 Units 
T H T U  The number is 

___________      
 

Degrouping 10 000 – 1, 10 000 – 10, 1000 - 1000 

Number line Which number is marked on the number line? 
 
 
 
670, 710, 660, 1076, 760 

 
 
Cronbach’s alpha (for three measurement points with three groups) is .93 to .93. Except for three 
items (added only in the posttest and follow-up test) and one adapted item (a number line from 100 
to 1000 instead from 0 to 1000), the tests consisted of identical items. In addition, to assess potential 
effects on the specific contents covered in the intervention, a shortened version of the test (called 
a “covered content test”, CC-test) was designed post-hoc. This was comprised of 19 items (20 in 
the posttest and the follow-up) that measured mathematics competence with respect to the contents 
of the intervention (see Table 4). Cronbach’s alpha (for three measurement points with three 
groups) is .78 to .93. 
 
 
 
 

100
0 

1000
0 
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Table 4. Contents Covered Content Test and Complete Test. 

Covered content test Complete test 
• Items with numbers up to 1000 (exception: 

counting by groups) 
• Items with numbers up to 100000 

• Topics covered in the intervention:  
counting by groups, grouping and notation in 
place value table, degrouping, number line, 
meaning of the operations, adding up 

• Additional topics (not covered in the 
intervention): 
mental calculation (with numbers larger than 
1000), degrouping with large numbers; 
standard algorithms for addition and 
subtraction, multiplication and division by 10 
or 100, equivalent length and weights in 
different units, proportionality, simple and 
complex word problems 

 
Because the test was not normed at that time, a cut-off criterion had to be set. Following the 
research results of Geary et al. (2007), the cut-off for mathematics performance was set at one 
standard deviation below the mean in comprehensive schools, which means one standard deviation 
below the performance of students achieving average performance. Hence, students who scored 
lower than 26 points out of 60 were included in the group MD. Scores lower than 26 indicate that 
these students had severe deficits and were only able to solve problems with small numbers and 
problems that are normally covered in grades two and three. 
• Intelligence was tested at t1 with CFT 20-R (Weiß, 2006), which is nearly independent of 

language biases and has no intersections with the applied mathematics test. As there were also 
students from special education schools involved, the IQ cut-off was set at 62 (the cut-off of 
70 for intellectual disability according to German regulations minus one standard deviation). 
Students’ socioeconomic background was measured with a book-at-home-index, an often used 
pragmatic measure (e.g. in TIMSS, Paulus, 2009)4. It shows pictures of five bookshelves with 
different numbers of books, from which the students are asked to choose the one that is most 
similar in the number of books to what their family has at home (Paulus, 2009). To improve its 
reliability, the task was presented three times on different occasions, together with the 
mathematics test. Cronbach’s alpha for the three measures was .82 (analyses based on the 
rounded arithmetic mean). Further background factors like gender, age, and languages spoken 
at home were collected through a questionnaire given to the teachers.  

2.3	 Intervention	

Contents: The content of the intervention (Freesemann, 2014; see Table 5) focused on the 
conceptual understanding of basic arithmetic: the central ideas of the base-ten number system and 
the meaning of the operations. In addition, the program was complemented by selected procedural 
competencies (automatization of selected basic facts like adding up to 100, and counting by 
groups), which are closely related to the conceptual topics mentioned above. The program was 
carried out over a period of 14 weeks. 
 
                                                
4  In Germany, indicators such as free meals are not available. 
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Table 5. Content of the interventions (Freesemann, 2014). 

Sessions Contents  

1-2 
 

Addition and subtraction: situations and graphical representations; translation between different 
representations; adding up to 100 (53 + __ = 100) 

3-6 
 

Decimal place value system I: grouping and degrouping (Dienes blocks), writing in place value tables 
and numbers (standard and nonstandard format) 

7-9 Decimal place value system II: number line, counting by groups 
10-12 Multiplication and division: multiplicative structures in pictures and self-written word problems; 

translation of different representations, division as sharing (in situations and graphically); division 
as inverse operation to multiplication 

13 Combining all four operations; word problems; translation of different representations 
14 Repetition of contents selected by the students 

 
Instructional	 design: Methodologically, the intervention for both conditions adhered to the 
following design principles, which were derived from the empirical findings summarized in the 
section “intervention programs”: First focus on developing meaning, then automatization; initiate 
student activities with carefully selected graphical representations and manipulatives; support 
individual insights and foster processes of abstraction; structure intervention units in a transparent 
and ritualized way, with thoughtful selection and sequencing of instructional examples; verbalize 
strategies, explanations, and procedures. Both groups used exactly the same materials, 
manipulatives, tasks and activities. The interventions were conducted by well-prepared pre-service 
teachers who were in their fourth or fifth year of study in special or primary education. All three 
groups had the same number of mathematics lessons per week. The intervention took place during 
regular class time. 
• Intervention SGI: Small group instruction. Small groups of three to five students from the same 

class attended the program for 90 minutes per week. They were closely monitored by the pre-
service teacher who facilitated all communication. Teaching (questions, assignments, 
assistance) was structured and standardized with a differentiated lesson plan. It included 1) 
warm-up (e.g., automatization of basic facts), 2) discussion of a “weekly activity,” i.e., 
homework, 3) guided practice in new concepts and word problems, 4) introduction to the 
weekly activity (work sheet) (see Woodward & Brown, 2006). Apart from that, students 
followed the mathematics teaching in their classroom. 

• Intervention IPC: Independent work, partially integrated into regular classrooms. In the 
intervention IPC (Prediger et al., 2011), the moderated small-group work by a pre-service 
teacher, with three to five students from the same class, was 45 minutes per week. In addition, 
the students spent their 90 minutes of class time doing independent work facilitated by their 
regular teacher. The small group sessions IPC aimed to select mathematics problems for each 
student and involved the following components: “diagnostic check” (formative assessment), 
selection of an appropriate mathematics problem for each student, students’ individual work in 
the classroom, final assessment. We assumed that students doing independent work in a whole 
class setting would be more easily distracted, and would not have the same level of support, 
therefore we allowed them 90 minutes rather than 45. The regular teachers were given an 
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independent learning program for the rest of the students in the class: materials for an 
individualized, independent remediation of deficits in higher arithmetic such as written 
multiplication. To guarantee intervention fidelity, each pre-service teacher worked with the 
same group of students throughout the intervention. All pre-service teachers met weekly to 
discuss the previous lesson (e.g., successful and unsuccessful situations, students’ difficulties, 
typical challenges) and to prepare for the next session under the guidance of two research 
assistants. In addition, selected lessons of each pre-service teacher were videotaped to evaluate 
their teaching practices. 

• Control Group CG: The control group attended their regular classes (“business as usual”), 
whose curriculum also comprised (for at least 12 weeks of the school year) some remedial work 
on primary arithmetic, but usually with a procedural focus on written algorithms.  

 
Generally, the time spent on mathematics instruction (interventions plus regular mathematics 
courses) was equal for the three groups. 

2.4	 Data	analysis	procedures	

In order to answer the research questions and to test the statistical hypotheses, a series of two-level 
hierarchical regression models were estimated (Robinson, 1950; Snijders & Bosker, 2012). First 
level units were the 123 students with below-average mathematics performance. Second level units 
were the 34 classes. The mean number of children with special needs per class was 3.6. Multilevel 
analysis was implemented through HLM, Version 6.08 (Raudenbush, Bryk, Cheong, Congdon, & 
du Toit, 2004; Raudenbush, Bryk, & Congdon, 2009).  

In the multilevel regression models, the three conditions – (1) small group instruction (SGI), (2) 
independent work partially integrated into regular classrooms (IPC), and (3) control group – had 
been represented by two level 2-dummy variables (SGI yes/no; IPC yes/no). Their effects were 
estimated in separate models: a) relative to the control group and b) relative to one another.  

In order to assess the change in mathematics performance between pretest and posttest and 
between pretest and follow-up, respectively, corresponding versions of pretest mathematics 
performance measures (COM-test vs. CC-test) had been included as predictors. Potentially 
interfering effects of gender, IQ, and SES were controlled by including respective predictors in all 
models5. The three main hypotheses were differentiated by point in time (posttest vs. follow-up) 
and by type of mathematics test (COM-test vs. CC-test), leading to a total of 12 statistical 
hypotheses. Table 6 documents the structure of the hypotheses that have been tested.  

In order to test the 12 hypotheses, a total of eight models6 were estimated. Due to the non-
significant effects throughout for main hypothesis 3 (statistical hypotheses H3a to H3d), only four 

                                                
5  The type of school (comprehensive school, lower secondary school, special education school) has also been tested 

for potential influences on the development of mathematics performance. As it turned out to be not significant 
throughout it was not included in the final models reported here. 

6  The first four models with separate effects for SGI/IPC treatment relative to the control group relate to eight 
hypotheses, the second four models with effects between SGI and IPC treatments relate to the remaining four 
hypotheses. 
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models covering eight hypotheses are presented in detail. The results of the remaining four models 
that were estimated but not reported are discussed in the text.  
 
Table 6. Structure of the hypotheses to be tested. 

Expected difference  
in math performance 

Posttest 
COM 

Posttest  
CC  

Follow-up 
COM 

Follow-up 
CC 

H1: SGI > CG H1a H1b H1c H1d 
H2: IPC > CG H2a H2b H2c H2d 
H3: SGI > IPC H3a H3b H3c H3d 

 

3.	 Results	

3.1			 Intraclass	variations	

The dependent variables in the analyses reported here show varying degrees of intraclass 
correlation (ICC). In the posttest, the ICC of the COM-test is .005, while for the CC-test it is .086, 
meaning that the variance between classes is 0.5% and 8.6% for the two tests, respectively. In the 
follow-up, the ICC of the COM-test is .087, while the ICC of the CC-test is .066, meaning that the 
proportion of variance between the classes is 8.7% and 6.6%, respectively. All level-two random 
effects in the four models were not significant at the p < .05 level. Therefore, only fixed effects 
have been estimated.  

The means and standard deviations of the two dependent variables for all three points in time 
and all three groups are listed in Table 7. 
 
Table 7. Descriptive statistics of the dependent variables 

 Group SGI 
(n=47) 

Group IPC 
(n=36) 

Control Group 
(n=40) 

Full sample 
(n=123) 

Math Pretest COM M (SD) 16.6 (5.3) 18.1 (4.5) 16.0 (6.4) 16.8 (5.5) 
Math Posttest COM M (SD) 24.6 (7.9) 26.5 (7.2) 22.7 (9.1) 24.5 (8.2) 
Math Follow-up COM M (SD) 27.2 (8.1) 29.4 (6.7) 24.7 (9.8) 27.0 (8.5) 
Math Pretest CC M (SD) 7.0 (2.9) 7.6 (2.7) 6.7 (3.1) 7.1 (2.9) 
Math Posttest CC M (SD) 10.8 (3.9) 11.9 (2.9) 8.8 (3.8) 10.5 (3.8) 
Math Follow-up CC M (SD) 11.8 (3.5) 12.1 (2.9) 10.0 (3.9) 11.3 (3.6) 
 

3.2	 	 Effects	on	mathematics	performance	in	the	posttest	(t2)		

Table 8 shows the results for two separately estimated simultaneous regression models for the two 
versions of the mathematics posttest (COM-test vs. CC-test). Out of the three control variables, 
only the IQ has a significant effect on posttest mathematics performance in both models. Its effect 
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is slightly weaker in the COM-test7 (b = .20, p < .01, for the unstandardized coefficients see Table 
8, Model 1) than on the CC-test (b = .25, p < .001, for the unstandardized coefficients see Table 8, 
Model 2). These results suggest that individual progress depends on individual intelligence even 
when controlling for the pretest score. The large and highly significant effects of the pretest score 
(b = .61, p < .001 for the COM-test, b = .45, p < .001 for the CC-test; for the unstandardized 
coefficients see Table 8, Models 1 and 2) indicate a high, respectively moderate, level of continuity. 
The higher the performance in the pretest is, the higher the performance in the posttest. Contrary 
to expectations, the small group intervention (SGI) only shows a significant difference in effects 
for the control group on the CC-test (B = 1.91, p < .01). The group does not show any advantage 
over the control group in the COM-test (B = 1.62, p ≥ .05). The SGI condition, in other words, 
turns out to be better suited than the control group condition to fostering mathematics learning, but 
only for subject matter covered in the intervention. With regard to this CC-test, the mean difference 
between the two differentially treated groups amounts to half a standard deviation (0.50) of the 
dependent variable (medium sized; Cohen, 1988). Thus, while hypothesis H1a is rejected, 
hypothesis H1b is accepted.  
 
Table 8. Results of mathematics posttest. 
Multilevel regression analysis of posttest scores ( COM-test and in the CC-test) on treatment variants, controlling 
for gender, IQ, SES, and pretest score; unstandardized regression weights, robust standard errors, and error 
probabilities (n=123) 
Predictor Model 1: Posttest COM Model 2: Posttest CC 
 B CI 95 p B CI 95 p 
Individual level       
Gender (f=0, m=1) 0.88 [-1.16; 2.92] ns 0.94 [-0.06; 1.94] ns 
IQ 0.16 [0.06; 0.26] 0.002 0.09 [0.05; 0.13] 0 
SES 0.42 [-0.40; 1.24] ns 0.24 [-0.27; 0.75] ns 
Pretest score: complete test 0.92 [0.74; 1.10] 0.000    
Pretest score: covered content test    0.59 [0.41; 0.77] 0.000 
Class level       
Control group (reference)       
Intervention SGI 1.62 [-0.34; 3.58] ns 1.91 [0.60; 3.22] 0.008 
Intervention IPC 2.61 [0.18; 5.04] 0.043 2.85 [1.69; 4.01] 0.000 
Explained corrected within-class variance  52.0%   43.9%  
Explained correct. between-class variance  11.6%   14.5%  

Note: All dichotomous predictor variables are uncentered, all other predictor variables are centered around the grand 
mean. Measures of variance explained, corrected according to Hox (2002, p. 69) 

 
Intervention IPC (independent work partially integrated into regular classrooms), on the other hand, 
somewhat unexpectedly turns out to be significantly more effective in fostering mathematics 
learning than the control group condition for both test versions (COM-test B = 2.61, p <. 05, mean 
difference 0.32 SD; CC-test B = 2.85, p < .001, mean difference of 0.75 SD). In particular, the 

                                                
7  Standardized regression coefficients (b) are reported in the text body (but not in the tables) for all significant effects 

of metric variables. For effects of dichotomous predictors, the group difference regarding the z-transformed 
dependent variable is reported. 



13 

difference in the mean CC-test score of three-quarters of a standard deviation is quite remarkable. 
To test for a potential differential effect between the two experimental treatment conditions, SGI 
and IPC, a modified regression model using the SGI condition as reference group was set up 
(without table). This revealed that there was no significant difference between the two treatments 
for either the COM-test (p ≥ .05) or the covered content test (p ≥ .05), meaning that neither of the 
two treatment condition had any advantage over the other (rejection of hypotheses H3a and H3b). 

3.3	 	 Effects	on	mathematics	performance	in	the	follow-up	test	(t3)		

The results of two separately estimated simultaneous regression models for the two versions of the 
mathematics follow-up test(control variables gender, IQ, and SES) are presented in Table 9. 
Parallel to the results of the posttest, gender and SES do not have any significant influence on the 
development of mathematics performance between pretest and follow-up. Again, the IQ makes a 
significant difference with standardized effects on performance in the follow-up COM-test (b = 
.24, p < .01, for the unstandardized coefficients, see Table 9, Model 3) and in the follow-up CC-
test (b = .18, p < .05, for the unstandardized coefficients, see Table 9, Model 4). The IQ effects on 
the mathematics follow-up test scores diverge only slightly from those on the mathematics posttest 
scores.  

With the longer period of time in between, it would be expected that the effects of the pretest 
score on the follow-up score would be considerably lower than they are on the posttest. For the 
COM-test with a b coefficient of .46 (p < .001, for the unstandardized coefficients, see Table 9, 
Model 3), this indeed holds true (compared to b = .61 for the posttest).  
 
 
Table 9. Results for the mathematics follow-up test. 
Multilevel regression analysis of follow-up scores in the COM-test and in the CC-test on treatment variants, 
controlling for gender, IQ, SES, and pretest score; unstandardized regression weights, robust standard errors, and 
error probabilities (N=123). 
Predictor Model 3: Follow-up COM Model 4: Follow-up CC 
 B SE p B SE p 
Individual level       
Gender (f=0, m=1) 1.82 1.32 ns 0.72 0.54 ns 
IQ 0.20 0.07 .005 0.06 0.03 .043 
SES 0.57 0.62 ns 0.25 0.26 ns 
Pretest score: complete test 0.71 0.14 .000    
Pretest score: covered content test    0.51 0.10 .000 
Class level        
Control group (reference)       
Intervention SGI 2.32 1.57 ns 1.66 0.61 .011 
Intervention IPC 4.04 1.68 .023 1.92 0.64 .006 
Explained correct. within-class var. 39.1%   30.8%  
Explained correct. between-class var.  13.9%   11.1%  

Note: All dichotomous predictor variables are uncentered, all other predictor variables are centered around the grand 
mean. Measures of variance explained, corrected according to Hox (2002, p. 69). 
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For the CC follow-up test, however, the b coefficient of .42 (p < .001, for the unstandardized 

coefficients, see Table 9, Model 4) does not differ markedly from that for the posttest (b = .45). b 
coefficients of this magnitude indicate a substantial level of continuity in test performance, 
meaning that students with higher pretest scores systematically reach higher levels of mathematics 
performance in both versions of the mathematics test, even eight months after the pretest. 

With regard to any potential differential treatment effects, the results of the follow-up test 
largely mirror those of the posttest scores. The small group intervention SGI-condition has a 
significant effect on learning development only for the subject matter covered in the intervention 
(B = 1.66, p < .05). The respective mean score for the SGI group is 0.46 standard deviations higher 
than the score for the control group. Thus, hypothesis H1d is accepted, while hypothesis H1c, 
claiming a difference in the complete mathematics score, is rejected (B = 2.32, p ≥ .05). In 
comparison to the posttest, the difference in the CC-test for the SGI condition group relative to the 
control group is only slightly smaller (0.46 vs. 0.50 standard deviations). For the group under the 
IPC condition, both differences from the control group in the follow-up mathematics performance 
scores are significant. In the COM-test, the IPC group reaches a mean value that is 0.48 standard 
deviations higher than that of the control group (B = 4.04, p <. 05); in the CC-test, the difference 
in favor of the IPC condition amounts to 0.54 standard deviations (B = 1.92, p < .01). Both 
hypotheses H2c and H2d are accepted.  

When comparing these results with the effect sizes in the posttest, some differences should be 
noted. While the difference for the IPC intervention relative to the control group for the COM-test 
is slightly higher in the follow-up (0.48 SD compared to 0.32 in the posttest), the difference for the 
CC-test score is slightly lower (0.54 SD compared to 0.75). Finally, a modified regression model 
using the SGI condition as reference group has been set up to test for potential differences between 
the two experimental treatment conditions. The respective results for the follow-up (without table) 
give no indication of a difference between the two experimental treatment conditions, neither 
regarding the COM-test (p ≥ .05), nor regarding the CC-test (p ≥ .05).  

4.	 Discussion	

4.1	 		 Discussion	of	results	

Earlier empirical studies (e.g., Mazzocco et al., 2008; Moser Opitz, 2013; Vukovic & Siegel, 2010) 
have shown that mathematical difficulties can often be traced back to deficits in basic arithmetical 
concepts and predict later mathematical achievement. As working on these topics is not part of the 
usual middle school curriculum, to many teachers, these difficulties appear impossible to address. 
Therefore, intervention studies often focus on higher mathematical domains and do not cover basic 
mathematical knowledge. However, the present study has shown that deficits in the understanding 
of basic arithmetical concepts can be effectively addressed through short-term interventions for 
middle-school students with MD. In a sample of 123 students with MD, an intervention program 
that emphasized conceptual understanding of arithmetic and selected procedural competencies was 
carried out under two conditions: small group instruction (SGI) and independent work partially 
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integrated into the classroom (IPC). Based on the results of previous research emphasizing the role 
of explicit instruction (e.g., Gersten et al., 2009; Montague, 2011), we expected small group 
instruction to be more effective than IPC. To compensate for the lack of special support, students 
in this group had more time to work on the program. 

Two-level hierarchical regression models were estimated to analyze the data. The analyses were 
carried out for the posttest and the follow-up drawing on two test versions: the complete 
mathematics test and a reduced version that contained only tasks related to the material covered in 
the intervention. Among the control variables gender, IQ, and SES, only IQ had a significant effect 
on posttest mathematics performance – in fact, for both test versions and even when controlling for 
the pretest score. It can be concluded that for students with low mathematics performance, 
individual progress in the evaluated intervention depends on individual intelligence. However, the 
benefits of the remedial program in the three groups did not depend on IQ. Additionally, the 
performance in the pretest has a big impact on the performance in the posttest and the follow-up.  

The IPC group outperformed the control group at both measurement points and in both test 
versions. The SGI group made significantly more progress than the control group only on the CC-
test in the posttest and the follow-up. Overall, it can be concluded that our intervention, was 
effective. For the IPC group, this happens even for topics that are not part of the intervention. This 
transfer effect is especially promising and supports the findings from Cirino et al. (2016), which 
showed that students whole number arithmetic skills seem to be important prerequisites for learning 
other concepts in later years. 

Intervention programs often emphasize either conceptual or procedural competencies (see 
section on intervention programs). In our program, we did both. However, we had a strong focus 
on conceptual understanding, and the exercises on procedural competencies were closely related 
to conceptual competence topics. This combination seems to be effective. Regarding the findings 
of Macchini et al. (2007) that interventions for secondary school often focus on drill and practice, 
this is an essential finding, which is in line with the results of Woodward and Brown (2006). It is 
especially important to note that the significant improvements were confirmed three months after 
the intervention. Given the learning deficit of the students with MD, the often-reported lack of 
lasting effects of remedial programs (Fuchs et al., 2008), and the frequently witnessed fragility of 
these students’ learning progress – as well as the short duration of the intervention – this is a 
promising result. In summary, it seems to be fruitful to work on basic conceptual understanding 
even in middle school, and to combine conceptual and procedural knowledge. 

However, only the IPC group made significantly more progress than the control group in the 
COM-test. This is interesting and encouraging, especially with regard to inclusive instruction and 
the aforementioned lack of resources for one-to-one teaching. However, questions arise what might 
have been the reason for the success of the IPC group. We conclude that the following factors may 
have contributed to these results:  

Adaptivity/group size. The intervention in the IPC setting with the “diagnostic check” and the 
opportunity to work individually in the classroom may have been more suited to the students’ prior 
knowledge and needs than the work in the small groups. The lack of individualization in the SGI 
intervention was intensified by group size. Due to limited financial resources, most groups were 
made up of five students. The reports on the SGI intervention sessions and the videotapes illustrate 
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the challenges that teachers sometimes face in responding to each student individually and 
providing tailored assistance. Therefore, adaptivity was probably more difficult to achieve under 
the SGI condition. In this context, it would be important to know if an intervention with smaller 
groups or with pairs could be more tailored and therefore, more successful. 

Framing in the school. As the IPC setting was partially implemented by regular teachers, the 
intervention was more closely integrated into normal classroom instruction in this group than in 
the SGI group. As a consequence, the students in the IPC group may have experienced the 
intervention as more relevant for their learning process than the students in the SGI Group, for 
whom the intervention took place outside of regular lessons. In addition, teachers may have been 
more conscious of the importance of working on basic numerical concepts and emphasized the 
work on these topics in other lessons as well.  

Time on task. To compensate for the lack of additional instruction, students in the ICP group 
had more time to work on the specific topics of the intervention. It might be that this additional 
time contributed to the progress of this group. Although students in the ICP group were not always 
fully focused during their independent work – according to the teachers’ reports – the IPC group 
might have spent more time overall on-task (Carini, 2012). Here, it would be important to have 
detailed information on the activities of the pupils during the math lessons, and it would also be 
interesting to replicate the study with the same amount of time for both groups. 

4.2	 	 Limitations	

The findings reported here should be viewed in relation to the study’s methodological limitations. 
First, the sample size was small, and it would be important to repeat the study with a larger sample 
in order to validate the results and to increase statistical power. Second, limited information was 
available on regular classroom instruction in the participating classes. For a subsequent study, it 
would be important to collect data on several aspects of classroom instruction (e.g., implemented 
content rather than intended content, teaching material, teacher competence). Third, the groups 
under the SGI condition were – due to the limited financial resources available for the study – too 
large for teachers to provide individual assistance. Fourth, the duration of the intervention was 
short because of limited time. According to Slavin (2008), the minimal duration for successful 
interventions is 12 weeks. Although we had fulfilled this criterion, an even longer intervention 
might have been more appropriate, given the learning deficits of the students. For example, the 
time available for practicing selected procedural competencies (e.g., counting in groups) was 
limited. Finally, a limiting factor for the interpretation of results is the difference between the two 
conditions with respect to time on task, although the intervention was standardized in terms of 
content, materials, manipulatives, and activities.  

5.	 Conclusions	

Mathematics difficulties (MD) in middle school can often be traced back to deficits in 
understanding certain basic arithmetic concepts. It is therefore important to develop intervention 
programs that are effective in helping students to overcome these gaps. The results of our study 
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demonstrate – in line with the work of other researchers (e.g., Gersten et al., 2009; Montague, 2011; 
Woodward & Brown, 2006) – that this can be achieved by focusing on conceptual understanding 
combined with selected procedural exercises, structuring the intervention units in a transparent and 
ritualized way, selecting and sequencing the instructional examples carefully, choosing appropriate 
graphical representations and manipulatives, and verbalizing strategies and procedures. These 
results are extremely promising, especially considering the short duration of the intervention and 
the severe learning deficits of the students. But most of the improvements measured were in the 
topics covered by the intervention. This means that students with MD seem to need customized 
and adaptive assistance that helps them to transfer acquired concepts and knowledge to new tasks.  
These findings have important implications for instruction and further research. First, middle 
school teachers should be encouraged to work on the conceptual understanding of basic 
arithmetical concepts such as the meaning of operations and place value. Second teachers need to 
be prepared to give assistance to students with MD. According to Gersten et al. (2009), providing 
feedback to teachers, with or without additional guidance, appears to be beneficial to students with 
learning disabilities. And finally, the implementation of remedial programs requires additional 
resources for personnel to assist students with MD in their learning process. Even if the intervention 
in the ICP group was carried out in the classroom, individual guidance for selecting adequate math 
problems was necessary.  

For further research, it would be interesting to evaluate our program in a one-to-one situation or 
in groups of two or three. Ise et al. (2012) report that one-to-one training has advantages over small 
group interventions and over interventions integrated into the classroom. In addition, future 
research should investigate whether a longer duration of the remedial program, and therefore more 
time to work on transfer problems, would lead to increased progress.  

The positive result for the IPC intervention is unexpected, and so far, we have only been able to 
identify a few possible causes for this outcome. However, the result is very encouraging and 
important for several reasons. First, very few programs that can be implemented in the classroom 
have been tested to date, yet these are of great practical necessity since resources for one-to-one 
training or small group instruction are often in short supply. Second, programs such as these which 
are tested in real-life situations with high ecological validity are important in helping to provide 
more empirically informed insights into effective teaching practices for students with MD. 
Therefore, more research is needed on remedial programs that focus on conceptual understanding 
and that are appropriate for implementation in the classroom. 
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