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Multilingual mathematics classrooms that harness students’ multiple languages as epistemic
resources are likely to contribute to students’ understanding of mathematics, when learning activities
are designed that harness this epistemic resource. In this paper, we propose a design heuristic for
learning activities that enhance deeper conceptual understanding through language comparisons.
The theoretical background to this design heuristic is first discussed before two algebra tasks are
exemplify the heuristics for the development of such tasks. Next necessary steps for empirically
investigating their epistemic potential are then discussed.
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Introduction: Epistemic potential of connecting multiple languages.

When mathematics tasks are designed to harness students’ multiple languages, they can enhance stu-
dents’ mathematics learning (Moschkovich, 2002; Planas, 2018). We propose that multilinguality
offers an epistemic potential, particularly when individual languages offer different, yet mutually
supporting perspectives on a mathematical concept. This epistemic potential supports multilingual
students to use their language repertoires to develop a deeper understanding of mathematical concepts
(Prediger, et al., 2019). In mathematics classrooms with shared multilinguality (e.g., English/Spanish
in California), harnessing multiple languages as epistemic resource can be realized, e.g., by including
relevant mathematical problems where students can use their home languages for thinking mathe-
matically. However, until recently, this epistemic potential of multiple languages has only
occasionally been identified in non-interventionist learning processes (e.g., Moschkovich, 2002).

To address this gap, design research studies have identified two promising aspects for systematically
exploiting the epistemic potential of multiple languages: reflecting language-related conceptual
differences with students and supporting the activation of home languages by conceptual unfolding,
e.g., through students’ translation or explaining activities (Prediger & Uribe, 2021). In this paper, we
elaborate on a heuristic for designing topic-specific learning opportunities that utilizes the possibility
to compare languages for deepening mathematical understanding. Our focus is on the mathematical
topic of algebra, which has been shown to be challenging for students with diverse language
backgrounds (Stephens et al., 2022). Thus, we investigate the following design research question:

How can learning opportunities be designed that harness the epistemic potential of connecting
multiple languages to deepen students’ conceptual understanding?
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Design approach: Comparing meaning-related phrases in multiple languages

Different practices vary in their potential for deepening students’ understanding: While reporting
procedures n technical language is a dominant practice in many classrooms, the practice of ex-
plaining meanings is more relevant for developing and deepening conceptual understanding (Prediger
& Uribe, 2021). With respect to language, for explaining, meaning-related phrases are more important
than technical phrases. For instance, the technical terms “multiplier, multiplicand, and product” do
not provide the same information about what 3 X 5 means, in comparison to meaning-related phrases
such as “three lots of five” which articulate multiplicative structures for unitizing (Gotze, 2019).

Realizing meaning-related phrases is dependent on how different languages describe mathematical
concepts and the nuances connected to them. For instance, Turkish and German conceptualize
fractions differently, namely thinking from the part to the whole (German, English: three fifths) vs.
from the whole to the part (Turkish, other Asian languages: five-therein three). During their learning
processes, bilingual students were found to connect the Turkish- and German-related nuances across
languages in a unified repertoire to deepen their conceptual insights (Prediger, et al., 2019).

These empirical findings led Prediger and Uribe (2021) to develop a design approach for activities in
which students were asked to reflect on conceptual nuances, through comparing and connecting
meaning-related phrases in multiple languages, even if these languages were not shared by all students
in class. To harness the epistemic potential of such multilingual comparing and connecting activities,
the learning activities had to be designed to be cognitively demanding (Setati, et al., 2008). Overall,
these design concerns must be essential components if the inclusion of multiple languages in the
mathematics classroom is to be more than a tokenistic inclusion effort.

A design heuristic for learning activities to harness the epistemic potential of
comparing meaning-related phrases in multiple languages

In a classroom situation with multiple, non-shared languages, harnessing language as a resource in
such a way requires a careful design of tasks so that teachers can prepare the comparison and
connection of meaning-related phrases across multiple languages in advance. Particularly, harnessing
language as a resource requires the identification of language-specific nuances, specific to the concept
being discussed, as the basis for comparing languages. In the following sections, we illustrate how
the design heuristic contributed to the development of learning activities for realizing this goal. Our
focus is on algebraic concepts, namely (a) equivalence and equations and (b) multiplicative thinking.
Based on the work of Prediger and Uribe (2021), the design heuristic consists of three steps:

Step 1. Identify key facets of the mathematical concept, by investigating this concept’s
informal and formal representations, standard interpretations, and typical student difficulties.

Step 2. Find language-related nuances of this concept by investigating the concept facets’
linguistic realizations in multiple languages.

Step 3. Devise learning activities where these language nuances are intended to lead to
conceptual insights, for instance in activities of comparing or connecting language-related nuances.
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Exemplifying the design heuristic for equations

In this section, we provide an example of how the proposed design heuristic was used to develop an
activity for the concept of equivalence.

Step 1. Identify key facets of the concept of equivalence

Equivalence and equations are key concepts in algebra education for which several relevant facets
were identified from empirical research: Firstly, understanding equivalence requires students to
understand the equal sign as a relation sign and to leave behind operational notions (e.g., Kieran,
1979). Secondly, equations can be regarded as both, a means to determine an unknown number, as in
2(x + 3) = 8, and as a statement about the equivalence of two quantities, suchas x + 3 =yor 5 +
3 =2+ 6 (Weigand, et al., 2022). Thirdly, x + 3 = y can also be interpreted as a co-variative
relation between x and y, which students often develop in pattern generalization tasks (e.g., Carraher
et al., 2008). Moving from operational notions of the equal sign towards a relational understanding is
demanding for many students, also for students with diverse backgrounds (Stephens et al., 2022).

Step 2. Find language-related nuances of the concept of equivalence

Table 1 illustrates language-related nuances in Dutch and English (two languages in multilingual
Dutch classrooms besides e.g., Arabic, Turkish, Berber).

Table 1: Language-related nuances for the concept equation

English: Dutch:

Equations as statements about equality Equations as comparisons of quantities

Typical equation Vergelijking (equation, nominalization of vergelijken),

language use . - .
guag solve an equation Vergelijking oplossen (solve an equation)

equal 1. same quantity, amount (like in  gelijk (equal, similar, the same),

uality /nature/status); .
q v/ / ) vergelijken (to compare; seems not to be used together

2. identical in logical value (equivalence . . .
g (eq ) with equations in textbooks)

informal talk to conceptualize s . . . .
P een vergelijking van de lijn (a function-equation, literal:

equivalence as comparison of two sets: . .
q P »an equation of the line”)

(amount x) is the same as (amount y)

Language-related implies investigating a statement with  implies comparing two quantities to find out whether
conceptual respect to equivalence they are equal (vergelijken) or to find the unknown such

nuance that the amounts are equal (gelijk)

The brief linguistic analysis of common word use suggests that, if we assume this language reflects
students’ “thinking-language”, there are differences in how equations are conceptualized by them.
Hence, even these two languages show relevant differences and highlight two language-related
conceptual nuances, namely equations as statements and equations as comparisons of two quantities.
It can be expected that further differences can be found when more languages are considered.
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Step 3. Devise learning activities that utilize differences in language-related nuances
The learning activities presented here are designed for the students to work in language-homogeneous

small groups where they share at least one additional language other than the Language of Instruction.

Task 1a. Discuss and solve the following situation in your home languages

How many matchsticks have to be in a box,
so that Anke and Martijn have the same number of matchsticks?

@ T

Task 1b. Discuss and solve the following situations in your home languages

Anke:

The students again compare their boxes. Boxes of the same color have the same number of matchsticks inside.
Anke and Martijn have the same number of Matchsticks.

Anke:

Ayse and Jamal also have the same number of matchsticks.

Do Frank and Filip also have the same number of matchsticks? If not, who has more? Explain!

" " e

Task 1c. Write in one language other than the language of instruction (Dutch) and translate back to Dutch

(a) Describe your strategy of finding the number of matchsticks in Task 1a in a written form.
(b) Write down your explanations for comparing Frank & Filip’s boxes in Task 1b.
(c) Highlight the most relevant phrases in each text. Which phrases are common for describing both situations?

You can also add other sentences, if you think they are suitable in these tasks.

(d) Translate your writings with google translate to Dutch. Use your phrase list from (c) to decide whether
these translations are adequate. Give reasons why the translation is adequate or not.

Figure 1: Tasks for harnessing the epistemic potential of multiple languages

Accordingly, in a classroom, it is proposed that several small groups work simultaneously in different
languages on the tasks. The tasks, originally written in the language of instruction (Dutch) (Figure 1)
are designed to facilitate learners’ conceptual understanding by engaging them in comparing and
contrasting the identified language nuances for equations.

Task 1a emphasizes the nuance of comparing two quantities, while Task 1b emphasizes the nuance
of equations as statements, where students are asked to investigate whether the last arrangement re-
presents an equal number of matchsticks — accordingly, this arrangement is an implicit statement
about the equivalence of two quantities. In Task 1c, students describe their strategies and explanations
in their home languages and investigate the meaning-related language used in both situations.
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Through this comparison of meaning-related phrases students might recognize differences in the con-
ceptualizations of equations: In Task 1a, students describe removing (subtraction) or grouping match-
sticks (division) on both sides. In Task 1b, students describe ways of systematically comparing quan-
tities, which can also entail grouping, but in this case for the purpose of substitution. Finally, students
are asked to translate their explanations. It may be that the translation tools make students descrip-
tions/explanations less precise as they do not properly translate mathematical language. This can
contribute to students gaining awareness that direct or loose translations may not describe adequately
their ideas and so raises a discussion about the conceptual differences in Table 1.

Exemplifying the design heuristic for multiplicative thinking

Another example of using the design heuristic is in the development of a task about multiplicative
thinking in relation to describing an algebraic pattern.

Step 1. Identify key facets of multiplicative structures for generalising algebraic patterns

Multiplicative thinking has been identified as an important component for understanding the abstract
operations in algebra. As Callingham and Siemon (2021) stated “it is reasonable to think that
algebraic reasoning would be strongly associated with multiplicative thinking through the notion of
generalised arithmetic” (p. 3). Similarly, Booker and Windsor (2010) identified the need for students
to move from additive to multiplicative thinking in order to generalise algebraic patterns. Conse-
quently, being able to discuss multiplicative structures of equal grouping and how they contribute to
describing algebraic patterns can be considered a key mathematical focus.

Step 2. Find language-related nuances of multiplication for generalising algebraic patterns

Multiplication can be described in many ways that can highlight different aspects such as how many
times (multiplier) an amount (multiplicand) is increased by to determine a result (product). Under-
standing the different ways of expressing multiplication can contribute to a deeper understanding of
the relationship between the parts. For example, Hurst (2017) stated that “being able to understand
and articulate that four groups of seven is quite a different multiplicative situation to seven groups of
four, demonstrates more powerful knowledge” (p. 7). Different languages emphasize the multiplier,
the multiplicand or both in different ways in how they describe the multiplication.

However, many languages have multiple ways to discuss multiplication which also can highlight
different facets, through different grammatical structures. For example, in English, it is possible to
talk about “doubling, tripling and quadrupling”. In German, even a generalization of this is possible,
“verdreifachen, vervierfachen, ... vervielfachen”. In Spanish this structure can be extended to indi-
cate multiplication by numbers until 13 and by 100. Similarly in Italian and Korean (Sum & Kwon,
2018), the pattern can be extended to 5, 6 and upwards, although not all possibilities are commonly
used. Other expressions are “double”, “twice” and “thrice”, which is similar to Russian. In English,
the terms two-fold, three-fold are used rarely these days. Norwegian has an equivalent to three-fold
and four-fold, with terms “tredobbelt” and “firedobbelt”, where “dobbelt” describes how much some-
thing is multiplicatively increased by (as with “-fold”). In these words, the multiplier is separate from
the process, either by the hyphen in the case of “three-fold” or the word formation in “tredobbelt”.

Another way to express multiplication is to have a separate word for the process, such as “multiple”
or “times” which does not have a direct connection to the multiplier. When the process itself is high-
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lighted, there is an opportunity to generalise from individual examples, focused on the resulting pro-
ducts from the specific kind of increasing being done. Gotze (2019) showed that for a low-achieving
student a focus on language which emphasised the general process of identifying “Vierer” (“set of
four”, linguistically constructed by the number word “Vier” for four and the suffix -er) allowed the
student to see the multiplicative structure of equal grouping as a general process. Nevertheless, even
within one language, there are a variety of ways to describe the multiplication relationship. For
example, in Polish, "pig¢ razy pie¢” means “five multiplied with five”, “pieciokrotnie pig¢” means
five times five, “pomnozy¢ pigé, pig¢ razy” means multiply five, five times and “po pi¢¢ razy piec”
which literally means I take five with five but which is interpreted as five times five.

For pattern generalization, there needs to be an emphasis on equal groupings. The examples above
illustrate the differences in linguistic constructions that emphasize the unitizing process between
languages. Accordingly, these differences open up opportunities to deepen knowledge about the
underlying structure of multiplication in describing generalisable algebraic patterns.

Step 3. Devise learning activities that utilize differences in language-related nuances

The learning activity is designed for students in pairs who may have different home languages. It
would be formulated in the common language of the classroom. The activity is designed to support
the students to share the ways that the languages that they are most familiar with in describing the
multiplication process and how different ways could contribute to describing a generalisable pattern.

The results of the task would then be shared in a whole class session which could open up a discussion
about what aspects of multiplication are highlighted in different languages.

In the country of Guest-hospitality, if someone turns up at your . ‘ ‘ ' ‘ ‘
door, then you must feed them. Every family, therefore, keeps ‘ ' . ‘
lots of tables and chairs so they can accommodate people for a ’ ' . ‘ ' ‘

meal on any specific day. Tables must be placed end to end
because it is considered rude to put people on one table away from others. Generally, each rectangular table can

accommodate four chairs along the long sides and one chair at each of the short sides, as shown in the diagram.

(1) Describe a rule in your own words for the relationship between the number of tables and the number of chairs,

so that every family will know how many chairs they need.

(2) This problem was given to another class and Sandra described the rule as “to work out the number of chairs
needed, double the number of tables and add four”. However, her partner Jan didn’t think this was correct. In
Mandarin, he said the rule would be “BFFIEE R EFEHEMNALEZH N2, (literally: “The chair number is the

number of tables 4 times plus 2”). Which student do you think is correct and why?

(3) In how many different ways and languages could you write the rule? Which one is the easiest to understand?
Why do you think that?

Figure 2: Task for comparing language expressions for multiplicative structures of equal grouping
Discussion and outlook

In this paper, we build on the work of Prediger and Uribe (2021), to systematically design learning
opportunities that can harness the epistemic potential of multiple languages, something that has been
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recommended but empirically identified only occasionally (Barwell, 2018; Moschkovich, 2002,
Planas, 2018). We suggest such a heuristic should be based on research where language is exploited
for facilitating conceptual understanding (Prediger et al., 2019) and illustrate it with two examples
from the topic of algebra. This heuristic emphasizes the importance of identifying the key facets of
the concept in focus and the relevance of having the expertise for scanning different languages to
investigate these concept facets’ linguistic realizations. The language nuances are rarely provided by
automated word by word translations, but by looking deeply in the way concepts are articulated in
the respective languages, as the linguistic structures of these articulations might carry different
nuances worthy of being compared and reflected upon.

The tasks presented here exemplify the design heuristic and illustrate different ways to include
previously identified language-related nuances into the task-design for facilitating students to
compare meaning-related phrases. In the first example, Tasks 1a and 1b address two different facets
of a concept, which are differently highlighted by the /lexical choices in the involved languages. Task
Ic makes concrete use of languages as opportunity for comparing and contrasting key conceptual
facets of the concept. The second example starts with another language (Mandarin) and opens to
scrutinizing also the syntactical structure of the meaning-related phrases in further languages.

While these extract from our ongoing work provides examples for applying the design heuristic to
task design, further design research will be needed in the future to investigate the reflections and
learning processes initiated in the classes, also for other mathematical concepts and languages.
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