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Early algebra approaches have prepared the transition from arithmetic to algebra for concepts such 
as variables and the equal sign. In this paper, we focus on necessary transitions for the concept of 
equivalence of expressions. The design research project shows how fifth graders can develop under-
standing for the transformations of expressions by dynamically restructuring figures. 
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Introduction: Early algebra for preparing transitions from arithmetic to  
algebraic concepts – the case of the concept equivalence of expressions  
Students’ challenges in the transition from arithmetic to algebra are widely documented empirically 
(Kieran, 2004). In different theoretical frameworks, two main instructional strategies have been ap-
plied to prepare these transitions: (a) Making differences explicit, e.g. between the operational and 
the relational meaning of the equal sign (Knuth et al., 2006), (b) Preparing algebraic concepts already 
in arithmetic in early algebra approaches, e.g., generalization activities for establishing fundamental 
understanding for the later formal introduction of variables (Mason et al., 1985), but also the early 
confrontation with relational meanings of the equal sign (McNeill et al., 2019). These approaches are 
effective in enhancing students’ understanding that is fundamental for the later symbolic formalism 
for two important algebraic objects (variable and equal sign). But as transitions are also necessary for 
a third algebraic concept, equivalence of expressions 
(equalities), we pursue the research question: How to 
enhance the connection between different character-
isations of equivalence to prepare the transition to 
algebra?  

Background: Existing approaches and 
our design approach  

Existing approaches for enhancing students’ un-
derstanding of algebraic equivalence  

For refining the research question, we adopt an epis-
temological perspective and first specify different 
characterisations of equivalence (Kieran, 2004; Zwe-
tzschler & Prediger, 2013). Students usually start 
with an operational characterisation as result equiva-
lence (defined as two numeric expressions are equiv-

Figure 1: Three characterizations of equiva-
lence of expressions (adapted from Tondorf 

& Prediger, submitted) 
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alent if they have the same result, see example in Figure 1). However, also a relational characteriza-
tion as description equivalence needs to be learned (defined as two expressions are equivalent if they 
describe the same situation or figure; our learning environment, focuses to geometric figures, see 
example in Figure 1). In a later phase, the transition (or flexible move forward and backward) to a 
transformational characterization of transformation equivalence is needed (defined as two expres-
sions are equivalent if they can be transformed into each other according to transformation rules) 
(Kieran & Sfard, 1999). Strategy (b) was already realized for the transition from result equivalence 
to description equivalence (Mason et al., 1985; Kieran & Sfard, 1999). However, the connection be-
tween description equivalence and transformation equivalence is hardly explicitly enhanced, so far. 
Based on the existing approaches, we conduct a design research project for developing and investi-
gating an early algebra approach for bridging this gap for expressions without variables. On this 
background, we refine our research question as follows: How can early algebra students’ connection 
between description equivalence and transformation equivalence for expressions be enhanced?  

Based on a literature review, we briefly sketch two existing approaches for establishing them: (1) 
While connecting different representations, many early algebra approaches provide first opportunities 
for students to experience that different expressions can describe the same situation or geometric 
figure (e.g., Mason et al., 1985), some algebra approaches also make explicit that these pairs of ex-
pressions are then called equivalent, so fostering the characterization of description equivalence 
(Zwetzschler & Prediger, 2013; Sfard & Kieran, 1999). However, the transition to transformation 
equivalence is hardly supported. (2) If the learning of the characterization of transformation equiva-
lence is supported, then starting from result 
equivalence, not from description equivalence 
(e.g., Schwarzkopf et al., 2018). Usually with-
out reference to a described situation or figure, 
these approaches engage students in discuss-
ing why two expressions have the same result 
by investigating involved expressions and the 
structure of their sub-expressions, e.g. by us-
ing the distributive low intuitively to summa-
rise sub-expressions. As they do not yet suffi-
ciently involve the connection of multiple rep-
resentations, the representations will be a fo-
cus of our qualitative analysis. 

Our first design approach for connecting 
description and transformation equivalence  

As the state of research shows, establishing a 
strong fundamental understanding for equiva-
lence of expressions by the relational charac-
terization as description equivalence is crucial, 
e.g. by connecting multiple representations (Mason et al., 1985). However, existing approaches do 
not sufficiently support the connection of description equivalence and transformation equivalence. 

Figure 2: Task 1 for description equivalence,  
Task 2 for transcription to transformation equivalence  



 

 

So we designed a learning environment for engaging the students into discovering this connection. 
Figure 2 shows two tasks focussed in this paper: Focus Task 1 enhances understanding the description 
equivalence by recognizing the structure of expressions and sub-expressions and the corresponding 
substructures in the geometric figures. Focus Task 2 was the preliminary version designed to engage 
students in the connection to transformation equivalence. Students are asked to connect each step of 
transformation to the geometric figures, so that each expression can be replaced by a description-
equivalent-one.  

Methodology of the design research study 
In Design Research methodology (Gravemeijer & Cobb, 2006), we developed the initial design (from 
Figure 2) and investigated the research question.  

Methods of data gathering. Up to now, design experiments have been conducted in laboratory set-
tings with seven pairs of fifth graders. In total, 27.5 hours of video were recorded and partially tran-
scribed. In this paper, we analyze a case of two girls, Lea and Linda (10-11 years old), described as 
high-achieving by their teacher. This case was chosen due to its significance in illustrating two com-
plementary phenomena concerning the task potential with re-
spect to the research question. 

Methods of data analysis. According to the analytic procedure 
developed in Tondorf & Prediger (submitted) for other cases 
(Figure 3), the transcript was qualitatively analyzed in two steps: 
In Step 1, the students’ utterances are coded according to the ad-
dressed components: result R and the expressions EA and EB, in 
symbolic representation, or in the graphical representation the 
structured figures SA or SB,  and the figure F.  

In Step 2, students’ utterances were coded regarding the implic-
itly or explicitly drawn links between the components and 
marked in the analytic framework (═ marks the final conclusion 
that EA and EB are equivalent, ↔ marks a transformation between 
EA and EB , — marks the connection of two concerned / marked objects. The codings were conducted 
by the first author, checked by the second author, missing intercoder agreement was solved by con-
sensual discussion.  

Empirical insights into students’ transition pathways  
Episode 1: Students’ invention of restructuring from one structured figure to the next 

Episode 1 illustrates students’ emerging idea of a dynamic comparison of the given structures that we 
identified empirically: The students’ comparisons are dynamic in the sense that they are not charac-
terized by the use of a third component as object of comparison (static comparison, e.g. result R in 
result equivalence) but by a transfer of one component into the other (e.g. transformation equiva-
lence). In Task 1 of Figure 2, Linda and Lea are asked to compare the two structured figures (named 
SA and SB for easier analysis) and expressions EA and EB with respect to similarities and differences. 

Figure 3: Analytic framework 
for capturing representations 

and connections addressed  
in students’ utterances 



 

 

The girls have already allocated the structure of the expressions to the structure of the figures by 
explained marking of SA coming from EA or rather by finding EB coming from SB, described how 
both expressions are description equivalent, and named same-structured and different-structured ar-
eas of SA and SB . When they are asked to transfer their discovery onto the symbolic representations 
of the expressions, Linda focuses on  SA and SB and starts to describe the relation between 8  ́12 in 
EA and groups of fours in EB. 

49 Linda: Here [gestures along the rows of structured figure SB 
with 3 groups of 4], when you take that together 

50 Teacher: Um, that is a great idea, can you also. 

51 Linda: four, eight, twelve 

Linda describes the relation between three groups of four in one row of the structured figure SB and 
one complete row of 12 (like in SA). Even though she uses merely the vague “here” to refer to the 
units (Turn 49) and a language of symbolic representation for the process (“take together” in Turn 
49), she hints at the structured figure SB (Turn 49) and explains how the 3 groups of 4 in a row are 
related by counting up in units of fours (Turn 51). We interpret her dynamic notion (“take together”) 
and the counting in units as her explanation how a row with 3 groups of 4 can be dynamically modi-
fied into 1 group of 12. Within our analytic framework in Figure 4, we thereby 
inserted an additional edge between SA and SB that we had not found in the 
literature prior to our analysis. 

The case of Lea and Linda resonates with other cases analyzed in Tondorf & 
Prediger (submitted), in which we identified similar dynamic descriptions of the 
structured figures. With different technical or everyday phrases (“break apart”, 
“draw a line”), students express emerging ideas of restructuring the figures. So, 
the extension of the analytic framework by a new edge (not anticipated from the 
literature) is not only a technical analytic detail, but an important finding of a 
forth characterization of equivalence that the first group of students invented. It 
can be seen as the graphical counterpart of the symbolic transformation equiva-
lence. We call this dynamic relation between structured figures restructuring 
equivalence (represented by the double arrow between SA and SB). 

4.2 Episode 2: The connection of transforming and restructuring expressions  

Linda and Lea continue to build upon the dynamic connection between the structured figures SA and 
SB (that they invented in Episode 1): Episode 2, documented in the next transcript, takes place in the 
beginning of their discussion of Task 2 (from Figure 2), when they try to retrace the ideas of the 
fictitious student Zeynep and connect her idea to their previous idea from Turn 49/51: 

154 Linda: She [the fictitious student Zeynep in Task 2] al-
ways means, um, she writes always what is here 
[points at “Each group of 12 can be replaced by 3 
groups of 4.”], above.  

155 Lea: Uh-huh, she describes the expressions, always. 

 

Figure 4: Addi-
tional edge  

for students’ re-
structuring process 

from SB to SA 



 

 

156 Linda: [After 10 sec break] Ok. [reads out loud] “Each group of 12 can be replaced by two groups 
of 4.” That works, because four, eight, twelve [gestures along the yellow line in the picture]. 
Just like it was done by Matt [hints at SB]. And then, he has done also always, uhm uh-huh, 
groups of 12 always into groups of 4. Just like here, also here [hints at the green and yellow 
line]. She [referring to Zeynep] says, what you could do. 

157 Lea: Yes, every [group of] 12 can be, by three fours  

158 Linda: be replaced  

159 Lea: Can be replaced. 

160 Linda: Yes, and that works, actually 

 … 

162 Linda: And here [unclear where exactly she points at]. Three times – um – eight times three plus – 
no: eight times three times four. Two fours 

163 Lea: #plus two times four. This is here, that, though [shows the upper lines in SA/SB which only 
two groups of four squares are marked] two times four. 

164 Linda: Yes, she has only splitted them, here [hints at 8 ́  3 ́  4], hasn’t she?  

When Linda reads the given explanation of a replacement process in Turn 156, she immediately con-
nects it to the dynamic modification she conducted in Turn 51 in Episode 1 (when taking together the 
3 groups of 4 into 12) and interprets this modification backwards, as splitting the 12 into 3 groups of 
4. Whereas the phrase “can be replaced” in the task is more static (i.e. not involving dynamic restruc-
turing processes), her interpretation is expressed dynamically as “done groups” (Turn 156) and 
“split”. This approach of dynamic modification of the figures is then 
transferred to making sense of the symbolic transformations in the 
following lines: Examining the expression 8  ́3  ́4 (Turn 162), 
Linda mixes language of symbolic representation (“eight times three 
times four”) referring to the graphical representation of multiplica-
tion (“two fours”). We interpret this as an indication that she men-
tally connects the graphical and symbolical representations to one 
object. Lea strengthens this connection by articulating how both rep-
resentations match (Turn 163). Apparently, Linda and (maybe also) 
Lea succeed to connect the known characterization of description 
equivalence with their emerging characterization of restructuring 
equivalence (“That works, because” in Turn 156).  

Based on this connection, Linda starts a first attempt to explain the 
change within the symbolic expression (Turn 164). In her view, the second part seems to require no 
further explanation (because Lea already related it to the unchanged part of the geometric figure in 
Turn 163). However, she addresses the transformation of 8  ́12 into 8  ́3  ́4 (Turn 164), again 
expressed with reference to the graphical representation (“splitted”), which refers to her underlying 
characterization of restructuring. Although her description of the process is not completely explicit, 
her emergent meaning-making of the transformation process is recognizable. Both girls construct the 
meaning of transformations starting from the geometric characterization of description equivalence 
given in the task. However, they use a further bridging characterization for this transition, their dy-
namic characterization of restructuring equivalence.  

 

Figure 5: Students’ process of  
argumentation and connecting 
of restructuring and transfor-

mation  



 

 

Also other students in our design experiments use this newly emerging idea of restructuring as a 
bridge from description equivalence to transformation, so again, the identified phenomenon was not 
only specific to Linda and Lea. Like for Task 1, students use various ways of articulating their ideas 
to bridge the gap and explain the connection. Also in Task 2, they vary in the degree of explicitness 
when describing and explaining the transforming of expressions. However, they have in common to 
connect both processes, restructuring and transforming, in their meaning-making processes (for fur-
ther cases see Tondorf & Prediger, submitted). The empirically identified phenomenon lead to an-
other extension of our analytical and epistemological framework in Figure 5: The additional vertical 
edge between the double arrows linking the restructuring from SA to SB and the transforming between 
EA and EB. This extension signifies the mentally constructed connection between both characteriza-
tions.  

5. Discussion and Outlook  
5.1 Summary and embedding of findings  

Our research question how students’ mental connections of description equivalence to transformation 
equivalence for expressions can be enhanced was treated in a Design Research methodology (Grave-
meijer & Cobb, 2006). Our preliminary design answer developed in the first design experiments was 
to present expressions 8 ́  12 + 2 ́  4 and 26 ́  4 that describe the same geometric figure structured in 
two different ways, and to engage the students not only in discussing similarities and differences of 
the structured figures (Task 1 in Figure 2), but also to stepwisely compare bridging expressions from 
8 ́  12 + 2 ́  4 via 8 ́  3 ́  4 +2 ́  4 and 24 ́  4 +2 ́  4 to 26 ́  4.  

The empirical analysis of the presented case (and further cases in Tondorf & Prediger, submitted) 
reveals that students can even go beyond the stepwise static comparisons initiated in the task (e.g., 
between the subexpressions 8 ́  12 and 8 ́  3 ́  4): Several (but not all) students were found to adopt a 
dynamic approach to find the modifications made in the structured subfigures and explain how to 
restructure one subfigure into the other. They articulate these restructuring activities in dynamic 
wording (“take together”, “break apart”, “split”). Whereas a dynamic approach is usually only used 
for the transformation of symbolically represented expressions, we learned from these students that a 
dynamic approach can be used already earlier, for the graphical representations. Thereby, they in-
vented a forth characterization of equivalence that we named restructuring equivalence, for which 
we see a huge potential to prepare the meaningful ground for transitions to later algebraic transfor-
mations. 

The activity of restructuring figures is used by mathematicians in so-called proofs without words for 
proving the equivalence of symbolic expressions by restructuring figures, of course while acknowl-
edging that an explicit articulation of connection is also required (Nelsen, 1993). However, it is aston-
ishing that the underlying restructuring equivalence has not been theorized for early algebra activities 
so far, so we generated an empirically grounded theorisation (in more detail in Tondorf & Prediger, 
submitted). 



 

 

In our data, we find a second important phenomenon that 
contributes to the theorisation: Students use the restruc-
turing equivalence to make sense of transformation 
equivalence. When trying to make sense of the transfor-
mation of the expression, many students connect the sym-
bolic and graphical representations intensely, e.g. by 
combining references to symbolic representation and 
graphical representation to describe the expression or fig-
ure (like Lea in Turn 162 of Episode 2). In these contexts, 
students build upon their dynamic approach (invented for 
comparing structured figures) to explain the transfor-
mation steps between the bridging expressions. By this, 
they make sense of transformation equivalence by explic-
itly connecting it to restructuring equivalence. The re-
structuring equivalence thereby takes the role of an im-
portant new bridging characterization in a dynamic ap-
proach (Figure 6) that prepares not only the shift from 
graphical to symbolic representations, but also the transi-
tion from the static approach of description equivalence 
to the dynamic approach of transformation equivalence. 
With the new bridging characterization, we cannot only 
engage students in connecting multiple representations 
which has often been shown to be effective for learning 
(e.g., Mason et al., 1985), but also in connecting concepts 
and procedures, which is of major importance for the suc-
cessful transition from arithmetic to algebra (Kieran, 
2004).  

Introducing further bridging characterizations might be an instructional strategy (c) that can enrich 
the strategy (a) of making differences explicit and (b) treating core ideas of algebraic concepts before 
the formal symbolism of variables is introduced (see introduction). 

5.2 Consequences for our instructional design  

We used the empirical findings for revising the task in our second design experiment cycle: In order 
to enhance all students’ mental connections of graphical and symbolic representations as identified 
for Lea and Linda, figures were added in each step of transformation and restructuring. Additionally, 
the explanation in the first step was phrased in a more dynamic way to support students’ dynamic 
thinking (Figure 7). As the analysis of processes initiated by the refined Task 2 reveals (Tondorf & 
Prediger, submitted), these revisions allowed also students who could not adopt a dynamic approach 
in Task 1 to take over the offered dynamic language to describe and partially explain the transfor-
mation by the restructurings. With these additional supports, the bridging characterization seems to 
be accessible for many students. 

Figure 7: Revised Task with  
a more dynamic approach 

Figure 6: Restructuring equivalence as 
bridging characterization in early algebra  



 

 

5.3 Methodological limitations and outlook  

Although the presented design experiments provide promising insights how to enhance students’ un-
derstanding of transformation equivalence, there still are many gaps to fill. First of all, we have not 
yet transferred the idea to other expressions and other transformation processes. Furthermore, the 
presented task and the whole learning environment do not include the transition to generality which 
is crucial in early algebra as well. Thus, students’ learning is not yet enhanced beyond the concrete 
case given in the task. There will be the need for further research to develop learning opportunities to 
develop the emergent ideas into a general concept.  
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