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Students with diverse language proficiencies can successfully engage in meaningful, rich discourse
practices, but only if their meaning-related language is supported and developed. But which meaning-
related phrases do language learners need for explaining meanings or articulating connections
between multiple representations? We pursued this question in a topic-specific design research study
on the well-known bottle-filling activities for introducing functions and the technical language of
graphs. The qualitative analysis of design experiments with 14 students reveals that highly condensed
statements about matches between representations are easy to verbalize, whereas unfolding the
underlying concept elements require more particular phrases to articulate the contextual
interpretation of the dependent variable. And exactly these meaning-related phrases require
discursive and lexical support that has so far been neglected in many designs.
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Specifying the required meaning-related phrases as an empirical task

Already forty years ago, Bell and Janvier (1981) promoted the design principle of engaging students
in articulating and discussing mathematical ideas for developing their conceptual understanding and
they realized it for functions and graphs (e.g., by the bottle-filling activity, Figure 1). Since then,
many studies have indeed shown that eliciting students’ intuitive everyday language and connecting
it to the technical language of graphs can contribute to developing their understanding of functions
as well as their technical language of graphs (e.g., Thompson & Carlson, 2017). However, engaging
students in discussions and eliciting their existing language resources are only sufficient for some
privileged students.

Match and explain: Which graph describes the filling process of which glass?

e~
Glass 1 l

Graph A Graph B Graph C Graph D

Height Height Height Height
of water of water of water of water

Volume of water Volume of water Volume of water Volume of water

Fig. 1: Bottle-filling activity (adapted from Bell & Janvier, 1981)

Many monolingual and multilingual students do not yet bring in all resources in the (academic)
language of instruction with the required conciseness and explicitness needed for such meaning-
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making processes (Moschkovich, 1996; Smit et al., 2016). This group of so-called language learners
requires further language learning opportunities to amplify their language repertoire so that it can
serve its epistemic role in subtle meaning-making processes (Moschkovich, 1996; Barwell, 2018).
We call this intermediate language between everyday language and technical language the meaning-
related language and focus mainly on oral discourse practices (Prediger & Zindel, 2017). Within the
last years, empirical evidence was provided for various mathematical topics (e.g., fractions,
percentages, algebraic expressions) that also language learners can productively engage in rich
discourse practices if the needed meaning-related language curriculum is (a) specified in topic-
specific design research projects, (b) supported by the curriculum material and teachers, and then (c)
successively developed by the students (summarized in Prediger, 2022 for various studies from the
MuM research group, and similar in Smit et al., 2016).

For each new mathematical topic, this state of research raises the empirical task to specify which
meaning-related phrases are really needed for engaging in discourse practices like explaining
meanings and connections of multiple representations (Prediger & Zindel, 2017). Our topic-specific
design research study aims at such an empirical specification for the particular learning environment
of the bottle-filling activity, pursuing the following research question: What meaning-related
language do language learners use and need in rich learning situations for explaining the connection
of graphs and glasses within the bottle-filling activity?

Background: Developing functional understanding with bottle-filling activities

Since the pioneering work of Bell and Janvier (1981), the context of filling bottles has often been
used to assess or promote covariational thinking (e.g., Thompson & Carlson, 2017): Students
successively fill bottles or glasses with water portions and measure the increasing height of water.
The hands-on activity of documenting the height covarying with the volume of water is a well-
established first access to understanding function graphs and the technical language of graphs (see
Figure 1).

According to Vollrath (1989), students need to develop three perspectives on functions, (a)
correspondence perspectives (pointwise assignments, e.g., when 50 cl are filled in, the height is 10
cm), (b) covariation perspectives (considering, e.g., how the water height changes with the filled-in
water volume), and (c) holistic perspectives (taking into consideration the function as a whole). In
empirical studies, students’ covariational understanding regarding the bottle-filling activities was
further disentangled (e.g., Thompson & Carlson, 2017). We build upon these studies to distinguish
seven concept elements of functional understanding relevant to the bottle-filling situation (in seven
lines in the first two columns in Figure 2). Whereas the holistic perspective reveals only highly
condensed statements of a match of graphical and geometrical representations, the explanation of the
match requires unfolding the very condensed statements (see examples in the three last columns of
Figure 2) into more detailed concept elements. The seven concept elements are listed by a decreasing
degree of compaction that students have to unfold within their processes of understanding and
explaining.
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Concept Adopted perspectives Geometric phrases  Meaning-related phrases for =~ Technical phrases
elements  within this functional view on shape of glass connecting graph and glass in language of graphs
Holistic Holistic match of graph with like a rectangle Z&~ / straight, like a curve,
Description geometric shapes like a triangle ! ™ like awavy line
Holistic Holistic comparison of two the water height in Graph A grows | Graph A rises more steeply than
0 Comparison graphs in qualitative terms more slowly than in Graph B Graph B
=
S| Holistic Covariational-holistic descrip- the height grows faster and faster | the graph rises flatly and
O | Qualitative tion of qualitative change in / always grows at the same speed | more flatly / rises evenly
S| Change several intervals (2" derivative)
kS - st wide / narrow : :
O Interval Covariational qualitative com- the water height grows slowly / the graph has flatter slope in
‘i.j Qualitative parison of change in one or two “I_WGYS the same the water height in the 1! interval | the 1% interval than in the 2™
%8  Change intervals (1% derivative) width grows more slowly than in 2™ the graph rises steeply
o gets narrower
8o Qualitative Covariational description of the height always grows by the Graph C always rises by the same
‘% || Differences differences in change in same / by a larger amount of water | / by a bigger and bigger interval
§ qualitative terms
o
£} Quantified Covariational-correspondence the water height grows from ...cm | Graph D rises from ... o ...
Differences description of discrete changes to...cm/ growing by ...cm Graph D rises by ...
with concrete values
Pointwise  Correspondence description at ... ml of water the water height | at ... ml the graphisat...cm
W/ Description of pairs of values is...cm

Figure 2: Seven concept elements for functional understanding in the bottle-filling situation and
possible phrases used to articulate them (grey: advance organizer on the empirical outcome)

Already Bell and Janvier (1981) emphasized that the hands-on activities only contribute to developing
conceptual understanding when being accompanied by “speaking meaningfully [...] in [...] a rich
environment in which the links between the language and the situational facts are diversified and
numerous” (Bell & Janvier, 1981, p. 40). But what exactly does “speaking meaningfully” entail?
Herbel-Eisenmann (2002) showed the relevance of a bridging, intermediating language that we will
further refine. The last column in Figure 2 lists examples of fechnical phrases in the language of
graphs (e.g., regarding the slope of the graph) applied to articulate each of the seven concept elements,
with an increasing degree of unfolding. This rich technical language is to be developed by the
students, but especially the most complex phrase structures for the covariational changes need active
processes of meaning construction to be concisely understood and used. Students’ typical language
resources are shown in the third column: They often bring in geometric language which turned out
to be sufficient for addressing the glasses, but we will show in the empirical part that these phrases
were not sufficient for describing the graphs or explaining the connection between them and the
glasses. The grey column contains meaning-related phrases of the context that we have identified as
necessary to bridge between technical language and the matching glasses. This column serves as an
advance organizer for the analytic outcome of this paper. In the original design of the activity sheet,
we provided language support for the geometric and technical phrases but did not put sufficient
emphasis on this column of meaning-related language which turned out to be crucial. In the following,
we present how we reached this analytic outcome in pursuing the research question mentioned above.

Methodological framework and research design of the study
Research context

The episodes presented are part of a larger design research project (Gravemeijer & Cobb, 2006) on
language use in students’ development of understanding of functional relationships (continuing
Prediger & Zindel, 2017). It combines two goals: (a) empirically grounded design of language-
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responsive teaching-learning arrangements for language learners and (b) empirical investigation of
students’ learning pathways on concepts and language.

Methods of data collection.

The design experiments were conducted in small groups of recently immigrated adolescents in two
cycles with 2 or 3 sessions of 70 to 90 minutes each, all videotaped (more than 1900 minutes of video
material) and partially transcribed. The selected episodes focus on two recently immigrated teenagers,
Hania (17 years old, 2" year in Germany, language level A2 in the Common European Framework
of Reference for Languages) and Emir (18 years old, 2" year in Germany, language level A2-B1),
while working on the task presented in Figure 1. The comparison of these two reveals typical
phenomena from the larger data set.

Methods of data analysis.

The qualitative analysis of the transcripts was carried out to trace the students’ learning pathways.
Every utterance was coded by two raters (variations were negotiated later): In Step 1, the involved
concept elements (lines in Figure 2) were inferred. As students made strong use of gestures and deixis,
they expressed rich ideas in their emerging German language. In Step 2, the language means the
students used for discussing the graphical and geometric representation and their connection (columns
in Figure 2) were coded. In Step 3, students’ utterances were located in the navigation space derived
from Figure 2, and the sequence of their utterances was documented graphically as navigation
pathways through the navigation space (see Figures 3 and 5).

Empirical insights into students’ language use while explaining the matches
Episode 1: Meaning-related language as a mediator

Emir has worked on explaining a constant slope for a different filling situation before. But he still
struggles with explaining its meaning in the language of instruction. The episode starts after he
matches Glass 3 and Graph A (Figure 3) and explains the match of the upper part of the glass:

75  Emir: [...] If I fill in water, it does go up always steep upwards.
At the top,
it becomes more slowly again,
a bit flatter.

Yes, more slowly, a bit more slowly. Like that. A
76 Teacher: Why? 3
77  Emir: Because up there, Fig. 3: Graphs and

more space, i1s wide [holding hands wide apart]
glasses to be matched

79 You have more and more slowly at the top.

Emir starts describing the change of the water height in the lower part of the glass as always rising
constantly (“always steep” used as ‘equally steep’ in Turn 75, line a) and compares it to the slower
growth at the upper part of the glass (Turn 75, line b). This contextual description of the growth of
the filling height is then linked back to Graph A (Turn 75, line c). Up to this point, Emir compares
broad features of the glass and graph in the upper and bottom parts, while starting to use meaning-
related language for explaining the match. Then, he describes the change of the filling height in the
upper part of the glass in more detail and with deictic means (“More slowly, a bit more slowly. Like
that.” - referring to the graph) and finally reformulates his statement in a very precise and (in German)
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more condensed way in Turn 79 (“more and more slowly”). In between, Emir explains the growth of
the filling height by the shape of the glass (“wide”, Turn 77, line c) and refers to the space for water
inside (“more space”, Turn 77, line b), not to the specific shape that becomes wider and wider.

Emir’s visualized pathway through the navigation space (Figure 4) illustrates how he makes sense of
the second derivative (Holistic Qualitative Change) by first explaining the match in a more unfolded
functional view (Interval Qualitative Change, Turns 75-77) and then successively compacting his
explanation to the functional view required (Turns 75, line e — 79). Emir mainly uses meaning-related
language about the filling height for connecting the other representations (Turn 75, lines b—d; Turn
77, lines a—b). With these rich resources, he fills the graph with meaning and explains the match.

Functional view | Geometric phrases | Meaning-related phrases Technical phrases
on shape of glass for connecting graph and glass in language of graphs
= - |
Holistic G )
Description -
Holistic
Comparison
Holistic Quali- ‘76 Teacher 79 Emir:  You have more and more slowly at
tative Change : the top.
Interval Quali- 77a Emir: Because —»77b Emir: more space
tative Change { up there, ) )
& P 75e Emir: Yes, more slowly, a bit more slowly.
.............................................. ; Like that. < ~N
I »75d Emir: a bit flatter

75b Emir: At the top#75c Emir: it becomes more slowly again,

75a Emir: go up always steep upwards

Fig. 4: Emir’s pathway through the navigation space (dotted lines: prompt not taken up)

In this example of a very productive pathway, we discovered the high potential of meaning-related
language about the water height as a mediator within the bottle-filling activity to explain the matches
of graphs and glasses. Meaning-related statements about the water height allow students like Emir to
think about change and even change of change and provide support regarding the conceptual demand
of connecting the graphic with the iconic representation of the glasses.

Episode 2: Incomplete unfolding due to missing contextual interpretation

Hania and her partner are working on Glasses 2/4 and the matching Graphs C/D (Figure 5). At this
point of the activity, her partner has already talked about Graph A and correctly matched it to Glass
3 (Figure 3). For explaining this match, the two students holistically viewed broad characteristics of
Graph A and linked them to the bottom part of the glass. Building upon this strategy, the teacher asks
the students to now describe the differences between Graph C and D (non-printed Turn 57).

58 Hania: This here is bigger [Graph C] and that here is = 4
smaller [ Graph D]. 2
59  Teacher: What do you think when saying that?
What does it mean?
Cc D

60 Hania: This is bigger and that is smaller [Graph C, then
D].
61 Teacher: Hmm, wider and narrower, the glass, you mean? j
[holding hands with a wide gap, then narrow gap] ,
62 Hania: Yes! .
63  Teacher: How can you see that [in the graph]? Fig. 5: Graphs and
64  Hania: Yeah, from here [pointing at Graph C]. glasses to be matched
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75  Teacher: Yeah, okay, but how do you know that then here [pointing at Graph C & D]
76  Hania: Because they are different, the glasses.
77  Teacher: But how do you see that here [pointing at graphs]? How do you know, this
[pointing at Graph D] is the narrow one?
What do the graphs mean?
78  Hania: Ah, I see. Because here is the line is a bit bigger here [ Graph C] than that

line [Graph D].
Hania starts holistically describing a bigger and a smaller graph (Turn 58), very condensed utterances,
and, with the help of the teacher, matches them to the correct glasses (Turns 59-62). Although the
teacher asks several times for a conceptual explanation of why the glasses and graphs match (Turns
59b, 63, 75, and more explicitly again in Turn 77), Hania doesn’t pick up the prompts and closely
sticks to her holistic description by using geometric everyday language. With this, she mainly
concentrates on broad features of the graph but doesn’t show any conceptual thinking about the
change in the filling height. Quite the opposite, Hania seems to take the superficial description of the
graphs as a sufficient explanation. Additionally, most of the teacher's attempts to get Hania to unfold
her statements into less condensed conceptual elements are unsuccessful (Turns 59/60, 63/64, 77/78).

Functional view A Geometric phrases Meaning-related phrases Technical phrases
on shape of glass for connecting graph and glass | in language of graphs

Holistic 24 | < > ci I,/“‘ |
Description :

¢[1'58 Hania: This here is bigger [Graph C] and
that here is smaller [Graph D].

60 Hania: This is bigger and that is smaller
[Graph C, then D).

)y 64 Hania: Yeah, from here [pointing at Graph C].
78 Hania: Ah, | see. Because here is the line
is a bit bigger here [Graph C]
than that line [Graph D).

Holistic 61 Teacher: wider and nar- | | 59b Teacher®: = werefeeenes: #59a Teacher
Comparison rower, the glass?
62 Hania: Yes! s » 63 Teacher

76 Hania: they are different,. 75 Teacher

the glasses. £ 77b Teacher
o —— »  77a Teacher

Fig. 6: Hania’s pathway through the navigation space and phrases used

The graphical summary of Episode 2 illustrates several aspects that replicate existing findings and
their topic-specific substantiation: First, asking for the meaning of the graphs (more or less explicitly)
does not support Hania to use meaning-related language and thereby develop understanding.
However, other episodes with her and further students showed that explicitly asking for what is
happening to the filling height and offering meaning-related language (3 column that stays empty
in Figure 6) supports some students in a better way.

Second, the meaning-related bridging language use cannot only be characterized by individually
applied phrases but by whole discourse practices (e.g., explaining connections between different
representations) regarding what students say and what they consider necessary for further unfolding
and justifying. This becomes visible in the graphical summary in Figure 6 that documents Hania’s
attempts of explaining the match as well as the teacher’s mostly unsuccessful prompts: Hania doesn’t
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follow the teacher’s invitation to describe or compare the graphs but stays with descriptions of the
glasses or highly condensed utterances on graphs, while she receives no sufficient support to address
the contextual interpretation (referring to the depending variable of water height). Third, Hania’s
challenges also seem to be shaped by the fact that she does not unfold her utterances into more detailed
concept elements which is necessary for meaning-making. The analysis indicates that the support of
unfolding concept elements and the offer of meaning-related contextual phrases might influence each
other.

Discussion and Outlook

Returning to the research question, we have shown that, in Emir’s case, the rich experimental
environment mobilized discourse practices and language means to produce an explanation of
meanings because he referred to the speed of the water height several times on his own. This resonates
with Bell’s & Janvier’s (1981) optimism that a rich environment is sufficient: “No lists of words are
referred to ..., no catalogs of grammatical forms. But the contact with his environment ... makes it
happen” (p. 40). However, some of our language learners acted like Hania for whom the rich demands
were not sufficient. Unlike Emir, these students did not start to talk about the contextual situation
(more concisely, the dependent variable of water height) which is essential (not only for Emir) for
really justifying their matches of glasses and graphs. The qualitative analysis of Hania’s pathways
(and those of 14 students in total) reveals that highly condensed statements of matches between
representations, classified as the individual Holistic Description, are linguistically rather easy to
manage, whereas the students seem to require more particular phrases to articulate the contextual
interpretation of the dependent variable and thereby unfold the underlying concept elements.
Comparing Emir’s and Hania’s pathways helps to specify more concisely the concrete meaning-
related language needed for the bottle-filling activity, namely the attention to the context and the
corresponding phrases to articulate the changes in the filling height. In total, the analysis of the larger
data set reveals that the meaning-related phrases listed in the fourth column of Figure 2 seem to reveal
the communicative and epistemic tools to construct and articulate a situation model of the bottle-
filling context and its mathematical structures (Bell & Janvier, 1981; Prediger & Zindel, 2017). The
productive use of these meaning-related phrases as bridging language (Herbel-Eisenmann, 2002) also
needs discursive support (Barwell, 2018). As a consequence for our design, both kinds of support
have been refined. Beyond these concrete cases, the analysis exemplifies how meaning-related
language (used to articulate the relevant concept elements for the topic and context in view) can
support students. We substantiate earlier projects (Herbel-Eisenmann, 2002; Prediger, 2022) showing
how meaning-related language can serve as an epistemically (relevant) mediator between
representations and identified lexical and discursive support for unfolding the complex concept of
functional relationships within the bottle-filling activity. We assume that this is equally relevant for
students with more elaborate language proficiency in German.

As the design experiments were conducted with recent language learners, the qualitative analysis
cannot delineate whether the discourse and conceptual challenges would have equally occurred in the
students’ family languages. However, as we intend to support also their language learning, the
students’ limitations in German are important to identify to provide learning opportunities for the
most relevant discourse practices and phrases. Furthermore, we focused on concept elements adapted
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to one special task, the bottle-filling activity, so future research should be extended and transferred to
other tasks for dealing with functional understanding.
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