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This study examines how sixth graders learn to solve multiplicative structure problems
when they participate in an instruction focused on two connections: connecting
multiplicative structure word problems and connecting the invariant structures from
natural numbers to fractions. In a previous study, we identified five different students’
modelling pathways. We extend this previous work by examining the changes in
students’ modelling pathways along the varied problem sets designed. The results show
differences in the students’ learning and shed light on the role of the variation principle
in overcoming students’ difficulties in solving this type of problems.

INTRODUCTION

Multiplicative structure word problems have been studied since the 1980s (overview
in Greer, 1992); and students’ difficulties regarding the problem structure and the type
of numbers have been identified (e.g., Fischbein et al., 1985). The same situation (e.g.,
15 cakes grouped in five boxes with three cakes each) can be transformed in three types
of multiplicative structure problems according to its unknown (Greer, 1992):
multiplication (the total amount is unknown, i.e., total of cakes), partitive division (the
guantity per group is unknown, i.e., cakes per box), and quotitive division (the number
of groups is unknown, i.e., number of boxes). However, many students deal with
problem structures in isolated ways rather than making these connections of inverse
relationships. Furthermore, previous studies have shown that also students who
successfully solve these problems with natural numbers, do not succeed for rational
numbers (Fischbein et al., 1985; Greer, 1992).

In our design research study, we investigated how to engage students in two types of
connections to overcome these difficulties: (i) connecting multiplicative structure
problems, i.e., multiplication problems with their inverse partitive and quotitive
division problems, and (ii) connecting the invariant structures between these problem
structures across natural numbers and proper/improper fractions. The instructional
approach for initiating making these connections is based on the Bianshi approach,
with its design principle of problem variation (Sun, 2019). The variation principle is
used for designing and analyzing textbooks (Sun, 2019) and for teacher professional
development (Han et al., 2017). However, as far as we know, there are no empirical
studies providing in-depth insights into students’ work. So, we ask: How do students’
solving modelling pathways change during the work with varied problem sets?

2023. In M. Ayalon, B. Koichu, R. Leikin, L. Rubel., & M. Tabach (Eds.). Proceedings of the 46th Conference of
the International Group for the Psychology of Mathematics Education, Vol. 4, pp. 387-494). PME 46.



Zorrilla, Fernandez, Roos, Llinares and Prediger?

THEORETICAL FRAMEWORK
Variation principle used for the design of the varied problem sets

Considering the two connections mentioned above, we used three types of variations
(Sun, 2019): (i) One problem multiple changes (OPMC): Initially presenting and
solving a problem, and later solving variations of the initial problem (by varying
condition/s). (ii) One problem multiple solutions (OPMS): Providing the opportunity
to solve a problem using different strategies. (iii) Multiple problems one solution
(MPQOS): Using the same strategy to solve a set of identical structure problems.

For this, five varied problem sets were designed (Table 1; Zorrilla et al., 2022). For
focusing students’ attention on the inverse relationship, we used the variation OPMC
for composing each problem set of three problems with the same situation but different
unknowns: A multiplication problem (M), e.g., “We have [number of groups]
packages. Each package contains [quantity per group] kilos. How many kilos do we
have in total?”; a partitive division problem (P), e.g., “We have [number of groups]
packages. All the packages contain the same number of kilos. We have [total quantity]
kilos in total. How many kilos does each package have?”, and a quotitive division
problem (Q): “We have some packages. Each package contains [quantity per group]
kilos. We have [total quantity] kilos in total. How many packages do we have?”.

Table 1: Five problem sets and extra problems designed

Set 1 Set 2 Set 3 Set 4 Set 5

Situa- 3 packages of 8 packages of 52 packages of 8 packages of 27 packages of

tion 4kgare12kg kgaredkg 2kgare 1lkg +Kgareikg 2kgare 4%kg

M 1.1M 3 x4 2.3M 8 x 2 32M52x2  41IM8xL  51M2:x2

P 1.2P12:3 2.1P4:8 3.3P11:52 43P2:8 5.2P42:23

Q 13Q12 4 2204 3 31011 2 42Q%f & 53Q4; 2
Extra problems (other situations and numbers)

M E14M8x2 E2.6M 10 x g E5.4M 5 % X3
P E15P20:5 E24P2:20 ES5.5P 8% : 2%
Q E16Q24 4 E25Q2 % E5.6Q 7% 2

The variation OPMC was applied across the five problem sets to maintain the structure
of the problem (same unknown), while changing the number types involved (Table 1).
The variation MPOS aimed at inviting students to use the same strategy in new number
types. Furthermore, students worked on the problems in small groups, and then the
teacher shared and discussed different strategies in the whole class (working in a format
OPMS). The order of problems varied, e.g., 1.1M-1.2P-1.3Q, but 2.1P-2.2Q-2.3M.

To support students’ “disregard” of the context and to initiate that they switch to
generalizing independently of the given context, some extra problems (Table 1) were
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included (with other context situations and other numbers). This variation aimed at
encouraging students to extrapolate the discovered structures to other contexts and,
thus, generalize the structure (Marton, 2015).

Framework to investigate students’ pathways

According to classical modelling cycles, students can work on a word problem (textual
representation) by structuring the underlying situation of the problem (contextual
representation; graphical or mental representation), which would allow them to
mathematize by choosing the operation that solves the problem (symbolic
representation) to, then, proceed to calculate the result (numerical representation). The
student would then be expected to interpret the operation and result according to the
structure of the situation and validate the result in that situation (vom Hofe & Blum,
2016). Typical obstacles in completing the modelling cycle can be related to inadequate
mental models (understood as the translation knowledge given by standard
interpretations of operations, see Fischbein et al., 1985; Greer, 1992), poor reading
comprehension that can lead to a deviant mental representation (Drose & Prediger,
2020), or superficial interpreting and validating processes that can hinder students from
recognizing their errors (Verschaffel et al., 2000).

In this study, we adapted the modelling cycle to capture also emergent modelling (see
Gravemeijer, 2007), i.e., the processes involved in extending the meaning of operations
from natural numbers to fractions and draw upon the inverse relationship between
division and multiplication. Emergent modelling partially draws upon the same
processes as modelling, but instead of choosing between the existing mental models,
students are encouraged to draw upon informal strategies (Empson & Levi, 2011) and
connect them to the newly emerging mental models or to draw upon inverse
relationships among multiplication and division problems by discovering the
commonality and the inverse relationship in the problem texts.

METHOD

Methods of data gathering. This paper is part of a larger study in which we have
examined students’ modelling pathways when they solved the problem sets designed.
17 Spanish sixth graders (11-12 years old) solved the problem sets in small groups.
The data corpus comprises students’ small-group discussions (audio-recorded and
transcribed) and students’ individual worksheets.

Methods of qualitative data analysis. In order to capture students’ modelling pathways
in the audio-recorded data, we applied a combined deductive and inductive qualitative
procedure (Zorrilla et al., submitted). First, each student utterance was deductively
coded regarding the addressed representation (textual, graphical or contextual,
symbolic, and numerical representation) and whether students referred to other
problems. Second, each student utterance was segmented into sense-making units
referring to the same representation/s or idea/s and we performed an inductive coding
of (emergent) sub-processes (e.g., related to the process of structuring, the sub-
processes of contextualizing the data of the problem and reporting the mental
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contextual representation and/or graphical representation). From this deductive and
inductive coding, we obtained 408 chains (24 problems and 17 students) of sub-
processes with the representation addressed. These chains of sub-processes were
systematically compared and classified into reoccurring patterns. In case that the
information of the chain was not enough, this chain was classified as non-
communication. This analysis revealed five typical students’ individual modelling
pathways that partially deviate from the intended modelling trajectories (Zorrilla et al.,
submitted): (i) Direct Translation pathway: Students directly translate the problem text
into symbolic and numerical representations. (ii) Contextualizing the Chosen
Operation pathway: Students directly articulate the chosen operation in connection
with mental contextual representation of the problem text that allows them to
contextualize the operation. (iii) Informal Strategies pathway: Students solve the
problem using a graphical or contextual representation, and they may (or may not)
mathematize using the symbolic representation but without reaching the formal
operation. (iv) Operational Connection pathway: Students find or validate the result by
making connections to other problems but not by relating mathematical problem
structures. (v) Relational Connection pathway: Students connect problems using the
inverse relationship between multiplication and division.

Analytic step for the current paper. Here, we extend this previous work by examining
the changes in students’ modelling pathways along the varied problem sets. For this
longitudinal analysis, we focus on Lola, Tiscar, Jose, Luis, Ana, and Alba. The changes
indicate how students are learning to solve multiplicative structure problems in the
problem sets designed with the variation principle.

RESULTS

Most students used the Direct Translation pathway in the first multiplication problem
(Set 1: 1.1M: “We have 3 packages. Each package contains 4 kilos. How many kilos
do we have in total?”). In fact, all six students directly translated the multiplication
problem text 1.1M successfully into symbolic and numerical representation. The
excerpt of transcript exemplifies this Direct Translation pathway in which the small
group of Lola, Tiscar, and Jose focused on comparing their operations and result:

Lola: [After writing down 3 x 4 = 12] 12 kilos... | know. It’s 12 kilos.
Jose: It’s 12 kilos.
Tiscar: Well, yes... 4 times 3 would be 12. Then that’s it.

Also, Luis, Ana and Alba, started by individually reading the problem, then they
proceeded to mathematize it by immediately choosing the multiplication operation and
calculated the result to solve problem 1.1M (Direct Translation pathway).

In contrast to their first encounter with the problem sets that was based on natural
numbers, the students’ pathways then changed from a strong focus on the Direct
Translation pathway to a much broader variety of pathways. In the varied problem sets
designed, we used the variation OPMC to focus students’ attention on the inverse
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relationships between problems. Each problem set was constructed by three problems
with the same situation and numbers, but different unknowns. This variation principle
seems to help students to make deeper connections between problems based on the
inverse relation (Relational Connection pathway). This was the case for Tiscar and
Jose: After solving the quotitive and partitive division problems 2.1Q and 2.2P in Set
2, they solved the inverse multiplication problem 2.3M (“We have 8 packages. Each
package contains %2 kilos. How many kilos do we have in total?”) by a Relational
Connection pathway, saying:

Tiscar: It’s like the other way around. It’s the inverse.
Jose: They are inverse operations [both had written 0.5 x 8 = 4.0].

However, some students developed superficial connections based on the numbers
instead of the mathematical structure of the problem (Operational Connection
pathway) and used these superficial connections either for obtaining or validating the
unknown respectively the operation used to calculate the unknown. This was the case,
e.g., for Lola who solved the partitive division problem of Set 1 (1.2P: “We have 3
packages. All the packages contain the same number of kilos. We have 12 kilos in total.
How many kilos does each package have?”) after the multiplication problem 1.1M with
the same numbers. In her dialogue with Tiscar, we observe that Lola agreed that “4
kilos™ is the result since it matches with the numbers of the multiplication problem that
she had solved before. Both students obtained the results from the other problem and
tried to search for a suitable operation. For Lola, this process resulted, first, in an
incorrect operation providing the operation 3 : 12.

Tiscar: It’s saying it here: “Each package contains 4 Kkilos” [referring to
multiplication problem 1.1M].

Lola: [...] Yes, because the first problem [referring to multiplication problem
1.1M] says it.

Tiscar: [...] [After Lola had written 3 : 12 = 4] Lola, | think it’s the other way
around. Because if you do 3 divided by 12, the result is different.

Lola: So... 12 divided by 3?

In some cases, these superficial connections were used to validate the operations used
to obtain the result. This is the case, e.g., for Ana in the multiplication problem in Set
2 (2.3M: “We have 8 packages. Each package contains %2 kilos. How many kilos do
we have in total?””). Following a Contextualizing the Chosen Operation pathway, she
structured the situation by contextualizing that there are 8 packages with % kilo each,
but she realized that her operation (8 + 0.5) was not correct since the result should have
been 4 (looking at 2.2Q previously solved) (Operational Connection).

Ana: 8 divided by 0.5... Because we have 8 packages, and each package weighs
half a kilo... “How many kilos do we have in total?”.

Angela: [...] 4 would have to be the result...

Ana: Yes, 4 is the result. I just got it wrong.
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Teacher: And why are you sure that 4 is the result?

Ana: Because it says it here [pointing at the prevision quotitive division problem
2.2Q in the same problem set]: “We have 4 kilos in total”.

We used the variation OPMC across the five problem sets maintaining the structure of
the problem (same unknown) and changing the numbers involved (from natural
numbers to fractions). Supported by this variation, some students changed from Direct
Translation pathway (with natural numbers) to Contextualizing the Chosen Operation
pathway (with fractions). This change shows the need for students to explicitly
construct a contextual representation of the operation with fractions. This is the case
for Luis, who initiated the solution process of the multiplication problem 2.3M by
structuring the problem text. This allowed him, after transforming from the fraction
representation to the decimal number representation, to mathematize the problem text
using the formal operation: “0.5 multiplied by 8 packages”.

Luis: It [problem text] says that each package weighs... 1 over 2, which is equal
to 0.5 kilograms. So, each package weighs this and it says “we have 8
packages” ... So, 0.5 multiplied by 8 packages.

This variation (from natural numbers in Set 1 to fractions in Set 2) in format OPMS
(with discussion of different strategies to solve the problems in the whole class), helped
students to use informal strategies (they changed from Direct Translation pathway with
natural numbers to Informal Strategies pathway with fractions). The following excerpt
of the dialogue between the teacher and Alba shows the use of an informal strategy in
the quotitive division problem of Set 5 (5.3Q: “We have some packages. Each package
contains 2 kilos. We have 4 % kilos in total. How many packages do we have?”).

Alba: As 4.5 are the total of kilos we have, I’ve divided the kilos by each package.
Teacher: So, you’ve been drawing the packages...
Alba: Yes, because each package has 2 kilos. So, I’ve made the packages...

Teacher: OK. You’ve done two equal packages but the third one is different. Why?

Alba: Because we don’t have 6 kilos.

Teacher: [...] And how many kilos there are in the third one?
Alba: 0.5.

Teacher: So, how many packages do we have?

Alba: We have 2.25.

DISCUSSION AND CONCLUSIONS

We have analyzed the changes in students’ pathways through the problem sets
designed to identify characteristics of students’ learning. These characteristics give us
relevant information with regard to how students are learning to solve multiplicative
structure word problems (in the challenging shift from natural numbers to fractions,
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Greer, 1992), when the variation principle (Marton, 2015; Sun, 2019) is used in our
design to help students overcome the difficulties documented in the literature.

The design helped some students to draw Relational Connections between
multiplicative structure problems. This was observed, e.g., when Tiscar and Jose drew
on the inverse relationship to choose the operation of a multiplication problem by
relating it to the partitive and quotitive problems solved previously. For other students,
the deliberate variation of problems helped them to move from natural numbers to
fractions, pushing them to use instead of the most common pathway used with natural
numbers (Direct Translation pathway), the Contextualizing the Chosen Operation
pathway or the Informal Strategies pathway (with fractions). The change from Direct
Translation to Contextualizing the Chosen Operation seems to indicate that students
have a contextual mental representation of the problem (although not verbalizing it
when working with natural numbers). The introduction of fractions seems to push them
to make explicitly this contextual mental representation showing the ability to control
the generalized use of certain models across the various mental processes (vom Hofe
& Blum, 2016). The change from Direct Translation to Informal Strategies pathway
shows how students could give meaning to operations with fractions through informal
strategies (Empson & Levi, 2011) before mathematizing with the formal operation.

Considering these results, we observe the powerful role that OPMC played on engaging
students in the two types of connections (Yanhui, 2018) to overcome well-documented
difficulties (Greer, 1992). The variation principle enhanced some students drawing
connections and helped them in the transition from natural numbers to fractions.

However, there were students such as Lola that developed superficial connections
based on the numbers instead of the mathematical structure of the problem
(Operational Connection pathway), which hindered them from constructing meanings
for multiplication or division of fractions. This observation is in line with Drése and
Prediger’s (2020) findings in a completely different context, some students reflected
on the role that variation had on the structure of the new problem, while others stayed
on more superficial connections (Relational Connection pathway vs. Operational
Connection pathway in our study). Nevertheless, these superficial connections
appeared to be already useful in some cases at least for the mental process of validation,
since some students followed this pathway to validate the operation and result obtained.
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