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Abstract. Adaptive teaching on the micro level of teacher-student interaction has often been investigated, but rarely 
with respect to students’ content-specific learning pathways. This article presents a content-specific analytic approach 
how to disentangle the learning content and to capture teaching practices for the particular content of functional rela-
tionships. The empirical part of the article refers to a data set analyzed in several articles, video data from a teaching 
experiment in a Grade 9 classroom on covariation in the inclined place. The video data is qualitatively analyzed with 
respect to students’ conceptions of amount and change in correspondence and covariation approaches. This allows to 
unpack the adaptive teaching practices by means of teachers’ targeted steering trajectories for navigating from students’ 
initial conceptions towards the intended conceptual aspects. The qualitative analysis identifies adaptive teaching prac-
tices which go beyond a content-independent list of teacher moves.  
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Highlights 
• Amount and change, key qualitative calculus concepts, are studied in teaching 
• Case of expert teacher reveals content-specific complexity of teaching practices 
• Micro-adaptivity is captured in content-specific navigation spaces 
• Student focus and goal focus need to be combined for adaptive teaching practices 
• Identifying involved quantities crucial for understanding functional relationships 

1. Introduction 

Developing conceptual understanding for functions has been shown to be challenging for many 
students (Niss, 2014; Carlson & Oerthmann, 2005), as it requires unpacking and connecting 
various conceptual aspects (Hiebert & Carpenter 1992; Prediger & Zindel, 2017). Rich digital 
learning environments can support the development of conceptual understanding (Arzarello, 
2019b), but can enfold their potential mainly when teachers adaptively leverage and connect 
students’ conceptions with the targeted conceptual aspects, as also shown for other mathemat-
ical topics (Conner, Singletary, Smith, Wagner, & Francisco, 2014; Kuster, Johnson, Rupnow, 
& Wilhelm, 2019). 

Many studies have investigated adaptive teaching practices with respect to general teacher 
moves, because “there is much potential for enhancing mathematics instruction by learning 
more about how teachers listen to and build on students’	responses” (Lim et al., 2020, p. 377). 
However, two substantial research surveys (Parsons et al., 2018; Gallagher, Parsons, & 
Vaughn, 2020) reveal that so far, only few studies investigated the adaptivity of teachers’ prac-
tices in content-specific ways, taking into account the relevant conceptual aspects of a particu-
lar mathematical content.  
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In this paper, a complementary content-specific approach to adaptive teaching practices is 
presented to analyze how an experienced teacher facilitates classroom interaction on functional 
relationships (adopted from an approach for fractions by Prediger, Quabeck, & Erath, 2021). 
For a data corpus on the Galileo experiment for covariation in the inclined plane (Arzarello, 
2019a, b), the qualitative analysis shows that identifying teacher moves can fall short because 
the sense-making moments often span several utterances, so teaching practices must be char-
acterized with respect to the content itself, which will later be substantiated as “the teachers’ 
navigation on the map of conceptual aspects” (in Section 3.3). The paper pursues the following 
research question:  

How can the adaptivity of facilitation practices of an expert teacher be disentangled with re-
spect to conceptual aspects of amount and change? 

The content-specificity of the research question reflects the main message of the paper, the 
plead for content-specific approaches to adaptivity. However, the proposed approach and 
findings can then be transferred and adapted for other mathematical contents.  

For pursuing this research question, Section 2 presents the state of research on adaptivity 
and the conceptual framework for the content-specific analytic approach. Section 3 reveals the 
epistemological theoretical background for the mathematical content in view, amount and 
change in functional relationships. Section 4 presents the data corpus and the methods of data 
analysis, and Section 5 the empirical analysis. In Section 6, the achieved insights are discussed.  

2.  Theoretical background 

2.1 State of research on adaptive teaching practices 

Adaptive teaching is widely considered as core element of effective teaching (Parsons et al., 
2018) and is defined as “teachers’ adjustments to students’ individual developmental states … 
and … to students’ individual differences and learning needs” (Hardy, Decristan, & Klieme, 
2019, p. 169/171). Adaptive teaching has been studied on the macro level (while planning les-
sons, e.g., by differentiated instruction, Hardy et al., 2019) and on the micro level (in the en-
acted teacher-student interaction), the latter micro-adaptivity is addressed in the current paper.  

As two insightful recent research surveys reveal (Parsons et al., 2018; Gallagher et al., 
2020), many studies have disentangled micro-adaptive teaching practices. The studies contrib-
ute to understanding typical stimuli in the teacher-student interaction (e.g., specific student 
behavior) and the backgrounds why teachers chose their moves (e.g., persistent teacher factors, 
affordances, barriers, but also teachers’ reflection and metacognition). Teachers’ actions have 
mainly been characterized by identifying and classifying teacher moves by which teachers sup-
port student needs. Parsons et al. (2018) summarized the empirically identified teacher moves 
under the categories questioning, encouraging, managing, giving feedback, making connec-
tions, assessing, modeling, explaining, and challenging. 

However, Schwarz et al. (2021) have shown that the focus on teacher moves alone might 
operate on too small units of analysis, namely the single utterance or sequences of item-re-
sponse-evaluation. Complementarily, they plead for analyzing bigger units called sense-mak-
ing moments (usually encompassing from two to about ten or twenty turns and focusing on 
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making sense of a particular subject matter idea) and show that the same moves can be applied 
for different teaching practices in these sense-making moments. They characterize the teaching 
practices in sense-making moments as expanding, maintaining, and shutting down students’ 
sense-making processes. This slightly larger unit of analysis will be picked up in the analytic 
approach presented in Section 2.2. 

Furthermore, the rich existing research studies of teaching practices differ in the dimensions 
of students’ differences and learning needs that teachers adapt to. These comprise for example 
self-regulation (Corno, 2008), cognitive complexity (Nathan & Kim, 2009), language profi-
ciency (van de Pol, Volman, & Beishuizen, 2010), and steps in the mathematical modelling 
process (Jacobs & Empson, 2016). The comparison of studies reveals that the repertoire of 
teachers’ micro-adaptive practices heavily depends on the dimension of aptitude in view, even 
if the research reviews by Parson et al. (2018) and Gallagher et al. (2020) make the considered 
dimensions of aptitude only occasionally explicit.  

One dimension is missing in most of the existing studies on micro-adaptivity, namely the 
students’ developmental state with respect to the content trajectory (the term is used instead of 
hypothetical learning trajectory to signify that it is about teachers’ sequencing of steps for ad-
dressed content aspects, not about students’ learning. And the term students’ learning pathways 
is used for the empirically traceable steps that students really achieved). It seems to be worth-
while to take teachers’ content trajectories and students’ learning pathways explicitly into con-
sideration when investigating micro-adaptivity, because in mathematics education, “students’ 
individual developmental states” (Hardy et al., 2019, p. 169) should not only refer to generic 
aptitudes such as self-regulation and cognitive complexity capacities, but mainly to the math-
ematical content in view.  

So far, Gallagher et al.’s (2020) research review on 23 studies on micro-adaptive teaching 
in mathematics education identifies only three studies on micro-adaptivity that briefly mention 
teachers’ reflection about a content trajectory or students’ learning pathways towards content 
goals. Meanwhile, some studies of teaching practices that focused the mathematical content in 
view can contribute insightfully even if not conducted under the keyword of micro-adaptivity 
(Conner et al., 2014; Kuster et al., 2019). Both studies show that the ways how teachers work 
with students’ ideas is crucial for the learning success and provide useful distinctions picked 
up in our research. In particular, Kuster et al. (2019) include the student focus (decomposing 
what students think and work with it) as well as the goal focus (managing the mathematical 
agenda) as relevant parts of the teaching practices in inquiry classrooms. 

The current paper therefore intends to contribute to investigating this under-researched di-
mension of adaptivity with respect to the learning content, while building upon earlier work 
from different sources with and without explicit reference to micro-adaptivity.  

2.2 Conceptual framework: Content-specific approach to adaptive teaching practices 

This paper is situated within the larger theoretical perspective of Interactional Discourse Anal-
ysis (Heller & Morek, 2015) and its combination with epistemic mathematics perspectives 
(Quasthoff et al., 2022). From a mathematics education perspective, research on adaptivity is 
mostly needed with respect to students’ developmental states in aspects of conceptual learning. 
For adaptive lesson planning practices on the macro level, this conceptual content dimension 
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is often considered: When the content is structured in a content trajectory, then macro-adaptiv-
ity means to offer learning opportunities in the zone of proximal development for each student 
(Hardy et al., 2019; Confrey, 2006).  

For the micro level, the teachers’ content trajectories and the students’ learning pathways 
are often not unidimensional but better conceptualized in a navigation space on which students 
and teachers move flexibly during their classroom discussions (as Conner et al., 2014 showed 
for argumentation structures).  

Based on this metaphor of “navigation space” for the specification of relevant content as-
pects and their neighborhoods and connections, Prediger, Quabeck and Erath (2022) concep-
tualize teaching practices as the teachers’ steering trajectories on a content-specific naviga-
tion space. Methodologically, this conceptualization of teaching practices resonates with the 
methodological choice of Schwarz et al. (2021) to take a medium grain size for the unit of 
analysis, as the single teacher move or triplet of turns in an IRE-sequence is useful for under-
standing student thinking, but not for capturing teachers’ steering activities. On this basis, mi-
cro-adaptive teaching practices are defined as 
“recurrent pattern of teachers’ steering trajectories that maintain a strong student focus and a strong goal focus at the same 
time. That means, we define micro-adaptivity by the degree to which teachers work with students’ initial ideas and shift their 
learning pathways towards the targeted content goals.” (Prediger et al., 2022, p. 7).  

With this analytic approach, they analyze teaching practices in small group discussions in a 
remediating intervention on fractions. They replicate and deepen Schwarz et al.’s (2021) ob-
servation that the same teacher moves (printed in Table 2 in Section 4.2) can hold a strong goal 
focus in one sense-making moment and a weak goal focus in others, depending on the locations 
on the content-specific navigation space to which the teachers steer. In total, they identify nine 
different teaching practices which repeatedly occurred in their data corpus on fraction under-
standing (see Figure 1).  

In this paper, this content-specific ap-
proach to adaptivity is deepened by trans-
ferring it  
(1)  to another mathematical content 

(functional relationships instead of 
fractions),  

(2)  to another country (Italian class-
room instead of German class-
rooms), and  

(3)  to another teaching context (whole 
class discussions in a technology 
supported inquiry classroom rather 
than remediating small group inter-
ventions).  

It is an empirical question of how the 
teaching practices in the new context cor-
respond to those identified in the data corpus on fraction understanding (printed in Figure 1). 
Whereas the analytic tool must be context-dependent and content-specific, the empirical find-
ings might apply in different contexts.  

Figure 1. Nine teaching practices, characterized in terms of 
micro-adaptivity by their degree of student focus 
and goal focus (Prediger et al., 2021) 
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3.  Mathematical content in view: Amount and change  
in describing functional relationships in the inclined plane 

The suggested content-specific approach for capturing adaptive teaching practices (Prediger et 
al., 2022) starts with disentangling the mathematical content in view. That is why this section 
briefly presents the research context of the quadratic function in the inclined plane (Section 
3.1) and its epistemological background of mathematical content of amount and change in 
functional relationships (Section 3.2). On this foundation, Section 3.3 presents the content-
specific navigation space by which the teachers’ navigation will be captured in the empirical 
part of the current paper.  

3.1  Research context: Quadratic function in the inclined plane 

The data corpus treated in this paper deals with the classical Galileo experiment on the inclined 
plane. A video shows a ball running down the plane (Figure 2). From the data in the video and 
from a GeoGebra file, students can discover that the movement of the ball can be characterized 
by its velocity that increases with a constant growth, so the movement itself can be captured 
by a quadratic function. The experiment is presented in more detail by Swidan et al., (submit-
ted) and by Arzarello (2019a, b). 

 

Galileo experiment on the inclined plane 
Screenshot of the initial video 

 
Screenshot of the GeoGebra worksheet 

  

Observations in the Galileo experiment Goal: Mathematizing by functions from discrete data 

• The ball runs down with increasing velocity. 
• The velocity increases with a constant growth. 
• The acceleration is constant. 

s: Time ® Distance (“Space”) 
v: Time ® Velocity  
a: Time ® Acceleration   

s(t) = 4 t2 

v(t) = 2 t    
a(t) = 2 

Figure 2.  Research context of the paper: Galileo experiment and the learning goals of mathematizing by func-
tions (Screenshot larger in Figure 4) 

3.2  Epistemological background: Conceptual aspects for functional relationships 

For mathematizing complex situations (such as the Galileo experiment in Figure 2) by func-
tions, students need to structure it by disentangling the underlying functional relationships with 
their relevant quantities. In the Galileo experiment, this cognitive demand bears three typical 
complexities (Confrey & Smith, 1994; Carlson & Oerthmann, 2005; Niss, 2014): 
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Mixing the functional relationships of amount, change and change of change  

For mathematizing the movement, students need to identify and distinguish the involved quan-
tities: The independent variable is always the time, the considered dependent variables can be 
the travelled distance, the velocity, or the acceleration. So, three functions are involved which 
capture the amount f (in our case, s the travelled distance), the change 𝑓′ (in our case, not the 
mathematically sophisticated construct of differential quotient, but a qualitative or discrete ap-
proximation to the velocity v, mostly captured by differences of distances per time), or change 
of change 𝑓′′ (again, in our case not as mathematically sophisticated construct of second deriv-
ative, but as a qualitative or discrete approximation to acceleration, mostly captured as differ-
ences of differences per time unit. Even if no formal concept of limit for differential quotients 
and momentary velocity and acceleration constructs are involved in our data, students invent 
multiple precursors for these elaborated formal mathematical concepts. So, I will use the ab-
breviations	𝑓, 𝑓!, 𝑓′′ to signify the qualitative Levels 0, 1, 2 of these pre-concepts in order to 
classify them quickly. I will only use velocity v when really the difference per time is meant, 
but 𝑓′ for characterizing the Level 1 of students’ multiple, often vague, qualitative early ideas 
of change (conceptualized for example as absolute difference, as relative difference per time 
unit, as momentary change, and in many other ways, but never as limit of the differential quo-
tient), and analogically 𝑓′′ for all early qualitative or discrete ideas on Level 2 later leading to 
the second derivative.  

In general, identifying the relevant quantities for functional relationships has been often 
shown to be highly important for mathematizing, but challenging for students (Thompson, 
2011; Ayalon, Watson, & Lerman, 2016; Prediger & Zindel, 2017). When amount and change 
functions are involved, students tend to confuse both levels (Nemirovsky & Rubin, 1992), e.g., 
in sentences such as “the growth is slowing down”, often misinterpreted as the amount slowing 
down. Empirical studies have shown that this often-occurring confusion between amount and 
change can be overcome successfully when a very explicit and precise meaning-related lan-
guage is developed to unfold the subtle differences (Prediger & Şahin-Gür, 2020). 

Correspondence and covariation approach to functional relationships 

Even when staying on the same level of amount or of change, a typical complexity for dealing 
with functional relationships has been identified in two different approaches:  

• The correspondence approach on functions conceptualizes how each value x in a functional 
relationship y = f(x) is assigned to a unique value y (Vollrath, 1989; Confrey & Smith, 
1994). Thompson refers to this approach as static, explained as seeing an “invariant rela-
tionship between two quantities whose values vary” (Thompson, 2011, p. 46). 

• In contrast, the covariation approach focuses on the way in which two varying quantities 
change together (Vollrath, 1989; Confrey & Smith, 1994). Thompson (2011) outlines co-
variational reasoning as dynamic, “the very operations that enable one to see invariant re-
lationships among quantities in dynamic situations” (p. 46).  
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Understanding as unfolding and connecting aspects 

Conceptual understanding of functional relationships has often been described as the ability to 
adopt correspondence and covariation approaches flexibly, in graphical, textual, tabular and 
symbolic representations and to connect them to each other (Niss, 2014; Leinhardt, Zaslavsky, 
& Stein, 1990; Duval, 2006). This conceptualization of conceptual understanding as connecting 
goes back to Hiebert & Carpenter (1992) who define that a concept “is understood if it is part 
of an internal network… The degree of understanding is determined by the number and the 
strength of the connections” (p. 67). This definition has been extended by focusing on the pro-
cesses of condensing and unfolding the network of conceptual aspects:  
“When learning new concepts, single facets of conceptual understanding have to be acquired and then related to each other. 
Once the network is mentally constructed, it can be compacted into more condensed facets. A deep understanding of a concept 
is reached when learners are able to flexibly switch between the compacted facets and to unfold them again into their more 
elementary facets” (Prediger & Zindel, 2017, p. 4165).  

For the movement in the Galileo experiment (Figure 1), the state of research on functional 
relationships helps to unpack the epistemological demands of capturing the movement in func-
tions: Students need to realize that describing the movement by a function requires identifying 
which independent quantity is assigned to which dependent quantity in the correspondence 
approach: It is time and space, i.e., travelled distance (“s: t ® s(t): for every moment in time, 
we know where the ball is”). For finding the values, the students need to consider the covaria-
tion approach, observing how the ball distance changes (distances varying with time). Or they 
condense this information in the change function in the covariation approach for the level of 
f	′	(“v: t ® v(t): for every moment in time, we observe the velocity”) (even without exactified 
limit concepts of momentary velocity). This condensation enables the speaker to articulate ad-
ditional observations in a covariation approach for f	′, asking how the velocity changes over 
time. Discovering that the velocity changes with constant growth and documenting the values 
then finally allows the students to derive that the distance function is quadratic (after also dis-
cussing how variables co-vary together, these episodes are analyzed in other papers of the same 
special issue). 

3.3  Content-specific navigation space of conceptual aspects for functional relationships 

The reported state of research on relevant conceptual aspects for functional relationships (Sec-
tion 3.2) can be summarized in a content-specific navigation space for the content-specific 
analytic approach to adaptive teaching practices: When students work on the Galileo experi-
ment, they are expected to move between the introduced conceptual aspects, the function levels 
amount, change or change of change as well as between correspondence and covariation ap-
proach for each of this level. In order to trace their conceptual development, this paper draws 
upon an analytic framework (from Prediger & Şahin-Gür, 2020) which is exemplified in Figure 
3 for the Galileo experiment. The framework visualizes necessary shifts of approaches when 
connecting levels: When changing from the level f to level f ′, the covariation approach for f is 
turned (and refined) into a correspondence approach for f ′, as the dynamic perspective is ob-
jectified in a new correspondence. Analogously on the next level, the covariation approach for 
f ′ turns into a correspondence for f ′′. The connection between levels and approaches is also 
relevant for early qualitative ideas of the levels or discrete approaches such as the average 
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velocity rather than momentary velocity. Within this navigation space, students’ contributions 
can be located and the confusion of levels (Nemirovsky & Rubin, 1992) can be described sys-
tematically, even if no limit concept is in play. 

  
Figure 3.  Content-specific navigation space as a framework for analysis of navigations between  

complex relationships of amount and change (adapted from Prediger & Şahin-Gür, 2020) 
 

For adapting the content-specific analytic approach introduced in Section 2.2 to functional 
relationships, the analytic framework will serve as the content-specific navigation space on 
which not only students’ utterances, but also teachers’ navigation practices can be captured, 
in order to investigate their adaptivity, no matter if they are targeted with awareness or 
emerged unconsciously. This allows me to refine the research question as follows:  

How can the adaptivity of an expert teacher be disentangled according to her navigation 
practices in the content-specific navigation space of conceptual aspects about amount and 
change? 

 

4.   Methodological framework 

4.1 Data corpus “Galileo experiment” 

The data corpus for the investigation of expert teachers’ navigation practices consists of video 
data that was gathered and analyzed in other research contexts in Italy by Swidan et al. (sub-
mitted) and is analyzed in the whole special issue from several perspectives. The particular 
episode was chosen due to its conceptual richness and the many emerging diverging students’ 
ideas.  

In the video, the Italian senior teacher Silvia works with her Grade 9 class on the Galileo 
experiment, presented in a professional video (see Figure 2). Silvia can be characterized as 
expert teacher, as she has already 20 years of teaching experience, often cooperates with the 
university and was involved in discussing the potentials of the Galileo video and the digital 
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learning environment for exploring it. Although she did not explicitly know the analytic frame-
work used in this paper, she was very aware of the relevance of quantities in view and the 
difference between distance function and velocity function, so most of her navigations can be 
assumed to be targeted with awareness. 

The Grade 9 class with 20 students is part of a science-oriented school. The students are 
familiar with function graph software and have already learned linear functions. With the Gal-
ileo experiment, they encounter the quadratic function for their first time in mathematics class-
rooms. In their physics course, they had already treated parabola as trajectories of flying ob-
jects, but not yet mathematized them in mathematics.  

In small groups of 4-5 students (Group A, B, C, D, E), the students watched and inquired a 
simulation in GeoGebra, in which they could read off values and additionally vary the inclina-
tion of the plane: time and space data are represented in the Cartesian plane and in the software 
spreadsheet (Figure 4). No particular inquiry task was given in this class used to very open 
explorations. 

The transcribed episodes took place after the group work. In the transcripts, students’ anon-
ymized names (e.g., LorenzoE) are indexed by the group E that the students adhere to (Ar-
zarello, 2019b).  

 

 
Figure 4.  Simulation of the Galileo experiment in a GeoGebra environment 

4.2  Methods of data analysis  

In the qualitative analysis of the transcripts, the conceptualization of micro-adaptive teaching 
practices as steering trajectories on a content-specific navigation space (Figure 3) is operation-
alized by depicting teachers’ moves and students’ utterances in the navigation space and relat-
ing them by the arrows of navigation. This operationalization reveals the potential to empiri-
cally identify teaching practices as recurrent pattern of these steering trajectories in the navi-
gation space. This is realized in the qualitative data analysis by five analytic steps (developed 
in Prediger et al., 2022) to combine the generic analysis of teacher moves with the content-
specific analysis of the navigations in the navigation space, as for another content: 
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Step 1 –  Identifying sense-making moments. In line with Schwarz et al. (2021), sense-making 
moments were identified in the transcribed video data in the following way: They 
focus on making sense of concepts or representations, they begin with the initiation of 
a problem or question (by the teacher or a student) and end when it is marked as being 
finished in the group’s shared discourse. Usually, this extends from 2 to 10 turns, and 
it is of course not guaranteed that the sense-making opportunity was fruitful for the 
sense-making of each individual student.  

Step 2 –  Deductive coding for locating chains of utterances in the navigation space  
(a)  Locating students’ and teachers’ utterances in the navigation space is a deductive step 

of content-specific coding: Each utterance is coded by the conceptual aspects in Figure 
3: COV f (or COR f ′) was assigned if students referred to a covariation approach in 
the level of the amount function f (or the correspondence approach in the level of the 
change function f ′).  

 

Table 1.  Deductive codes for addressed conceptual aspects (following Prediger & Şahin-Gür, 2020) 

Code Definition of code Examples from transcripts, if existent 

COR f • Adequate addressing of correspondence ap-
proach on Level 0 of amount (distance) 

• “Which elements we should consider to de-
scribe the movement?” “Time and space.” 
(Episode 2b, T. 32-33) 

cor f • Unintended addressing of correspondence ap-
proach on Level 0 of amount (distance) 

• Distance depends on inclination. 

COV f  • Adequate addressing of covariation approach 
on Level 0 (change of distance) 

•  “And at the same time?” “Greater Distance.” 
(Episode 2b, T. 51-52) 

cov f • Unintended addressing of covariation ap-
proach on Level 0 (change of distance) 

• The distance changes with the inclination. 

COR f ′ • Adequate addressing of correspondence ap-
proach on Level 1 (velocity at certain moments) 

• “Time is always the same, speed changes.” 
(Episode 1a, T. 3) 

cor f ′ • Unintended addressing of correspondence ap-
proach on Level 1 (velocity at certain moments) 

• Travelled distance between two doors de-
pends on inclination. 

COV f ′  • Adequate addressing of covariation approach 
on Level 1 (change of velocity) 

• “The same time to run faster.” (Episode 1b, 
T. 13) 

cov f ′ • Unintended addressing of covariation ap-
proach on Level 1 (change of velocity) 

• Travelled distance between the doors 
changes with the inclination. 

COR f ′′ • Adequate addressing of correspondence ap-
proach on Level 2 (acceleration) 

• At each time, the acceleration is different. 

cor f ′′ • Unintended addressing of correspondence ap-
proach on Level 2 (acceleration) 

• “The distance between the doors was always 
of two.” (Episode 1a, T. 4) (describing the 
acceleration by other quantities) 

COV f ′′ • Adequate addressing of covariation approach 
on Level 2 (change of acceleration) 

• The acceleration does not increase with the 
time, but stays constant.  

cov f ′′ • Unintended addressing of covariation ap-
proach on Level 2 (change of acceleration) 

• The acceleration does not increase with the 
travelled distance. 

cor • Utterances addressing a correspondence ap-
proach with other than the intended quantities  

• For each distance, there is a door. 

cov • Utterances addressing a covariation approach 
with other than the intended quantities 

• “Speed increases gradually as it goes down” 
(Episode 1a, T. 2)  
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The examples in Table 1 show that for the notation, codes in capital letters (such as 
COV f ′ and COR f) signify that students express the expected conceptual aspect, 
whereas lowercase letters such as cor f or cov f ′′ symbolize that the intended concep-
tual aspect is articulated in ways deviating from the intended functions. Some of these 
ideas are false, some highly promising albeit still pre-mature versions of the intended 
conceptions. Lowercase letters cov are also used for other covariations such as “the 
velocity changes with the distance” which are correct but not the relationship focused 
in the material. 

(b)  Then, the chain of utterances is depicted geometrically in the navigation space by 
successively entering turn number and participant’s name for the conceptual aspects 
(see Figure 5 for an example). For marking the pathways, the succeeding fields are 
connected with arrows. 

Step 3 – Deductive coding of teachers’ steering activities by moves. Teachers’ steering activ-
ities are deductively coded by the affiliated (generically characterized) teacher moves. 
Table 2 presents the definition and delineation of all codes as specified in Prediger et 
al. (2022), which are used to characterize how the conversation moved from one lo-
cation in the navigation space to the next one. All codings in Step 2 and 3 was done 
by the first author and controlled by two colleagues. Intercoder agreement was 
achieved by consensus.  

 

Table 2.  Deductive codes for generic teacher moves (all moves are marked by - … -)  
(shortened from Prediger et al., 2022) 

Move Definition 
-Elicit- • Initiation move to bring students’ strategies into shared discourse 
-Elaborate-  • Follow-up move to activate students’ consolidation of own strategies by generic 

or specific questions including teacher support for students (e.g., hint to visual), 
with a focus on expanding, not correcting student utterances; but with limited 
hints towards the content goals are given 

-Appreciate- /  
-Reject- 

• Evaluation move to confirm accuracy (often praise) or declare a strategy wrong, 
but without explanation of reasons (includes a right or wrong evaluation) 

-Student repair- • Follow-up move to make students overthink and correct their own (partially) in-
correct strategies by generic or specific questions  

-Portion- • Series of closed follow-up questions that aim at getting students to utter the cor-
rect answer by reducing linguistic and mathematical complexity to produce short 
answers 

-Repeat-  • Teacher utterance with verbatim reproduction of one or more students' utterances  
(unlike -complete- or -reformulate-, mathematics or language not enhanced) 

-Reformulate-  • Teacher utterance taking students’ utterances to a higher language level (everyday 
to academic) while maintaining students’ content, usually includes lexical support 

-Complete-    • Teacher utterance for relating, summing up, abstracting, repairing, explicating or, 
expanding students’ utterances, bringing in new aspects / strategies themselves  

-Continue and  
connect-  

• Teacher utterance for relating, summing up, abstracting, or explicating what was 
brought into shared discourse by students, e.g., to focus on specific aspects  

-Input- • Teacher utterance for introducing new strategies; often long utterances at the end 
of sense-making-moments when teacher pushes towards the goal  
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Step 4 – Identifying teaching practices for sense-making moments. The central step of the 

analytic approach is the categorization of the teachers’ steering trajectories by com-
parative analysis. The practices are characterized by typical changes in navigation 
across the navigation space or a characteristic change of used moves or both. An adap-
tive teaching practice is gained as a recurrent pattern of the teachers steering of the 
interaction, these patterns derive from specific sequencing and combinations of arrow 
directions and moves that occur across groups. As the current data corpus is very 
small, the practices obtained here are compared also those identified in earlier studies 
(Figure 1). Finally, the identified teaching practices are characterized by their extent 
of student focus and goal focus, our operationalization for micro-adaptivity. Goal fo-
cus refers to the question, to which degree does the teacher work towards the targeted 
conceptual aspects, and student focus to the question which degree does she refer to 
students’ ideas and work with their utterances in the specific sense-making moment. 

5.  Empirical insights into content-specific micro-adaptive teaching practices 

5.1  Analysis of Episode 1: Teaching practice of Consolidate Ideas 
within the same conceptual aspect 

Episode 1 starts after some time of group work on the video and the simulation. The teacher 
starts the whole class discussion with an open question about students’ observations. 

Transcript for Episode 1a (Minutes 22:37 – 23:59) 
1  Teacher:  What can we observe while watching the video? -Elicits-  
2  LorenzoE:  Speed increases gradually as it goes down. At 

the beginning it is slower. …Then later it in-
creases. 

 cov: velocity increases  
        with movement 

… (Teacher)    
3  MartaD:  The time is always the same, the speed changes.  COR 𝑓′: time ® velocity 

COV 𝑓′: velocity changes 
    
4  AndreaB:  The distance between the doors [in the video] 

was always of two  
 cov 𝑓′ expressed: constant distance 

meant: velocity changes by 2 
5  Teacher:  It was always? -Initiates student repair- 
6  AndreaB:  Two   
7  VirginaB: Increased of two  meant COV 𝑓′: Dd increases by 2 

 

The transcript shows students’ typical first steps into mathematizing complex functional rela-
tionships, with many non-explicit utterances, relying on gestures and deictic expressions (“it” 
as reference to different quantities). The teacher -elicits- student’ descriptions of observations 
with a quite open question (Turn 1: “What can we observe while watching the video?”). Lo-
renzo sets the focus for the whole episode when he tries to express his observation about a 
covariation (Turn 2: “Speed increases gradually as it goes down.”). The utterance is coded by 
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the underdetermined cov, because Lorenzo’s language for describing the functional relation-
ship is vague, the phrase “as it goes down” seems to relate the varying velocity not to time, but 
to the movement in general (Turn 2 cov: velocity increases with movement).  

Marta, the second speaking student, corrects into the quantities time and velocity (Turn 3: 
“The time is always the same, the speed changes”). She addresses COV 𝑓′, but without saying 
how 𝑓′ changes. Whereas Marta’s utterance is more explicit with respect to the independent 
quantity time, it is less explicit in qualifying how 𝑓′ changes.  

Andrea articulates another idea about the “distance between the doors”, meaning delta d that 
is marked in the video between the doors for a fixed time period. He articulates a constant 
distance (Turn 4 – cov 𝑓′), for expressing a covariation of 𝑓′ (presumably meaning delta d 
increases always by 2, as the further discussion indicates). The teacher -initiates a student re-
pair-, and Virginia repairs Andrea’s utterance accordingly (to which he agrees), but still with 
an incomplete sentence (Turn 7 - meant COV	𝑓′: delta d increases always by 2: “increased of 
two”). The teacher continues to support students to make their claims more explicit in Episode 
1b: 

Transcript for Episode 1b (Minutes 23:59 – 24:39) 
8  Teacher:  It was always two or increased by two? -Initiates student repair-   
9  AndreaB:  Increased always by two between a door and 

the other [moving forward her fingers in order 
to represent the distance between the doors]  

 no subject expressed 
meant COV f	′: Dd increases by 2 

10  Teacher:  The distance between the doors always in-
creased by two [reproduces the gesture of An-
drea] 

-Reformulates- & -repeats- gesture- 

11  AndreaB:  1, 3, 5, 7 [numbers for delta d in the video, de-
noting the distance gradually covered] 

  

12  Teacher:  Between a door and the other, is it time or dis-
tance that has increased? [moves her hands in 
parallel to simulate distance between doors] 

-Elaborates-, -repeats- gesture- & -connects- 

13  AndreaB:  The same time to run faster.  COV f	′: same time interval,  
               with increasing v 

 

A second time, the teacher -initiates a student repair- (Turn 8: “It was always two or increased 
by two?”) which leads Andrea to make the utterance more explicit, but still without subject 
(Turn 9 - meant COV f ′: delta d increases always by 2).  

The teacher -reformulates- the student utterance and adds the quantity in view, delta d (Turn 
10 COV f	′: “The distance between the doors always increased by two”). The -reformulating- 
move is accompanied by -repeating- Andrea’s gesture, this connects the explicated language 
to his multimodal utterance. Andrea agrees and offers another explication of the changes: (Turn 
11: “1, 3, 5, 7”). 

The teacher -elaborates- Andrea’s utterance further by calling for explicitness for the “it” 
while -repeating- the gesture. This -connects- the delta d of the doors to the mathematical quan-
tities in view (Turn 12: “Between a door and the other, is it time or distance that has in-
creased?”). By this triple move, she supports Andrea to refine and condense his utterance: Ra-
ther than relating the changing velocity to delta d, he now explicates the increase of velocity 
with the time (Turn 13 - COV f	′ velocity varies with time: “The same time to run faster.”). 
Still, the basic correspondence COR f is not articulated. 
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The graphical summary of the analysis of Episode 1a/b is presented in Figure 5 as an extract 
of the navigation space from Figure 3 on which the discussion is traced. Teachers’ utterances 
are printed in red and students’ utterances in black. The six conceptions addressed in the epi-
sode are depicted, with the two intended by the teacher are marked by red boxes. The arrows 
depicted which utterances follow which ones, dotted arrows in later graphical summaries indi-
cate that the connection is only implicit. The graphical summary in Figure 5 shows that in 
Episode 1a/b, the teacher started with a very open -elicitation- of observations, which invited 
students to address very different ideas (in different locations of the navigation space). The 
students mainly address the conceptual aspect of covariation of 𝑓′ in this episode, without any 
attempt to talk about the distance function itself (no utterance printed below the intended con-
ception COV f), and with mainly implicit mentions of the correspondence of 𝑓′ (students’ 
moves away are marked by black arrows). By the teacher moves -elicit-, -elaborate-, -initiate 
student repair-, -reformulate- and -repeat- gestures, the teacher enacts a highly adaptive teach-
ing practice that pick up exactly students’ early ideas and elaborates them (visible by the suc-
cessive red arrows close to students’ ideas). This navigation practices has been identified al-
ready by Prediger et al. (2022) in another context and termed Consolidate Ideas, as it mainly 
addresses the same conceptual aspect and consolidates it successively. In the current episode, 
this consolidation particularly works by making students’ language about initial ideas more 
explicit (marked in red arrows staying in the students’ locations on the map). Within this Epi-
sode 1, the teacher does not yet try to push the students towards the originally intended con-
ceptual aspects, COR f	and COV f, this is visible in the graphical summary as no red arrows go 
back to the targeted conceptual aspects (which often happens in the next episode). 

 

 
Figure 5.  Graphical summary of the analysis in Episode 1a/b: Adaptive teaching practice Consolidate Ideas 
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5.2 Analysis of Episode 2 with three adaptive teaching practices 

Within the Episode 2, the teacher works hard to push students towards identifying the quantities 
for the distance function rather than always focusing the velocity function. Although she in-
tends them to adopt a correspondence approach for f (COR f: time ® distance), the students 
mainly adopt covariation approaches for different quantities, initially shaped by the classical 
misconception of graph-as-picture (Janvier, 1981).  

Transcript for Episode 2a (Minutes 27:00 – 29:04) 
18 Teacher: Let’s go to question E: "Can you find an 

equation, a formula which describes the 
movement of the ball?" 

-Elicits-  

19 CaterinaA: We have to find the x and the y; for the x-axis 
something that increases and for the y-axis 
something that decreases. Because, actually, 
the line in the applet was a decreasing line. 

 

 

Graph-as-picture mis-
conception: Search 
“something” that de-
creases (the height?) 

20 Teacher: Which is the decreasing line? [comes closer 
to group A] 

-Elaborates-  

21 CaterinaA: Imagining this is a Cartesian plane, the pink 
line which denotes the movement of the ball 
[points on the screen and follows the pink 
line] … on the y-axis there must necessarily 
be something that is decreasing. 

 Graph-as-picture mis-
conception: Search 
“something” that de-
creases (the height?) 

22 Teacher:  Have you heard what Caterina said? Caterina 
says we have to find an x that is increasing 
and a y which is decreasing because the pink 
line represents the movement of the ball. 

-Repeats- words and gestures 

23 Teacher: But they are not able to understand what to 
put on the axes. 

-Elicits- 
-Portions- 

 

24-26  [Students find it difficult to understand the 
quantities to put on the two axes] 

  

27 Teacher:  Which are the “something”, the variables es-
sentially, that help us describing motion? 

-Portions-  

28 [Several students suggest time and space]   
29 Student:  The inclination.  2nd order COV 
30 Teacher:  Let’s keep the inclination fixed; further we’ll 

see what happens varying it  
-Rejects- and postpones to later 

31  [Several students try gesturing and discuss in 
their groups] 

  

From Turn 18-31, the teacher tries to -elicit- the articulation of the COR f: time ® space, but 
students mainly address other conceptual aspects. After teacher’s first elicitation by the request 
to find a formula that “describe the movement of the ball” (Turn 18), Caterina articulates an 
idea which can be drawn back to the well-known graph-as-picture misconception in which the 
students confuse the geometric picture (here form the simulation software) with the graph and 
then infer that the dependent quantity should be “something” that decreases for the graph to 
decrease (Turn 20 and 22). The graph-as-picture misconception seems likely as the confusion 
of y as height and y as distance is nearby. 

The teacher asks Caterina to -elaborate- this idea (in Turn 20) and acknowledges it by -
repeating- it verbatim. With the prompt “But they are not able to understand what to put on the 
axes” (Turn 23), she -elicits- the intended answer while at the same time starting to -portion- 
her request into smaller pieces: Rather than asking again for the general description of the 
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movement of the ball (as in Turn 18), she now asks more explicitly for the quantities (Turn 23, 
“what to put on the axes”). When students find it still difficult to specify the quantities (Turn 
24-26), she continues -portioning- by funneling the question in Turn 27 to “Which are the 
‘something’, the variables essentially, that help us describing motion?”). Although some stu-
dents already bring in the expected answer time and space, she continues the request as other 
students still are not sure. One student (in Turn 29) again leaves the intended conceptual aspect 
of COR f and refers to the inclination as relevant quantity, which was varied in the simulation 
for investigating also the second order covariation (How does the velocity vary with the angle 
of inclination?). 

Figure 6 shows the graphical summary of the analysis and shows two slightly different ver-
sions of the characteristic pattern of the teaching practice Re-Focus: Although the teacher steers 
to the conceptual aspect COR f, some students address other conceptual aspects or misconcep-
tions. In the first moment, she values the contributions by -repeating- verbatim without initiat-
ing -repairs-, but then Re-Focuses to the target conceptual aspect. In the graphical summary on 
the navigation space, this is visible by the students’ black arrows going away from the target 
conceptual aspect, with -repeats- and the teacher’s red arrows going back to the targeted con-
ceptual aspect on the navigation space. Re-focusing takes place three times (including Turns 
35/36/42 from Episode 2b). Although some students give the intended answer (Turn 28), she 
leaves the space for students creative (partially deviant) ideas but not -repeating- the intended 
answers too early (no -repeat- after Turn 28, but only in Turn 32 of Episode 2b).  

When one student mentions the inclination in Turn 29, she also enacts a different teaching 
practice: this is a highly relevant conceptual aspect, but too early in the discussion, so she 
explicitly rejects it for the moment and officially postpones it to later for setting boundaries for 
the current discussion. This variant of the practice Re-Focus is combined with setting bounda-
ries, here, and was also found in later parts of the transcripts.  

  
Figure 6.  Graphical summary of the analysis in Episode 2a (red line around box signifies the targeted concep-

tual): Adaptive teaching practices of Re-Focus  
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Although Figure 6 contains already some turns of Episode 2b which represent the third act of 
Re-Focusing, these turns are treated in a further perspective in more detail in the following: 

Transcript for Episode 2b (Minutes 29:38-31:49) 
32 Teacher: Which elements we should consider to describe the 

movement? 
-Portion- 

33 VirginaB:  Time and Space  COR f: time ® space 
(distance) 

34 Teacher:  Virginia says time and space -Repeat- 
35 CaterinaA: We need to take something increasing and something 

decreasing [moves her hand forward and back to de-
note increment and decrease] 

 Focus on height rather 
than distance 

36 Teacher:  Something increasing and something decreasing. [re-
peats Caterina’s gesture] 

-Repeat- 

When the teacher Re-Focuses the discussion to COR f by a -portioning- question (in Turn 32), 
Virginia gives the targeted answer (Turn 33: “time and space”, “Spazio” in Italian means space 
and distance at the same time). The teacher again -repeats- the answer without -appreciating- 
it (Turn 34), like all other answers. But then, Caterina again shifts to “something decreasing” 
due to the graph-as-picture conception (in Turn 35), the teacher again only -repeats-. In this 
moment, the interaction comes to a turning point: 

37 AlessandroE:  I think your idea is wrong  contradicts Caterina 
38 Teacher: According to Alessandro, your idea is wrong! Why? -Repeat- & -Elaborate- 
39 AlessandroE: Yes, they both increase! That’s not that one increases 

and the other decreases [gestures to denote the increase 
and decrease] 

  

40 Teacher: According to Alessandro, they both increase. -Repeat- 
41 VirginiaB: The pink line is only the plane on which the ball runs 

[gestures inclination of the plan with movement of 
hand] 

 contradicts Caterina 

42 Teacher:  [refers to Virginia] The pink line is the plane on which 
the ball runs.  
But how could the movement be described? 

-Repeat- 
 
-Elicit- new focus 

 

43 Teacher:  [refers to Alessandro] Why do they both increase? - Elaborate- 

 

The turning point is when (for the first time in Episode 2), Alessandro (in Turn 37) and Virginia 
(in Turn 41) contradict to a peer, in this case, to Caterina. The teacher -repeats- both contradic-
tions, but as Virginia does not come back to COR f, the teacher -elicits- again the general de-
scription (in Turn 42). As she does not receive an answer, she goes back to Alessandro’s utter-
ance from Turn 39, presumably hoping that the two covarying quantities which are only ex-
pressed as “they” are time and space (in Turn 43). But when Alessandro makes his idea more 
explicit, again other quantities are on the table:  

44 AlessandroE:  According to me, when you increase the length, the 
ball takes longer to do it, hence, if you tilt the plane, 
the ball, the ball is faster... 

 cov: velocity varies 
with distance 

45 Teacher: I don’t understand -Elaborate- 
46 AlessandroE:  According to the inclination of the plane, time in-

creases and… it takes less time... the ball takes less 
time [hints at an imaginary time axis] to travel that dis-
tance… [shows distance intervals horizontally] 

 cov: velocity varies 
with distance 
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47 Teacher:  The ball takes less time to travel that distance. -Pick out- time, distance 
48 AlessandroE: The same distance, [moves his hand horizontally to de-

note the same distance], but since the plane is more in-
clined, the ball has a higher speed, it is faster [gestures 
inclination of plane and velocity of the ball]. 

 cov: velocity varies 
with distance 

49 Teacher:  Ok, at the same distance ... -Portion- 
50 AlessandroE: Less time  COV f -1: time varies 

with distance 
51 Teacher: And at the same time? -Portion- 
52 AlessandroE: Greater distance.  COV f: distance varies 

with time  

 

Following Alessandro’s description of covariation between velocity and distance (Turn 44 - 
cov), the teacher asks him to -elaborate- (Turn 45), and Alessandro confirms by referring to 
the inclination of the plane (Turn 46 - cov). Now, the teacher adopts a new move and picks out 
the words that would correspond to the targeted conceptual aspect COR f: time ® distance and 
tries to push Alessandro forward to articulating this correspondence. Although now targeting 
the learning goal with more guidance than before, she still acts with a strong student focus by 
picking up his words, and shifting from the target COR f to an intermediate target COV f, the 
distance varies with the time (Turn 47). 

In spite of this stronger guidance, Alessandro again articulates his observation that the ve-
locity varies with the distance and even relates this to the (varying) inclination (Turn 48 - cov). 
The teacher does not refer to the varying inclination, but starts a narrowly guided co-construc-
tion, picking his words but putting them into new relations (Turn 49, 51, “at the same dis-
tance…”, “And at the same time?”). Alessandro follows by first articulating the covariation of 
the inverse function f -1, the time varies with the distance, and then by filling the given sentence 
frame for coproducing the covariation of f: distance varies with time. From there, the teacher 
can finally navigate to the correspondence of f: time ® distance. 
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Figure 7.  Graphical summary of the analysis in Episode 2b:  

Adaptive teaching practices of Push Forward While Working With Students’ Utterances 

 
In total, the graphical summary of the analysis of Episode 2b in Figure 7 shows the teacher’s 

highly adaptive navigation practices on the navigation space, following the students’ ideas to 
other conceptual aspects, but always trying to Push Forward While Working With Students’ 
Utterances. She acts with a strong goal, keeping her goal in mind to reach the target aspect 
COR f (which is visible by the red arrows attempting to steer towards the target concept), but 
also with a student focus (which is visible by starting always where the students are). It is 
classified as being slightly more than medium student focus, because she pays attention to what 
the student says and works with his words, but not completely strong student focus as she 
funnels the student’s utterances into the way she wants the class to hear the mathematical ideas.  

5.3 Summary and Comparison with teaching practices in other studies 

Summing up the analysis, the transcript documents a lively discussion in an inspiring inquiry 
classroom in which students produce multiple ideas and conceptual aspects between which the 
teacher has to navigate for reaching her learning goals (similarly to Kuster et al., 2019). Alt-
hough many kinds of analysis are possible (see other papers of this special issue, I analyzed it 
with respect to the content-specific micro-adaptivity, combing the analysis of addressed con-
tent-specific aspects with the generic teacher moves used to navigate between them.  

In all four analyzed sense-making moments, the teacher intends to reach the target concep-
tual aspect COR f, the correspondence of the distance function f: time ® distance. The students, 
in contrast, start with observations on various kinds of covariations, velocity varies with move-
ment, velocity varies with inclination, velocity varies with the distance between doors, etc.  The 
first articulations are very vague, and later more explicit. 

The main goal of the analysis was to scrutinize how the teacher guides these discussions 
and how she navigates between the conceptual aspects articulated by the students and the tar-
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geted conceptual aspects. The repertoire of identified teacher moves consists of often docu-
mented teacher moves, -elicit-, -elaborate-, -repeat- (most often used), -initiate student repair-
, -reformulate-, and -portion-. However, these occur in different teaching practices as their outer 
structure in Figure 8 reveals.  

 

 
Figure 8. Comparing the outer structure of the teaching practices (Figures readable in detail in Figure- 5-7) 

 

In Episode 1, students answer to teacher’s open questions with three different conceptual as-
pects. Before refocusing them to the target aspect COR f, the teacher follows one students’ 
navigation into another conceptual aspect and works on its elaborate articulation. By -initiating 
student repair-, -elaborating- and -reformulating-, she succeeds to Consolidate Ideas of Andrea. 
From the proto-conceptual aspect “the distance between doors change”, the consolidation into 
COV f	′, velocity varies with time, is achieved. This teaching practice has a very strong student 
focus (working on students’ idea even if it was not the target aspect) and contributes to the goal 
focus with a medium degree (as it first consolidates alternatives before targeting the intended 
aspects again). 

In Episode 2a, the teacher again intends to focus on COR f. When students suggest many 
different (partially deviant) conceptual aspects, the teacher briefly values them by -repeating- 
(yet without consolidating their ideas) and then Re-Focusses to the target aspect. This becomes 
visible in the graphical summary by the students’ black arrows going away from the target goal 
and teacher’s red navigation arrows backwards. For the covariation between inclination and 
velocity, the teacher even becomes more explicit in -rejecting- it for the moment, by this, she 
sets boundaries and Re-Focuses back to her initial target. Even if these teaching practices keep 
a medium student focus (by valuing the students utterances), the goal focus is stronger, here.  

In Episode 2b, when students still deviate from the targeted conceptual aspect, the teacher 
starts to Push Forward While Working With Students’ Utterances. In the graphical summary, 
this teaching practice is characterized by teachers’ red arrows towards COV f, distance varies 
with time, for which she -portions- a students’ utterance and rebuilds it into the intended con-
ceptual aspect. This teacher practice has a strong goal focus as it builds the ground for reaching 
the targeted conceptual aspects, and it does so with a higher but not completely strong student 
focus, working with students’ utterances in a scrutinized way yet only partially with his ideas.  
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Figure 9.  Two newly identified teaching practices (in red on light grey), embedded in the existing set (with one 

recurring in red on dark grey), characterized by degree of student focus and goal focus  

This comparison in Figure 8 reveals that teaching practices cannot be adequately captured 
solely by identifying the teacher moves in each turn. In contrast, it requires the larger unit of 
analysis of a whole sense-making unit. Conceptualizing the teachers’ facilitation practices as 
steering trajectories across the navigation space enables us to see the highly adaptive work the 
teacher Silvia is doing with respect to the content-specific conceptual aspects she addresses. 

The identified teaching practices can be embedded in the landscape of teaching practices 
from Prediger et al. (2022) as Figure 9 shows. Consolidate re-occurs from the existing over-
view, but the other practices have not been formerly identified. The expert teacher studied in 
this paper is characterizable as expert teacher by nearly always working in the fourth quadrant, 
with strong student focus and strong goal focus at the same time, the most powerful form of 
adaptivity.  

In contrast to the small groups studied in Prediger et al. (2022), the whole class discussion 
bears more complexities and opportunities for students walking in diverging directions, so the 
teaching practice of Re-Focusing seems of upper importance. This seems to correspond to ob-
servations by Kuster et al. (2019) who emphasize the high relevance of developing shared un-
derstandings in whole class discussions.  

6. Discussion 

6.1 Summary of theoretical and methodological contributions  

Insights into an expert teachers’ practices  

What was to be learned about adaptive teaching practices by this case study of one expert 
teacher in her function classroom? By adopting a content-specific approach to analyzing the 
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teaching practices, the content in view first had to be disentangled in a content-specific navi-
gation space. The distinction between amount and change level and correspondence and co-
variation approach provided the epistemologically grounded language for describing students’ 
states of development on their pathways towards the teachers’ targets (Figure 3). For a com-
pletely different content than fractions, this example reconfirmed the main plead of this paper 
that a conceptualization of adaptivity on the micro-level requires both, a language for capturing 
the goal focus of the teaching practice (to which degree does she work towards the targeted 
conceptual aspects?) and the student focus of the teaching practice (to which degree does she 
refer to students’ ideas and work with their utterances in the specific sense-making moment?).  

The investigated teacher was found to enact teaching practices with impressively strong 
student and goal focus, at the same time, where the student focus is left flexible between me-
dium and strong to really lead students to the goals. In contrast to the unexperienced teachers 
investigated by Prediger et al. (2022), this expert teacher enacts only teaching practices with at 
least medium goal focus. This characterization of successful micro-adaptivity corresponds well 
with the productive teaching practices identified by Kuster et al. (2019) who operationalized 
good teaching practices (among others) by teachers practice of being responsive to student 
contributions, using student contributions to inform the lesson and – at the same time – guiding 
and managing the mathematical agenda. With the presented approach, the researcher can gain 
deep insights into the navigation practices.  

Beyond Figure 9, major empirical insights with respect to the content in view must be artic-
ulated: The main finding with respect to functional relationships that can be derived from Fig-
ure 8 is: In a complex situation such as the Galileo experiment in which many different covari-
ation phenomena can be observed, students’ observation are often vague in the beginning be-
cause they do not articulate the involved quantities, explicitly. Many different quantities can 
be identified, all of them are correct, but only some lead to the intended target knowledge. 
Some students have premature ideas in which the quantities are not yet concisely addressed, 
and the teachers’ support of letting mature early ideas here refers to a concise specification of 
the involved quantities.  

This analysis reveals that being responsive to student contributions and guiding the mathe-
matical agenda in this particular case means that teachers’ facilitation needs to focus on the 
involved quantities, for the velocity function and particularly for the distance function itself. 
The necessity to elaborate vague student language has already been identified in other tran-
scripts from qualitative calculus (Prediger & Şahin-Gür, 2020), for the Galileo experiment here, 
it can be substantiated with respect to (a) identifying and explicating the quantities involved on 
all three levels (Ayalon et al., 2016), taken from students’ vague intuitions and consolidated 
and pushed forward towards the targeted aspects and (b) the interplay of correspondence and 
covariation (Confrey & Smith, 1994).  

These insights exemplify that although the identified teaching practices can be phrased in 
generic ways, the analysis in the navigation spaces also reveal substantial content-specific in-
sights.  



23 

 

 

Methodological contribution 

By adopting this approach, I intended to contribute to a more content-specific characterization 
of adaptivity, as was shown to lack in existing research surveys (Gallagher et al., 2020, Lim et 
al., 2020). The paper confirms the strength of using sense-making moments as units of analysis 
(as suggested by Schwarz et al., 2021) and shows that the same moves can be applied for dif-
ferent teaching practices in these sense-making moments. Whereas Schwarz et al. (2021) only 
distinguish teaching practices in sense-making moments as expanding, maintaining, and shut-
ting down students’ sense-making processes, the content-specific approach reveals more dis-
tinctions within the category of expanding students’ sense-making suggested by Schwarz et al. 
(2021). In this way, it can substantiate the distinctions of adaptive teaching practices while 
strengthening that capturing adaptivity needs to take into account more analytic units larger 
that single moves.  

Beyond this, the methodology has also shown to reveal content-specific insights on what is 
crucial to pick up and connect in students’ thinking (e.g., identifying and explicating the quan-
tities involved on all three levels over time). By transferring an already suggested methodolog-
ical approach (Prediger et al., 2022) to a new mathematical content and different classroom 
setting it could show its potential and robustness across contents.  

However, it must be emphasized that the study is rather limited to half an hour in one class-
room, however, analyzing an impressive expert teacher in depth might be more informative 
than analyzing further unproductive practices from many teachers.  

Future studies should continue to compare the content-specific approach for different con-
tents, contexts and classroom culture in order to gain an increasingly comprehensive under-
standing of what is content-specific and what is content-independent in adaptive teaching prac-
tices.  

6.2 Potential practical implications of investigating adaptive teaching practices 

What implications can be drawn from this case study on an expert teacher’s content-related 
adaptive teaching practices? Becoming aware that adaptive teaching practices can be under-
stood as steering trajectories across the map of conceptual aspects can invite mathematics ed-
ucation researchers, mathematics teachers, and in particular mathematics teacher educators to 
overcome a seeming separation of content issues and interaction issues which still persists in 
many teacher education programs: All teacher education programs deal with mathematical con-
tent issues and interaction issues, but are we sure that we always treat them in a sufficiently 
integrated way or still too separately? The case of the expert teacher gives profound evidence 
that teacher moves might be an efficient tool for teachers, but only if applied in targeted ways 
for navigating on a well specified navigation space. At least in our professional development 
contexts, the metaphor of navigating across the navigation space turned out to be highly inspir-
ing for teachers, and it seems to have the potential to deepen their content-specific reflection 
about teacher moves and interaction in a very substantial way. Without yet being able to pro-
vide rigid empirical evidence for this humble experience, the impressive model of one expert 
teacher and her mapping on the navigation space might also inspire teachers in other parts of 
the world to learn from analyzing her steering trajectories.  
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